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CHAPTER 2
Problem 2.1

iy

— =yl 1 -e); y(0)=0

a)e
ydy = e (1 — e 20)dt =>>—y2[} = [ (e — 1)dt

~y? —(; 2t — )IS

y=+e2t —2t—1

b) % = ycos(®) +y;  y(0) =2
[} % = [y(cos(® + Dde =>> I = (sin(t) + D)5
In (%) — sin(t) + ¢
y = 2 exp[sin(t) + t]

ay _ 2, _
t 1 1
[ ydy = [{(c+2)dt =>> Ly?)) =12 4 2¢f
y2 —4 = t% 4 4t

y=+t?+4t+4
d d[tdy]—Zt' M=1; y(1)=3
)dt dt - ) y - ) y -

Letu = t%with u(1) =3
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du

— _ oo — ot _ — $2

— =2t =>> [Jdu=[2tdt =>> u=t*+2
dy y t -

u=t?+2=t— =>> [Tdy=[(t+2t)dt

t2 1
y—l—?+21n(t)—5

—t2+21 (t)+1
Y=o rembTs

2
e) ‘;Tf =32e~% y(0)=1;y'(0)=0

d [dy
— [==| = 32e~*
dt dt] ¢
Letuzd—y
dt
Then, Z—j=32e—4t; u(0) = 0
u _rt —4t _ _ 32 _aet _ 32 4t 32
Jo du=[;32e7%dt =>> u=—-TeH[f=—-"e""+=
dy
=—=8-—8 —4t
u 0 e

fly dy = fot(8 —8e™)dt =>> y—1=8t+2e |, =8t +2e7* -2

y=8t+2e -1
1dy_ . ©0) = 1
f)tzdt_y’ Y=

d t 1 1
ff’;y = [jt?dt =>> In() |y = §t3|6 =>> In(y) = 5t3

£3
y=e3
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[5G =—Jetdt =>> —2|} =

1 1 1
—=e|f =>> ——+1=—-e?'+-
1 y?

2 y 2 2

2
e?t+1

1 _ 1.2t _ _
L=lie+1) 2> y=
d
h)d—f—(2t+1)y=o; y(0) = 2

E——-y(2t+-1) =>> .[ydy jg(2t4-1)dt =>> In(y) |} = 2+ 1)}

A ) _ — 9, (t%2+t)
ln(z) t“+t =>> y=12e

d
i) d—}t]+4ty2 =0; y(0)=1

ydy_ t _ 1y_ 21t
J; =5 =—[,4tdt =>> =51 = =27

1

Y =1+ 2t2

d*y t ,
Dz =cos(3)i @ =0 y©=1
Letuzd—y,then
dat
du_ <t . 0) =1
t

u t
jduzJ coS (—) dt
1 0 2
=1+ 2si ‘
u=1+25in(%)

and

Y_1vzsin(L); y©) =0
4 ezl vo-

foydy: fot(1+251n () ae
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= (t—4cos(3)) 15 =t — 4cos (5) +4
y = cos2 lo = cos2

t
y=4+t—4cos(—)

2
Problem 2.2
u_ 2 — 1
a) ol 1 K= linear
du = (y* — dy
S
u=3y -y
dr :
b) -~ = —0.0002(T — 5) <<=linear
- =-0.0002dt =>> In(T —5) = —0.0002t + C,
T =5+ Ce %0002t where C = e“
) d{i—ix) = e?Y <<=nonlinear
e dy =dx =>> —%e‘zy =x+C
1
y = —Eln(C — 2x)
d) % =u?cos(mt) u(0) = —% <<= nonlinear

udu _ rt _ 1 1. t
f_%; = [, cos(mt) dt =>> - |1_‘% = —sin(mt) |
1

u=—7
—Esin(nt) -2

2 f—
& ﬂ(w

t <<==nonlinear
dt y
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J‘mdyzftdt

Use Partial Fraction to simplify the first integrand.

Y _ A i A
y +4y-5 y-1 y+5

and from here A = % and A, = % . Therefore,

J%dy+f%dy=jtdt

1 5 1,
—In(y-1)+=In(y+5)==t"+C
p (y=D 6 (y+5) 2

f) @=u3+6u2+11u+6 <<== nonlinear

1
ju3+6u2+11u+6du:-[dt

Use Partial Fractions to simplify the first integrand.

1 A A, A,
3 2 - + +
uw+6u +11lu+6 wu+1 u+2 u+3

and from here A = % ; A, =—1;and A, =% . Therefore,

1/2 1 1/2
'[u/Jrldu_'[u+2du+J.uér3du:'[dt

%ln(u+1)—ln(u+2)+%1n(u+3):t+C

Problem 2.3

_1ocS dc?
12+C%  dt
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Using Separation of Variables,

s N S s ‘
[C B gcs-ia]t Lacc0a] act=—['ar
13.33 1OC 13.33 C 13.33 0

and after evaluating the integrals

t=4.44—-12InC?* —0.1C*
Problem 2.4

dy(t)

T + y(t) = Kx(t)

fy(t) dy(t)

yi) _ _t
(0 Fr o ® = fdt =>> In[Kx(t) — y(t)] Vo) = .

In[Kx(t) = y(©)] = In[Kx(6) = y(0)] = — =

Kx(®)—y©® _
Kx(®) - y(0)

t

y() = Kx(t) — [Kx(t) —y(0)]e =
and using x(t) = x(0) + D,

y(8) = K(x(0) + D) — [K(x(0) + D) — y(0)]e "
and with y(0) = K x(0),

y(t) = y(0) + KD — [y(0) + KD — y(o)]e-§

t

y(t) = y(0) + KD (1 — e_?)

Problem 2.5

2% +4v = 16u(t) with v(0) =0

d t1 1 1
{2 = [fldr =>> —lIn(16-4v) |5 =3t
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In(16 — 4v) — In(16) = =2t =>> In (16““’) = -2t

16
v=14(1—-e"%)
Problem 2.6
i, = 1.43 x 10~*v, + 0.2861, (1)
2 x 10—32—? +21428i, = 0.286v,  (2)
From (2): 9.3 x 10—8%2 +i, =1.33 x 1075w,
where 1=93x10"%sec, and K =1.33 x 10—53
_t
From Problem 2-5, i, =i,(0)+KD (1 —e r)
ot
i, = 2.66 x 10™* + 0.000267 (1 —e 9.3x1o-8)
From (1):

t
ii=572%x107*+0.76 Xx 107* + 7.64 X 10~° <1 - e_9-3><10‘8>

t
iy =57.96x107*+0.76 x 107* (1 — e_9-3><10‘8>

Problem 2.7
0.3768X 1—L = ax
18.91 dt

Using Separation of Variables,

X|1-

( 18.91)
_dax 0.024dt
X (18.91-X)
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Using Partial Fractions Expansion,

1 A A,
- =
X(1891-X) X 1891-X

1 (A, —A)X +18914
X(1891-X) X (1891-X)

Equating equal terms yields,
A=A, =0.053
Then,

0.053[jx d—X+jx d—X}zo.ozj'dt
952 ¥  J9521891— X 0

{ 0.986X
In

—— [=0.377¢
1891-X

18.91%7
0.986+ """
Problem 2.8

6.915C, /1000— P(t) = 1.08d§§l)

Using Separation of Variables

dP(t)  6915C,

JI000—P()  1.08

And using the information given in the statement

500 dP(t) _6.915C, I4
0

w f1000—P(r)  1.08
~2,J1000— P(1) ‘ 6?1055

And solving for C,, C, =0.596

0
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Problem 2.9

dc*
dt

——85.28(C* ) (0.132+0.5C")

Using Separation of Variables,

dc?

(c*) (0.132+0.5¢*) s

Using partial fractions expansion we factor the term on the left side

1 A A A

’(CA)2(0.132+0.SCA) (c*Y Cc* 7 0.132+0.5C"

From here

1 _ 4 +0.54,)(C* )2 +(0.5A,+0.1324,)C* +0.1324,
(c*Y(0.132+0.5¢*) (c*Y(0.132+0.5¢*)

and equating equal numerator coefficients A =7.58; A, =-28.71; A, =14.36

Then,

A A A A A A
58" dc ~2871[ dc 14.36[ __dC___
1842 ( ~A'\? 1842 CA 1.842 + A
(C ) C 0.132+0.5C

And after evaluating the integrals,

—_85.28 jo dt

t=0.18h
Problem 2.10
12.5 # + xYOH = 0,73 xNaOH with xY¥*9H (0) = 0.55 and xNH = 0.75 — 0.08 u(t)
dxéVGOH NaOH NaOH NaOH
125 —— = 0.73 x)*%% — x*%% = 0.73(0.67) — x3
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or

dxVaoH
12.5 - [0.4891 — xY20H] (1)
Using Separation of Variables
xéVaOH dxéVaOH _ 1 t : NaOH xéVaOH _ t
055  0.4891-xY0H ~ 125 fO dt =>> In(0.4891 — x5 )|0.55 ~ 125
_,NaOH t t
s —eTmas =>> xVVa0H = (4891 + 0.0609¢ 125
~0.0609
and
t t
xY20H = 0.4891 + 0.0609¢ 125 = 0.55 — 0.0609(1 — e " 125)
Problem 2.11
a)

m%zZFy =F +F,+F, =—mg—kv+2u()

0.05? =-0.05(9.8)—0.01v + 2u(r)
1

0.05% +0.0lv=-0.49+2u(t) with v (0)=0m/s

Using Separation of Variables

J.V’;dv,=.r20dt
0 1.51-0.0ly, o
and
02 04
v, ()=1511-¢) — v (2)=151(1-e ):49.8'%
b)
dv
mE=ZFy—Fg+Fd——mg—kv
0.05ﬂ +0.0lv=-0.49
dt
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Using Separation of Variables

[ S — = [.20a1
93-049-0.0ly,

0
49.

1
~ g n(-049-001, ), =20¢-2)

and using algebra

t=2-5In —0.49 =55s
—0.49-0.01(49.8)

Thus, after the thrusts stop, the rocket continues upward for 3.5 seconds more.

Problem 2.12
a)
dv )
m—=—kv with v(0)=50m/s
dt
@ =v with x(0)=0m
dt
b)
v_ 1000 o2 = [(4V_ —o.2j'dt — I =—0.2¢
dt 500 50y 0 0
v=50e"* andfor v=1m/s, 1=19.5s
c)
“dx=| P di = sojm e 0%
0 0 0
x= —ﬂe_m’ R 245m
0.2 0
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Problem 2.13

Going Up
+
ty
y=0 ground
E, =ma, =m 22 1) 1 eq 2 unk|Y.F,
Zy—may—mg (1)1eq2un [Z y,vy]
Assuming no air resistance: YE =F =-mg (2) 2eq 2 unk

Substituting (2) into (1) and rearranging,

d .
% =—g (3) with v,(0) =35m/s

Maximum height is when v,, = 0?
From (3)
f305 dv, = —g fot dt =>> Uy|(3)5 =—gt|l§y =>> 0-35=—gt
t = 3.57 sec
We can also obtain an expression for v,,
Vy

t
dv, =—gJ dt
0

35
v, = 35— gt =35—-9.8t
For the maximum height,

dy

y t t
~ =1, => [dy= [ vdt=[/(35-9.80)dt
y = 35t — 4.9t2
Then, att = 3.57 s Yimax = 35(3.57) — 4.9(3.57)%
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Vmax = 62.5m

Going Down

dv
Y F, =ma, = md—ty (4)1eq.,2 unk[ZFy ,vy]

Assuming no air resistance,

YE =F,=-mg (5) 2 eq., 2 unk.

dy
— = Uy (6) 3 eq 3 unk[y]

Substituting (5) into (4) and rearranging,

d t
d’;y —g =>> fydvy —g [;dt =>> v, =—gt (7)

Using (7) in (6):

dy _ _ t _ _ _ 2

= =—gt =>> 62de gfo tdt =>> y = 62.5—4.9t? (8)
Fort,y =0

t = 3.57 sec

Problem 2.14

YE =ma, = m% (1) 1eq.,2unk [XF,,v)]
Considering air resistance (drag force due to air)
YE, =F, +F;=-mg—10[y|v, (2)2eq.,2unk.
Eqgs (1) and (2) constitute the model for the velocity. For the position,

d
d—Jt] = v, (3) 3 eq 3 unk [y]

Units of 1 are

N
m72 '
N
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Problem 2.15

dv
Y F, =ma, = md—ty (1)1 eq.,3 unk [ZFy,m,vy]

Considering air resistance

YE =F+F;=—-mg—1.0v, (2)2eq.,3unk

dy

= Uy (3) 3 eq.,4 unk [y]

We need one more equation; at this time there is still one degree of freedom. We
don’t really have any more equations but, there is a specification y(0) = 30 m
and after 3 sec, y(3) = 0 m, that we may use. So:

y(3)=0m (4) 4eq.,4unk
Substituting (2) into (1):
dv
md—g = —-mg — 1.0v, = —1(mg + v,)
and using Separation of Variables,
v, dv 1 v t
foyﬁfvy =——[dt =>> In(mg +v,)|,” = -—
t mg+v t
In(mg + vy) —In(mg) = —— => In (m—gy) =——

t

v, =mg (e_ﬁ — 1) (5)

t
Substituting (5) into (3): =X =mg (e7m —1)

t

f300 dy = mg f03 (3_% — 1) dt =>> 0—30 = (—nge_ﬁ . mgt) |(3)

3
—30 = —m?ge m + m?g — 3mg

By trial and error: m = 2.3 kg
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Problem 2.16

dh
pAE+Cv\/ﬁ= wy + w,

When both inlet flows are shut-off, w; = w, = 0. So,

h dh _

dh
pAE+Cv\/E=O =>> [, ==

C, t Cy

_p_Afo dt =>> 2Vh|},, = _p_At|6
h= (18— 0.571t)2

Drain tank: h = 0

t = 3.15min

Problem 2.17

a) For the first part, assume there is no chute that is, no frag force. In that case the
model is

m% =——F_. = % =—F, . /m=-16200/900=—18 m/s’
Integrating once:
v=y,—18¢ (1)
Integrating again:
X=X, +v,t—9¢° (2)

To find the stopping distance, set vop = 120, v =0, and xo = 0. Equation 1 is
rearranged to:

t=(,—v)/18=120/18 = 6.6666sec

This is the stopping time in the absence of a parachute. Substituting for t, vy and xo
in Equation 2 yields the stopping distance:
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x=x, +vt —91> =0+120%(6.6666) — 9 * (6.6666)> =400 m
This is twice the desired stopping distance so a parachute is needed.
b) Now the model is
v(0) =120
dv x(0) = 0
dt

The goal is to find the chute area A that will result in a velocity of zero when the
position is 200 m. Then the chute diameter d can be found from A = nd?/4. This
problem can be solved analytically but it is somewhat tedious. Better yet is to
solve it using simulation, Chapter 11.

Problem 2.18

a) No parachute

dv, .
m—==F,=-mg with v (0)=0m/s (1)
dt Y
1 equation, 1 unknown [v, ]
v =L with y©0)= (2)
y = dt y = Yinitiar T

2 equations, 2 unknowns [y]
b) After 10 seconds

From Equation 1, using Antidifferentiation,
L: dv, =—9.8J‘(:dt = v, =-98tml/s

and at r=10s,v,|,_, =—98m/s. From Equation 2,
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J : Cdy=[vdt = =7, 98] tdt=y,,,~49"

and at +=10s, the distance covered is y|,_,, = ¥,u —490m.
¢) Open parachute
dv, .
m d} =XF =-mg—Pv, with vy(0)=vy|,:]0 =-98m/s 3)
» ;

1 equation, 1 unknown [v, ]

y = % Wlth y(O) = y|t:10 =Y, il —490m (4)
t

y

2 equations, 2 unknowns [ y ]

From Equation 3, and using Separation of Variables,

vy d t + Pv _rP —
[l e[ = P | L m10) =, = (mg-98P)e " —mg
,qsmg+pvy m 10 mg—98P m y P
— 1 —-2(1-10) _ —2(t-10)
v, —%[(980—19600)6 ~980 |=-93.1¢7¢"" —4.9 (5)

From Equations 4 and 5,
[* dy= L’Ovydtzj (-93.12¢ ~4.9)dr

1
YVinitial =490 10

Y = Vi —490+[46.55¢7" —4.91 ||} = ¥,y —487.55+[46.55¢°0 " —4.91] (6)

From Equation 5 we obtain the time it takes to reach a velocity of -5 m/s. This

time is from the moment the person jumps from the building and equals 13.42 s.
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ym

Ground, y =0

FIGURE 2.1
Object held aboveground.
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