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CHAPTER 2
Limits and Their Properties

Section 2.1 A Preview of Calculus

1. Calculus is the mathematics of change. Precalculus is
more static. Answers will vary. Sample answer:

Precalculus: Area of a rectangle
Calculus: Area under a curve

Precalculus: Work done by a constant force
Calculus: Work done by a variable force

Precalculus: Center of a rectangle
Calculus: Centroid of a region

2. A secant line through a point P is a line joining P and
another point Q on the graph.

The slope of the tangent line P is the limit of the slopes
of the secant lines joining P and Q, as Q approaches P.

3. Precalculus: (20 fi/sec)(15 sec) = 300 ft

4. Calculus required: Velocity is not constant.
Distance ~ (20 ft/sec)(15 sec) = 300 ft

5. Calculus required: Slope of the tangent line at x = 2 is
the rate of change, and equals about 0.16.

6. Precalculus: rate of change = slope = 0.08

(b) slope = m = (6x- )-8 (x-2)4-x)
x—=2 x—2

Forx =3, m=4-3=1

For x =25 m=4-25=15=

Forx =15 m=4-15=25=

Rl o w

7. f(x) = x

Vr-2

(b) slope =m =
x—4
_ Jx -2
(Vre2)vr-2)
1
:m,x¢4
x=1lm= !

|
J1+2 3
|

3+ 2

x=5m-= # = 0.2361

\/§+2

(c) At P(4,2) the slope is

x=3m-= 0.2679

N

_1 = 0.25.

1
Ji+2 4
You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

=(4-x)x=2

(c) At P(2,8), the slope is 2. You can improve your approximation by considering values of x close to 2.
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9. (a) Area

0
W
+

|
+

w|wn
+

Area=1(5+i+ +i+§+i+i+i§)z9.l45

35 4 4

(b) You could improve the approximation by using more rectangles.

10. Answers will vary. Sample answer:

The instantaneous rate of change of an automobile’s position is the velocity of the automobile, and can be determined by the
speedometer.

1. D =+/(5-1)+(1-57 =~/T6+16 = 566
VG e =3 e -3 e e o)

2.693 +1.302 + 1.083 + 1.031 = 6.11

(c) Increase the number of line segments.

(b) D,

i

Section 2.2 Finding Limits Graphically and Numerically

1. As the graph of the function approaches 8 on the horizontal axis, the graph approaches 25 on the vertical axis.

2. (i) The values of f approach different (ii) The values of f increase without  (iii) The values of f oscillate between
numbers as x approaches ¢ from bound as x approaches c: two fixed numbers as x approaches c:
different sides of c:

3. y 4. No. For example, consider Example 2 from this section.
6+ ) 1, x#2
1 x) =
j” LL /6 {O’XZZ
225
7 L?as lim /(x) = 1 but/(2) = 0
AT !
5.
X 3.9 3.99 3.999 | 4| 4.001 | 4.0l 4.1
f(x) | 0.3448 | 0.3344 | 0.3334 | ? | 0.3332 | 0.3322 | 0.3226
lim — =% 03333 (Actual limit is 1‘]
xo4 x° —5x — 4 3
6.

X 0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1

f(x) | 05132 | 0.5013 | 0.5001 | ? | 0.4999 | 0.4988 | 0.4881

lim Nx+l=1 45000 (Actual Lirnit is %j
x> X
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10.

11.

12.

13.

14.

Chapter 2 Limits and Their Properties

X -0.1 —-0.01 —-0.001 | 0.001 0.01 0.1

f(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983

. sinx s .
hII(l) ~ 1.0000  (Actual limit is 1.) (Make sure you use radian mode.)
x— X

b -0.1 —-0.01 —-0.001 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500

. cosx —1 L .

lm(l) ———— =~ 0.0000 (Actual limit is 0.) (Make sure you use radian mode.)
x— X

x -0.1 -0.01 —-0.001 | 0.001 0.01 0.1

00 | 09516 | 0.9950 | 0.9995 | 1.0005 | 1.0050 | 1.0517

.oet =1 o

lim =~ 1.0000 (Actual limit is 1.)
x—=0 X

X -0.1 —0.01 —0.001 | 0.001 0.01 0.1

f(x) | 1.0536 | 1.0050 | 1.0005 | 0.9995 | 0.9950 | 0.9531

In(x +1

m%M ~ 10000  (Actual limitis 1.)
x— X

X 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 0.2564 | 0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439

lim — = 0.2500 Actual limit is l

olxt +x -6 4

X 4.1 -4.01 —4.001 | 4 | -3.999 -3.99 -3.9
f) | L1111 1.0101 1.0010 ? 1 0.9990 0.9901 0.9091
fim — "% 10000 (Actual limitis 1)

x—>-4 x° 4+ 9x + 20

X 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 0.7340 | 0.6733 | 0.6673 | 0.6660 | 0.6600 | 0.6015

.oxt - Lo 2

lim = 0.6666 Actual limit is —.

x—=1 x° — 3

X -3.1 -3.01 -3.001 -3 | -2.999 -2.99 -2.9
fx) | 2791 27.0901 | 27.0090 | ? | 26.9910 | 26.9101 | 26.11

3
im * 27 = 27.0000 (Actual limit is 27.)
x>=-3 x + 3
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-5.99 -59
-0.1252

-6.001 | -6 | -5.999

15. 6.1 —6.01
-0.1250 | ? | —-0.1250 | —0.1250

f(x) | —0.1248 | —0.1250

NMO=x =4 1250 (Actual limit is —é]

x—=6 x+6

16.
X 19 | 199 | 1999 | 2| 2001 | 201 | 21
0o | 0.1149 | 0.115 | 01111 | 2 [ 0.1111 | 0.1107 | 0.1075
fim XD =23 iy Actual limit is .
x—2 x—2 9

—0.001 | 0.001 0.01 0.1

17. —0.1 —0.01
2.0000 | 1.9999 | 1.9867

X
f(x) | 1.9867 | 1.9999 | 2.0000

(Actual limit is 2.) (Make sure you use radian mode.)

fim $™2% 20000
x—=0 X

18.
0.1 —0.01 —0.001 | 0.001 0.01 0.1

X
0.5000 | 0.5000 | 0.5000 | 0.4950

f(x) | 0.4950 | 0.5000

fanx 45000 (Actual Limit is %]

lim
x—0 tan 2x
19.
X 1.9 1.99 1.999 2.001 2.01 2.1
0.5001 | 0.4999 | 0.4988 | 0.4879

£&) | 05129 | 0.5013
lim X =12 65000 (Actual limit is 1.)
x—2 X — 2
20.
x 0.9 099 | 0999 | 1.001 | 1.01 1.1
0.3681 | 03677 | 0.3660 | 0.3498

f(x) | 03866 | 0.3697

lim =% ~ 03679 (Actual limit is 1.)
x—le — e* e
21.
X -0.1 -0.01 | —=0.001 | 0.001 | 0.01 | 0.1
f(x) | 3.99982 | 4 4 0 0 0.00018
lim does not exist.
x—0] + lx
3| x
2. f(x) = —lzl
X
X -0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1
f(x) | 30 300 3000 ? 1 3000 300 30

As x approaches 0 from either side, the function increases without bound.
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90 Chapter 2 Limits and Their Properties
23. lim3 4-x)=1
24. lim0 secx =1
25. lirg f(x) = lirri (4-x)=2
i =li 24+3) =4
26 lim S(x) lim (x 3)
_|x -2 .
27. lim does not exist.
x=2 x — 2
[x - 2|
For values of x to the left of 2, = —1, whereas
(x=2)
. ‘x - 2‘
for values of x to the right of 2, -—— = 1.
(x-2)
28. llg}) P does not exist. The function approaches 33,
2 from the left side of 0 and it approaches 0 from the
right side of 0.
29. lirr}) cos(1/x) does not exist because the function
Rd
oscillates between —1 and 1 as x approaches 0.
30. lirr}2 tan x does not exist because the function increases
X7
without bound as x approaches % from the left and
ju 34.
decreases without bound as x approaches 2 from
the right.
31. (a) f(1)exists. The black dot at (1, 2) indicates that
f@ =2
(b) lin} f(x) does not exist. As x approaches 1 from the
left, f(x) approaches 3.5, whereas as x approaches
1 from the right, f'(x) approaches 1. 15
(c) f(4) does not exist. The hollow circle at (4, 2) '
indicates that f is not defined at 4.
(d) hn}t f(x) exists. As x approaches 4,
f(x) approaches 2: lirr}‘ f(x) =2.
xX—
32. (a) f(-2) does not exist. The vertical dotted line

indicates that /" is not defined at —2.
(b) lim2 f(x) does not exist. As x approaches -2, the
values of f(x) do not approach a specific number.
(¢) f(0) exists. The black dot at (0, 4) indicates that

1(0) = 4.

d hn}) f(x) does not exist. As x approaches 0 from the
left, f (x) approaches %, whereas as x approaches 0

from the right, f(x) approaches 4.

(e) f(2) does not exist. The hollow circle at (2, %)

indicates that f'(2) is not defined.

) lirr; f(x) exists. As x approaches 2,

f(x) approaches %: ign; f(x) = %

/(4) exists. The black dot at (4, 2) indicates that
f(4) =2

lirr}‘ f(x) does not exist. As x approaches 4, the
xX—>

(&)

(h)

values of f(x) do not approach a specific number.

lim f(x)exists for all values of ¢ # 7.

One possible answer is
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Section 2.2 Finding Limits Graphically and Numerically 91

36. One possible answer is 37. Youneed | f(x) - 3| =|(x + 1) - 3| =|x - 2| < 0.4,
So, take & = 0.4.1f 0 <|x — 2| < 0.4,
then |x — 2| =|(x + 1) = 3| =| f(x) - 3| < 04,

o as desired.

1 2 - 1 1
38. Youneed | f(x) = 1| =|—— — 1| =| == < 0.01.Let § = —If 0 <|x — 2| < —, then
x -1 -1 101 101
—L<x—2<iz>l—i<x—l<l+L
101 101 101 101
100 102
= —<x-1<—
101
100
=|x-1]>—
101
and you have
£ - 1| = | ] =222 1oL _ 1,
x-1 x—1] 100/101 100
39. You need to find & such that 0 <‘x—l‘< 0 implies 40. You need to find  such that 0 <‘x—l‘< 0 implies
1 1 1
| f(x) = 1] =|= = 1| < 0.1. That s, f(x)—1=2-=-1=[I-—|<e
X X X
1 1
-01<—-—-1<0.1 -e<—-1< ¢
X X
1 1
1-01< — <1+0.1 l-e< — <1+e¢
X X
9 1 11 1 1
— < - < — > x>
10 X 10 1-¢ 1+¢
10 10 1 1
—> x > — -1>x-1> -
11 1-¢ l1+¢
Q—1>x—1>9—1 £ >x—-1> i
11 1-¢ 1+¢
1 ! 0.05
9 >~ 1>—7 For £ = 0.05, take & = =~ 0.05.
1 -0.05
So take & = . Then 0 1| < & impli 0.01
o take BETh en <\x— \< implies For £ = 0.01, take 6 = = 0.01.
1-0.01
R 3 0.005
n-r 11 For £ = 0.005, take § = ————— = 0.005.
1 — 0.005
1 1
_ﬁ<x_1 <§. As € decreases, so does J.
Using the first series of equivalent inequalities, you
obtain
1
| f(x) —1]=|=-1]< 0.1
X
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92  Chapter 2 Limits and Their Properties

41 lim (3x +2) =3(2) +2=8 =L

@ |(3x+2)-8[<0.01
|3x — 6| < 0.01
3|x - 2| < 0.01
0<|x-2|<2 ~00033=6
So, if 0 <‘x - 2‘ <0 = %,youhave
3|x - 2| < 0.01
|3x - 6] < 0.01
|(3x +2) - 8] < 0.01
| f(x) = L] < 001

(b) |(3x +2) - 8| < 0.005

|3x — 6] < 0.005
3|x — 2| < 0.005
0<|x-2|< 0005 _ 400167 = &
0.005

Finally, as in part (a), if 0 <|x — 2| < 3

you have ‘(3x +2) - 8‘ < 0.005.

x—=6

o fe-5)-+

-
3

4. 1im[6—fj=6_§=4=L
3 3

< 0.01

< 0.01

‘—%(x—6)‘< 0.01
|x — 6] < 0.03
0<[|x-6/<003=6
So,if 0 <|x — 6| < & = 0.03, you have

L - 6)\ < 0.01
‘2 ~ X< o001
3
(6—XJ—4 < 0.01
3
| f(x) - L|< 001

(b) (6 - gj — 4| < 0.005

‘2 ~ 21<0.005
3

H(x ~ 6)| < 0.005
|x — 6] < 0.015
0<|x-6/<0015=¢

As in part (a), if 0 < ‘x - 6‘ < 0.015, you have

-3

< 0.005.

43, 1im(x2—3)=22—3=1=L
x—2

(a) ‘(xz -3)- 1\< 0.01
| - 4| < 001
|(x +2)(x - 2)| < 001

|x + 2[|x = 2| < 0.01

0.01
‘x + 2‘

‘x - 2‘ <
If you assume 1 < x < 3,then
o =~ 0.01/5 = 0.002.
So,if 0 <|x — 2| < & = 0.002, you have
1

|x — 2| < 0.002 = l(0.01) <
5 ‘x+

2‘(0.01)
|x + 2[|x - 2| < 0.01
| - 4] < 0.01
|(x* =3) = 1] < 001
| f(x) - L| < 0.01.
(b) ‘(x2 -3)- 1\ < 0.005
|x* — 4| < 0.005
|(x +2)(x - 2)| < 0.005

|x + 2[|x = 2] < 0.005

0.005
‘x + 2‘

‘x—2‘<

Ifyou assume 1 < x < 3, then

0= % = 0.001.

Finally, as in part (a), if 0 <|x — 2| < 0.001,

you have \(x2 ~3) - 1\ < 0.005.
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44, lim(x2+6)=42+6=22=L

Y
() ‘(x2 +6) - 22‘ < 0.01
|x? =16/ < 0.01

|(x + 4)(x — 4)| < 0.01

|x + 4[|x — 4| < 0.01

0.01

4l < ——
‘x+4‘

|x -

If you assume 3 < x < 5, then
_0.01

6 = —— = 0.00111.
So,if0<‘x—4‘<5:%,youhave
v a]< 001 001

9 |x+4|

|(x + 4)(x - 4)| < 0.01
|x? =16/ < 0.01
|(x* +6) - 22| < 0.01
| f(x) - L|< 001
(b) |(x* + 6) - 22| < 0.005
|x* — 16| < 0.005
|(x = 4)(x + 4)| < 0.005

|x — 4]|x + 4| < 0.005

0.05
‘x+ 4‘

‘x—4‘<

If you assume 3 < x < 5, then

0005
9

) = 0.00056.

Finally, as in part (a), if 0 < ‘x — 4‘ <

you have ‘(xz +6) - 22\ < 0.005.
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45, 1im(x2—x)=16—4=12=L

x4
(a) ‘(x2 ~x) - 12\ < 0.01
|(x = 4)(x + 3)| < 0.01

|x — 4[|x + 3| < 0.01

0.01

‘x—4‘<
‘x+3‘

Ifyouassume 3 < x < 5, then

0= % = 0.00125.

.01
So,if 0 <‘x — 4‘ < %, you have

0.01
‘x+3‘

|x — 4[|x + 3| < 0.01

‘x—4‘<

|x? - x — 12| < 0.01
|(x* = x) - 12| < 0.01
| f(x) - L| < 001

(b) \(x2 - x) - 12\ < 0.005

|(x = 4)(x + 3)| < 0.005

|x — 4[|x + 3| < 0.005

0.005
‘x + 3‘

‘x—4‘<

If you assume 3 < x < 5, then
0= 0.005_ 0.000625.
8
0.005

Finally, as in part (a), if 0 <|x — 4| < 2

you have ‘(xz - x) - 12‘ < 0.005.
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94  Chapter 2 Limits and Their Properties

46. limx*> =3 =9 =1 48. lim (4x +5) = 4(-2) +5 = -3
x—3 x——
(a) |x* - 9] < 0.01 Given ¢ > 0:
|(x = 3)(x + 3)| < 0.01 [(4x +5) - (-3)| < ¢
‘x—?aHx+3‘< 0.01 ‘4x+8‘< £
0.01 4lx+2|< €
|x - 3|<
‘x+3‘ £
x+2|<==6
If youassume 2 < x < 4, then 4
5 =991 ho014 So, let & = £.
7 4
So,if 0 <|x —3|< g, you have So,if 0 <[x +2|< 6 = Z,youhave
|x -3|< 0.1 \x+2\<E
|x + 3] 4
|x = 3||x + 3] < 0.01 [4x +8|< &
|x* 9| < 0.01 [(4x +5) - (D)< ¢
| /(x) - L| < 0.01 [/(x) - L] < &
(b) |x? = 9| < 0.005 . lim (lx—1) = L) -1=3

|(x = 3)(x + 3)| < 0.005
‘x - 3Hx + 3‘ < 0.005

Given € > 0:

v - 3| < 0.005 2

|x + 3| ‘%x+2‘<8

If you assume 2 < x < 4, then %‘x - (—4)‘ <&

= 0'(;05 = 0.00071. |x = (-4)| < 22

Finally, as in part (a), if 0 <|x = 3| < 0'005, you zz :toi_xzi. (-4)| < & = 2¢,you have
have |x* - 9] < 0.005. [x — (~4)| < 26
47. lim(x+2) = 4+2=6 3+ 2<e
Given £ > 0: ‘(%x—1)+3‘<8
[(x+2)-6|<¢ [/(x) - L] < &.
|lx—4|<e=46

So, let 0 = &. So, if 0 <‘x - 4‘ < 0 = &, you have

|x—4|< e
(x+2)-6|<¢
‘f(x)—L‘< £
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50. lim (3x +1) = 3(3) +1 =1 53. lim 3/x = 0
Given € > 0: Given8>0:‘i/;—0‘<€
‘(%x+l)—%‘<€ ‘\3/;‘<5
‘% —%‘<£ |x|< & =6
%\x 3<e So, let & = &
|x - 3| < 2¢ So, for 0|x — 0|& = &°, you have
So,let5:§£. x| < &
3
So,if 0 <|x = 3| < & = %&, you have ‘\/;‘<S
3 p—
|x = 3|< 3¢ ‘\/; 0‘<S
oo 3<e ) - ] < e
3x-2|<e 54, 1in31f=\/1=2
x—
\(%x+1)—?‘<f Given £ > 0: [Vx-2|<e
|f(x)-L|< & ‘\/;—QH\/;+2‘<5‘\/;+2‘
5L lim3 =3 |x — 4] < &|/x + 2|
Given € > 0: Assuming 1 < x < 9, you can choose 0 = 3&.Then,
3-3|<e¢ 0<\x—4\<5=35:>\x—4\<g‘\/;+2‘
0<¢ :‘\/;—2‘< E.
So, any & > 0will work.
So, forany ¢ > 0,you have 55, lims‘x—S‘z‘(—S)—5‘=‘—10‘=10
x—=
|3-3|<¢ .
Given £ > 0 |[x - 5|-10|< ¢
|f(x) - L|< e |
~(x=5)-10|]<e (x-5<0)
52. lirr;(—l):—l |-x - 5|< &
Gi . ‘X—(—S)‘<€
iven £ > 0.‘—1 - (—1)‘ <€
0<e So,let 0 = &.
So, any & > 0will work. So for |[x — (=5)| < & = &, you have
So, for any d > 0,you have ‘—(x+5)‘< e
() = (-)]< e |~(x = 5) - 10| < &
‘f(x)—L‘<£. Hx—S‘—lO‘<€ (becausex — 5 < 0)
| f(x) - L] < &
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56.

57.

58.

Chapter 2 Limits and Their Properties

lim|x - 3[=[3-3]=0

x—3

Given € > 0: Hx -

So, let 0 = €.

3\—0‘<€

|x-3|<e

So, for 0 < ‘x - 3‘ < 0 = &,you have

|x-3|<e
Hx—3\—0‘<5

| f(x) - L|< &

x—=1

Given € > 0: ‘(xz

lim(x2+1)=12+1=2

+Q—4<g

‘x2—1‘<8

x+1)(x-1)< ¢

(x + 1)(x = 1)
‘x—l‘<L
‘x+1‘

If youassume 0 < x < 2, then & = &/3.

So for 0 <‘x - l‘ <0 = g,youhave

\x—1\<lg<
3

‘x2—1‘<8
‘(x2+1)—2‘<€

‘f(x) - 2‘< .

lim (x* + 4x) = (=4)> + 4(-4)

x—-4

Given € > 0: ‘(xz

1
‘x+1‘

£

Il
(=)

+4x)—0‘<£
|x(x + 4)|< €

x+4]< 5
[x

£
If you assume —5 < x < —3,then § = =

So for 0 <‘x—(—

‘x + 4‘<
‘x(x + 4)‘<
‘(xz + 4x) - 0‘<

‘f(x)—L‘<

£
Hl< b= 5 you have

£ 1
— < —£
5 |x|
£

£

E.

59.

60.

61.

62.

63.

lim f(x) = lim 4 = 4
lim f(x) = limx =7
XD XD
Nx+5-3
f(x) = x74
X —
lim f(x) = &
0.5
M,,____ﬂ___
-6 6
—-0.1667

The domain is [-5, 4) U (4, o). The graphing utility

does not show the hole at (4, éj

e’ -1

f(x) =

N | = =

-1
The domain is all x # 0. The graphing utility does not

1
show the hole at [O, Ej

C(t) =9.99 - 0.79[[1 - t]},t >0
(@) C(10.75) = 9.99 — 0.79]1 — 10.75]
= 9.99 - 0.79(-10)
= $17.89
C(10.75) represents the cost of a 10-minute,

45-second call.
b

) s

(¢) The limit does not exist because the limits from the
left and right are not equal.
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Section 2.2

64. C(t) = 579 = 0.99[1 — 1], > 0

(@) C(10.75) = 5.79 — 0.99[1 — 10.75]
= 5.79 — 0.99(-10)

$15.69

C (1 0.75) represents the cost of a 10-minute,
45-second call.
(b) 12

(c) The limit does not exist because the limits from the
left and right are not equal.

65. Choosing a smaller positive value of & will still satisfy
the inequality ‘f(x) - L‘ < €.

66. In the definition of lim f(x), f must be defined on both

sides of ¢, but does not have to be defined at c itself. The
value of /" at c has no bearing on the limit as x approaches c.

67. No. The fact that f(2) = 4 has no bearing on the

existence of the limit of f(x) as x approaches 2.

68. No. The fact that lirr; f(x) = 4 has no bearing on the

value of f at 2.

69. (a) C = 27r

r:£:i=2z0.9549cm
2r 2r T
(b) When C = 5.5:r = 33 = 0.87535 cm
2
6.5
When C = 6.5:r = — = 1.03451 cm
27

So 0.87535 < r < 1.03451.
(© Jim (227) = 6,2 = 0.5, = 0079
X3/

7. f(x) = ‘x + 1‘—‘){ - 1‘

X

X -1 | -0.5

fol2 |2 2 Undef. |2 |2 |2

lin}) flx)=2
Note that for

<x<Lx#0 f(x) = —Tt 7

Finding Limits Graphically and Numerically 97

70. V = §7rr3, V =248

4
(a) 2.48 = gﬂ'VS

5186
T

0.8397 in.
(b) 245< V <251

n

7

245 < %mk 2.51

7AN
A\

0.5849 < r* < 0.5992
0.8363 < r 0.8431
(c) For € = 2.51 —2.48 = 0.03,6 = 0.003

IN

7. f(x) = (1+x)"
lim (1+ x)* = e ~ 2.71828

x—0

x S x S )

—0.1 2.867972 0.1 2.593742
—0.01 2.731999 0.01 2.704814
-0.001 2.719642 0.001 2.716942
—-0.0001 2.718418 0.0001 2.718146
—0.00001 2.718295 0.00001 2.718268
—0.000001 | 2.718283 0.000001 | 2.718280
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98  Chapter 2 Limits and Their Properties

73. oo 78. False. Let
(1.999, 0.001)

\/(2.0()1.0.00/ Fx) = x—4, x#2
\/\ 0, x =2

lin; f(x) = lin;(x—4) =2and f(2) =0 =2

1.998 2.002
0
Using the zoom and trace feature, 0 = 0.001. So 79. f(x) = Jx
(2 - 6,2+ 8) = (1999, 2.001). m /3 = 0.5is true
x—0.25
xt -4
Note: 5 + 2 for x # 2. As x approaches 0.25 = %from either side,

f(x) = /x approaches % = 0.5.
74. (a) lim f(x)exists forall ¢ # —3.

(b) lim f(x)exists forall ¢ # -2, 0. 80. f(x) = Vx
’ lim </x = Ois false.
x—0

75. False. The existence or nonexistence of f(x)at x = ¢ . .
/) f(x) = /x is not defined on an open interval

has no bearing on the existence of the limit

of f(x)asx — ¢ containing 0 because the domain of f isx > 0.

81. Using a graphing utility, you see that

76. True .
. sinx
lim—— =1
77. False. Let x=0  x
1) = X4 x#2 111%51“2)“:2, etc.
0, x =2 g .
So, lim s _ n
f(2) =0 P a=0 x
I = lim (x — 4) = 2 i ing utili
lim S(x) m (x-4) #0 82. Using a graphing utility, you see that
lim 20X _
x—0 X
lim fan 2x =2, etc
x—0 X
t
So, lim M =
x—0 X

83. If )lclﬁmc f(x) = L and )lclﬁmc f(x) = L,, then for every € > 0, there exists & > Oand &, > 0such that
|x —c|< 6 = ‘f(x) - LI‘ <eand |[x —c|< 6, = ‘f(x) - Lz‘ < &.Let § equal the smaller of & and &,. Then for
|x = ¢|< 8, youhave |L, - L,| = ‘Ll - f(x)+ f(x) - Lz‘ < ‘Ll - f(x)‘+‘f(x) - Lz‘ < & + &.Therefore,
‘Ll - Lz‘ < 2¢.Since € > 0 is arbitrary, it follows that L, = L,.

84. f(x) = mx +b,m # 0.Let £ > 0 be given. 85. lim [f(x) = L] = Omeans that for every £ > 0
Take & = 5. tLe:e exists & > Osuch thatif 0 <|x — ¢| < &,
‘m‘ then
lf0<‘x—c‘<5:‘%,then (/) - 1) - 0| < &
|m||x —c|< ¢ This means the same as | f(x) — L| < & when

e~ me] < ¢ 0<lx-ecl< s

[(mx + b) = (me +b)| < £ So, lim f(x) = L.

which shows that lim (mx + b) = mc + b.

x—c
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Section 2.3 Evaluating Limits Analytically 99

86. (a) (3x + 1)(3x — ¥’ + 0.01 = (9x2 : l)xz N 1 87. The radius OP has a length equal to the altitude z of the

h h
100 triangle plus > So, z =1- >

=9x4—x2+L

100 X A
1 Area triangle = 71{1 — 7j
= ﬁ(10x2 - 1)(90x* - 1) 2 2

Area rectangle = bh

—_— 2 1
So, (3x + 1)(3x — 1)x* + 0.01 > 0if Because these are equal,

10x* -1 < Oandl90x2 1—1 < 0. %b(l _ gj _ b L

Let (a,b) = (—\/%, \/%) . h_ .

Forall x # 0in (a, b), the graph is positive. 52 2 4

You can verify this with a graphing utility. Eh =1 b
(b) You are given 11316 glx) =L >0.Let & = %L. h = %

There exists 0 > Osuch that 0 < ‘x - c‘ <0
88. Consider a cross section of the cone, where EF is a

implies that ‘ g(x) - L‘ <e= % That is, diagonal of the inscribed cube. 4D = 3, BC = 2.
Let x be the length of a side of the cube.
_é <g(x)-L< % Then EF = x~/2.
By similar triangles, A
L 3L
5 < &) < EF _ 4G
BC AD
For x in the interval (c - d,¢c+0),x # ¢, you w2 3-x . o \r
I =
have g(x) > = > 0, as desired. 2 3
2 Solving for x,
B D C
3W2x = 6 - 2x
(V2 +2)x =6
M 2 -6 =~ 0.96.
W2 +2 7
Section 2.3 Evaluating Limits Analytically
1. For polynomial functions p(x), substitute ¢ for x, and 4 lim sinx 1
simplify. =0 x
i l—cosx _ 0
2. An indeterminant form is obtained when evaluating a Xli% X -
limit using direct substitution produces a meaningless lim (1 Vx
fractional expression such as 0/0. That is, JL‘%( + x) =e
fim <) 5. lim (2x +5) = 2(=3) + 5 = -1
x—c g(x) x—-3
for which lim /f(x) = lim g(x) = 0 6. lim (4x —1) = 4(9) -1 =36 — 1 = 35

x—=9

3. If a function [ is squeezed between two functions 4 and T 2 ) = (23 +3(3) =9 -9 =0
g h(x) £ f(x) < g(x), and h and g have the same limit © o (X x) =) (-3) = B

Las x — c,then lim f(x)exists and equals L
X—c¢

. 3 3 _
8. lim (26 —6x +5) = 2(1) - 6(1) + 5

2-6+5=1
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100 Chapter 2 Limits and Their Properties

9. im~/x +8 =3+ 8 = /11 24. limtanx = tanz = 0
x—3 X
. 1
10. lim /12x +3 = 3/12(2) + 3 25. lim cos? - cos% =2
=3/24+3=2327=3
26 limsinﬂ = sin@ = sinz = l
i 3 T2 12 12 6 2
11. lim (1 - x)3 = [l - (—4)] =5 =125

x—-4

27. lim sec2x = sec0 =1
x>0

12. 1im (3x - 2)* = (3(0) - 2)* = (-2)* = 16

x>0 28. lim cos 3x = cos 37 = —1
3 3 3
=22x+1  22)+1 5 29. lim sin x = sin s _ 1
x—57/6 6 2
. 5 5 5
14. XILHJSX+3 T 543 2 30. XErsrllwcosx:cosS?ﬂ:%
: x __ 1 _1 . X 3z
15. )1(1211 x2 +4 - 12 +4 - 5 31. 11‘2113 tan(TJ = tanj = -1
16.lim3x+5=3(1)+5=3+5=§=4 .- o) z_—zﬁ
wlox +1 1+1 2 2 e R e
17 im0 2y lim ¢* = ¢ -
.x—>7\/x+2_\/7+2_3_ 33.X1ir(1)e cos2x = e cos0 =1
18 fim YETO6 _N3+6 Jo3 34. lim ¢ sin 7x = ¢’ sin 0 = 0
. l1m = = — = — PN
-3 x4+ 2 3+2 5 5
. lim (In ) =1
19. (@) lim f(x) =5 -1=4 35. lim(In3x + ¢') =3+ e
li =4 =64
®) lim g(x) 36. lim h{ij = 1n[1j =Iet! =-1
. =l et e
(©) limg(/(x)) = 2(/(1)) = g(4) = 64
I =2 =
20. (@) lim f(x) = (3)+7 =4 37. lim f(x) = 3, lim g(x) = 2
(b) lim g(x) = 4 =16 (@) lim [Sg(x)] = 5 lim g(x) = 5(2) =10
(¢) lim g(f(x)) =g(4) =16 (b) lim [f(x) + g(x)] = lim f(x) + lim g(x)
x—-3 x—c x—c¢ x—=c
; _2 +2
21. (a) )1(1;1}f(x)=4—1=3 =5
(b) lim g(x) =3 +1 =2 _ 12
x—=3 5
() limg(f(x)) = g(3) = 2 . . .
tm &/0) = &) (¢) lim[f(x)g(x)] = [ygg ! (X)}[ilgg g(x)}
. _ 2\ _ _ 2
22. (a) lim f(x) = 2(#) - 3(4) +1 =21 _ g(z)
(b) li11211 g(x) =R21+6 =3 4
x— = —
5
(©) lim g(f(x)) = g(21) = 3 @ tm S lmsG) s
x=e g(x) lim g(x) 2 5

23. lim sinx = sinz =1
x— /2 2
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Section 2.3 Evaluating Limits Analytically 101

38. lim f(x) = 2, lim g(x) = %

(@ lim[4f(x)] = 4lim f(x) = 42) = 8

(b) lim [f(x) + g(x)] = lim /(x) + lim g(x) = 2 + % = %1
© tim [)e()] = [1im 709 im e()] = 3 = 2
. fx)_ll_)nif(x)_ 2 8
@) T ime 4 3
39. 1i_)111f(x):16 2. () - 3x2 ;fxz—Z (x+xZ)J(r3)2c—1)and
@ lim /()] = [lim f(x)]2 = (16)" = 256 g(x) = 3x — 1 agree except at x = —2.
(b lim /£ (x) \/ lim f(x) = /16 = 4 lim f(x) = lim g(x) = lim (3x - 1)
=3(-2)-1=-7
(¢) lim [37(x)] = 3[11m f(x )J 3(16) = 48 2
@ lim [f(x)]"* = [lim f(x)]* = (16)” = 64 /
40. lim /(x) = 27
(a) hm\/f 31imf(x)=\3/E=3
xX—c xX—c 3 _ 8
_ 43. =z d =x*+2x+4 t
. hm@ i 11216 1) 3 f(x)_ ——, @ g(x) = x* + 2x + 4 agree excep
x> 18 lim 18 18 2 at x = 2.
R lim2 f(x) = lir% g(x) = lirri (xz + 2x + 4)
. 2 xX—> x— xX—
(©) lim [ /(x I - [hin f(x)} =(@7) =7 =242 +4=12

12

(d) }l_)nlc [f(x)]2/3 _ [)1(13 f(x)T/s _ (27)2/3 -9 K/

xz—l_(x+1)(x—1)

41. = = d =x-1
f(x) x+1 x+1 . g(x) * -9 9
agree except at x = —1. ’
lim f(x) = lim g(x) = lm (x -1) =-1-1=-2 3
x—-l ) x—-l () X”‘l( ) 4. f(x) = v+l and g(x) = x* — x + 1 agree except at
s x+1
x = -1
-3 = 4 lim f(x) = lim g(x) = lim (x2 -x+ 1)

x—-1 x—-1 x—-1
/ S (P - (D +1=3
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102 Chapter 2 Limits and Their Properties

(x +4) In(x + 6) In(x + 6) 9. 1 x -4 . x -4
- = . lim —— = lim ———
45. f(x) 2 1c and g(x) c_ 4 i XX - 16 ey (x +4)(x—4)
agree except atx = —4. . 1 1 1
= lim = = —

lim £(x) = lim g(x) = IL; ~ ~0.0866

x—>-4 x——4 —

1 50. lim S x lim _(X_S)
-5 x2 =25 x5 (x—5)(x+5)
== s -1 -1 1
= lim = = ——
\ =sx+5 545 10
) 2 _ -2
51. 1imLx6= hm%
-3 x2 -9 =3 (x + 3)(x - 3)
er_
46. f(x) = and g(x) = e* + 1agree except at . x-2 -3-2 -5 5
et -1 = lim = ===
x—»3x-3 -3-3 -6 6
x = 0.
. _ _ 0 _ 2 _ _
limy /() = lim g(x) = ¢ +1 =2 52, fim =28y (2D )
xo2 x2 —x =2 x—=2 (x—2)(x+l)
3
/ =limx+4=2+4=§=2
x-2 x + +
] 2 1 2+1 3
-2 2 . ANx+5-3 LoANX+5 -3 x+5+3
53. lim = lim .
- =4 x—4 =4 x—4 Vx+5+3
. (x+5-9
X X 1 1 =hn}‘
47. lim —— = lim = lim = -1 4 (x = 4)(Vx +5 +3)
=0 x° — x x—)Ox(x—l) x=0 x —1 0-1 | | .
= lim = = -
75— 2 =iy +5+3 J9+3 6
48. 1in})7=1in})(7x2—x)=0—0=0
gy ‘ o Nx+1 -2 N+l -2 Nx+1+2
54. lim = lim .
x—3 x-3 x—3 x—-3 Jx+1+2
= lim x 3
"_’3(x—3)|:\/x+1+2:|
1 1 1

= lim - -1
=3 x+1+2 Ja4+2 4

55 hmx/x+5—\/§_1imx/x+ -5 Jx+5+5

x>0 X x>0 X .\/x+5+\/§

(x+5) -5 1 1 1 /5

= lim —————— =

lim = = = -
Hox(\/x+5+\/§) =0 x+5+-/5 5+5 25 10

V2 x-2 0 2+ x -2 2+x+A2
56. llm7=hm .
x=0 X x=0 X 2+ x+2

. 2+x -2 . 1 1 1
=lim-—— =

NN M N N RN N RN

[

1
57 lim3+x 3 _ w = lim - = lim -1 - - - 1
X0 X =0 3+ x)3(x) =03+ x)(3)(x) —=0(3+x)3 (3)3 9
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Section 2.3 Evaluating Limits Analytically 103

4 4 4 - -
s limXtd 4 gy A0 1 11
-0 x =0 x =0 4(x +4)  4(4) 16
2 - _
s9. fm 2 TAY) -2 2e 4 dAr x| QAL
Ax—0 Ax Ax—0 Ax Ax—0  Ax Ax—0
2 2 2 2 _ 2
60. fim CEAY Zx P dxAr k(A — L AR AY) e Ay = 2
Ax—0 Ax—0 Ax Ax—0 Ax -
(A =2 A) F 1= (P =204 1) x4 2xAv 4 (AY) - 2x — 2Ax + 1 — 2% + 2x — 1
61. lim = lim
Ar—0 Ax Ax—0 Ax
= lim (2x+Ax—2) =2x -2
Ax—0
2
. (x + A)c)3 - X X 3% A+ 3X(AX)2 + (Ax)3 -x . Ax(3x2 + 3xAx + (Ax) )
62. lim = lim = lim
Ax—0 Ax—0 Ax Ax—0 Ax
= lim (3x% + 3xAv + (Av)°) = 342
Ax—0
. . . .
63. 1lim 22X = lim Ksm xj[lﬂ = (I)GJ -1 67. lim 2= = lim [sm % sin x} = ()sin0 = 0
x—=0 Sx x—0 X 5 5 5 x-0  x x>0 X
3(] — 1- . tan’x . sin’x . |sinx sinx
64. lim (7(:08)() = lim I}[(COSX)II = (3)(0) = 0 68. 1m(1) = lim — = hm{ o }
x—0 x x—0 x x> X x=0 x cOs” x x=0  x cos” x
i ) = (1)) =0
sin x)(1 — cos x . |sinx 1-cosx
69. lim — = lim &(1 — cos h)
= (1)(0) =0 h—0 h h—0 h
. = (0)(0) =0
66. lim cos @ tan @ - lim sin 8 -1
>0 0 60 6 70. lim gsec p = 7(-1) = -7
1. limé—6cosx _ 6 —6cos0 _ 6—-6 -0
x—0 3 3 3
72. lim cos x —sinx — 1 - lim —sin x + lim cosx — 1
x—0 2x x=0 2x x—0 2x
__l smx_l1 1 — cosx
2 x>0 x 2 x—0 X
1 1 1
—_ 1 - -
-0 = -
o l—e R e ) (1 - e_x)e_x 75. lim sin 3¢ - lim [Sin 3tj(§j — l(éj — é
B lim —— = lm ——— - — = M S it v EY L ) Rl
= lin% e’ =1 _ )
| o 2 g 2
x—0 s1n 3x x> X Sin >x
4e* —1 4e” - 1) e* +1
74. lim ( ) = limw 1 2
N - 2030 - 5

lim 4er+1)=4(2) =38
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104 Chapter 2 Limits and Their Properties

77. f(x) = 7Vx+x_\/5
x 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 0.1

f(x) | 0358 | 0354 | 0.354 ? 1 0354 | 0.353 0.349

It appears that the limit is 0.354.
2

N . The graph has a hole at x = 0.
-2
. . x+2-2  Nx+2-2 Jx+2+2
Analytically, lim ——  — = lim .
x—0 X x—0 X \/x + 2 4+ \/5
s lim 2272 g ! _ LN gy
X—’Ox(x/x+2+\/§) =0y +2+2 242 4
4-x
78. f(x) =
f( ) x —16
X 15.9 15.99 15999 | 16 | 16.001 | 16.01 16.1

f(x) | —0.1252 | —-0.125 | —0.125 | 2 | —0.125 | —0.125 | —0.1248

It appears that the limit is —0.125.

1

The graph has a hole at x = 16.

0 ——| 20
-1
Analytically, lim 2~ x lim (4= ) —fm——1 -1
Yy Y, =16 x — 16 x—16 (\/; + 4)(\/; — 4) x—16 \/; +4 8
L1
79. f(x) = 2EX 2
X
X 0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1
f(x) | -0.263 | —0.251 | -0.250 | ? | —0.250 | —0.249 | —0.238
It appears that the limit is —0.250.
3
’_JE The graph has a hole at x = 0.
. i//f 1
I -2
1 1
T 2-(2+ - -
Analytically, lim 2+X 2 — |im M L lim——~ .~ = lim _=t —l.
x>0 X x>0 2(2 + x) x  x=0 2(2 + x) x a0 2(2 + x) 4
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5_
80. f(x) = 22
x =2
x 1.9 199 | 1999 |1.9999 |20 | 20001 | 2.001 |2.01 |21
@) | 7239 | 7920 | 7992 [ 79.99 |2 | 80.01 | 80.08 | 80.80 | 88.41

81.

82.

Section 2.3 Evaluating Limits Analytically

It appears that the limit is 80.

100

/

Analytically, lim
x—=2

-25

x> =32

= lim

The graph has a hole at x = 2.

x -2

x = 2)(x* +2x° + 4x* + 8x + 16
( I )= lim (x* + 2x* + 4x” + 8x + 16) = 80.

x—2 x -2 x—-2

(Hint: Use long division to factor x> — 32.)

sin 3¢
f(e) =

t
t -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1
f(@® | 296 | 2996 | 3 213 2.9996 | 2.96

It appears that the limit is 3.

4

v

Analytically, liné
t—

The graph has a hole at = 0.

sin 3¢ _ tim 3(sm 3t] -3 =3

t t—0 3t
f(x) _ Ccosx -1
2x?
X -1 -0.1 -0.01 | 0.01 0.1 1
f(x) | —0.2298 | —0.2498 | —0.25 | —0.25 | —0.2498 | —0.2298

It appears that the limit is —0.25.

1

The graph has a hole at x = 0.

e i —
-1
. cosx —1 cosx +1 cos? x — 1 —sin%x sin? x -1
Analytically, — = = = .
2x cosx +1 2x*(cosx +1)  2x*(cosx + 1) x2 2(cos x + 1)

. |sin®x
lim .
x—0 X

2

-1
2(cos x + 1)

= l(jj = L = -0.25
4 4

105
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2

83. f(x) = smxx
X —0.1 —0.01 | -0.001 | 0 | 0.001 | 0.01 | 0.1

f(x) | —0.099998 | —0.01 [ —0.001 | ? | 0.001 | 0.01 | 0.099998

It appears that the limit is O.

1

/\ The graph has a hole at x = 0.
J.Juﬁl'll'llllll I'll'li.w .
S TRLL

-2

N

B

2 L2
Analytically, lin}) MY im x[sm ol } =0(1) = 0.

X x—0

sin x

8. /(x) = 5

X 0.1 —0.01 -0.001 | 0 | 0.001 | 0.01 0.1

f(x) | 0215 | 0.0464 | 0.01 ? 1 0.01 0.0464 | 0.215

It appears that the limit is 0.

2

The graph has a hole at x = 0.

-3 3 . .
. cosinx 5 rofsinx) _
Analytically, )lclil}) s 113% U x [—x J (0)(1) = 0.
2
In x .
85. f(x) =

X 0.5 0.9 0.99 1.01 1.1 1.5 g

f(x) | 1.3863 | 1.0536 | 1.0050 | 0.9950 | 0.9531 | 0.8109

It appears that the limit is 1.

.1 .
Analytically, lim nx - llm(

x>l x —1 x>l

)lnx = lim In x/)
X — x—1
Let y =x — L thenx = y+landy —» Oasx — 1.

So, l_irr} In x/670 = lirr(l) In(y + l)l/y =lne = 1.

&
86. f(x) = 4 /
X 0.5 0.6 0.69 0.70 0.8 0.9 — ]
f(x) | 2.7450 | 2.8687 | 2.9953 | 3.0103 | 3.1722 | 3.3565 -1 S 2
It appears that the limit is 3.
x 2x x
Analytically, Xlirsz 22 : i = XEIEZ (e (_eXZ)_(ez)(;Tz; 4) = H.m < :x 2+ex2+ 14 er i er 4 3
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. f(x)=3x-2
Ax) — 3 Ax) -2 —-(3x -2 -2 -
fim L A) = S() 306+ AY) (x=2) _ pp 3x#3A-2-3c4 2 3,
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0 Ax
. f(x) =—6x+3
lim flx+ &) - f(x) _ lim [-6(x + Ax) + 3] - [-6x + 3] _ iy ~0% = 6Ax +3 + 6x — 3
Ax—0 Ax Ax—0 Ax Ar—0 Ax
- Jim, 98— Jim 6) = =6
f(x) = x? — 4x
fle+ A= f(x) . (A —d(x+ A) = (3 —4x) 2 4 2Av + A — 4y — 4Av — 22 4 4y
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
- N
Ax—0 Ax Ax—0
S(x) =3x +1
F(x+ AY) - £(x) [B(x + Ax) + 1} ~[32% +1] (3% + 6xax + 3(Ax)" + 1) = (35 + 1)
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
_6xAx + 3(Ax)
= lim ———— = lim 6x + 3Ax = 6x
Ax—0 Ax Ax—0
f(x) = 2x
lim flx+Ax) = f(x) lim 2Vx + Ax - 2x lim Z(VX+A’C—\/;).\/x+Ax+\/;
Ax>0 Ax Ar 0 Ax Ar 50 Ax Ix + Ax + x
o 2x+ A=) ; 2Ax
= ]lim = lm
Ax—0 Ax(\/x + Ax + \/;) Ax=0 Ax(\/x + Ax + \/;)
2 2 1

= lim =

a0 Jxt A +Jx 2/x Jx

Cf(x) = x-S
fim LAY = S(x) lim( X+Ax_5)_(\/;_5)= o MX A = Nx ad A+
Ax—0 Ax Ax—0 Ax A0 Ax \/x+Ax+\/;

B L) ek S

. Ax
S50 M{x  Av + x) A0 A+ Ax + Vo)

= lim ! !

a0 Jx + Ax + Vx| 2dx

f(x)=x+3
1
limf(x+m)_f(x)=llmx+Ax+3 X+3=1imx+3_(x+m+3).i
Ax—0 Ax Ac—0 Ax Ax—0 (x+Ax+3)(x+3) Ax
—Ax . -1 -1

- 1 =1 =
a0 (x + Ax + 3)(x + 3)Ar A0 (x+ Ax+3)(x+3) (v +3)
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108 Chapter 2 Limits and Their Properties

1
94. f(x) ==
X
1 1
_ 27 2 2 _ 2
i LEFA) S A9t (e A (x+fx)
Ax—0 Ax Ax—0 Ax Ax—0 XZ(X + AX) Ax
x? = [2% + 2xAx + (Av)?] ~2xAx — (Ax)’
= lim = lim ———
Ax—0 x2(x + Ax)*Ax a0 x?(x + Ax)*Ax
-l XA 2x 2
a0 x2(x + Ax)? x* X
L i - X)) < < li 2 98. =
95. lim (4 - »%) < lim f(x) < lim (3 + x°) f(x) =|x|cos x

A

lim ‘x‘cosx =0
x—0

4 < lim /(x) < 4 K
27

Therefore, lin}) f(x) =4

2w

96. lim [b —|x — a|] < lim f(x) < lim [b +|x - a] -
b < lim f(x) < b 99. f(x) = xsin
X

Therefore, lim f(x) = b. 05

o \\th lim (x sin 1) =0
. x—=0 X
97. f(x) =|x|sin x 05 05
5

6

-2 2m 1
N 100. f(x) = x cos —
x

-6 0.5

. 1
lim‘x‘sinx:O >\,{f/ lim|xcos—| =0
x—0 x—=0 X

-0.5 0.5

-0.5

101. (a) Two functions f and g agree at all but one point (on an open interval) if f(x) = g(x) for all x in the
interval except for x = ¢, where c is in the interval.

(b) f(x) _ );_—11 _ (x +x1)fx1— 1)

(Other answers possible.)

and g(x) = x + 1agree at all points except x = 1.

102. Answers will vary. Sample answers:

1 1 1
a) linear: f(x) = —x; lim —x = —(8) = 4
@ S(x) = 2% lim Zx = —(8)
(b) polynomial of degree 2: f(x) = x* — 60; hné (x2 - 60) =8 -60 =4
Rd

X X 8 8
¢) rational: f(x) = ; lim = =—=4
© /) 2x — 14 x>82x - 14 2(8) - 14 2

6 =4

(d) radical: f(x) = ~/x +8; lirréx/x +8 =+/8+8 =+/1
x—

(e) cosine: f(x) = 4 cos(7x); lin}; 4 cos (7x) = 4cos 87 = 4(1) = 4

(f) sine: f(x) = 4 sin(%xj; lim 4 sin[%x] =4 sin% = 4(1) = 4
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103.

104.

106.

107.

(2) f(x) = 4¢3 lim4de™® = 4e’ = 4

x—8

(h) f(x) = 4Infe(x - 7)]; lim4In[e(x - 7)] = 4Ine =4

x—8

sin x

f(x) = x, g(x) = sin x, h(x) = -

3

-5 ‘\_\\:5

-3

When the x-values are “close to” 0 the magnitude of f°
is approximately equal to the magnitude of g. So,
‘g‘/‘f‘ =~ 1when x is “close to” 0.

(a) Use the dividing out technique because the
numerator and denominator have a common factor.

(b) Use the rationalizing technique because the
numerator involves a radical expression.

500 55
s(t) = —16£ + 500 = Owhen ¢ = , [— = V5

16 2
55

S - s(t) 2
4 2 0 — (=162 + 500
lIim ——~——— = li ey ——

ST

-t

Section 2.3 Evaluating Limits Analytically

= 1l
AEENG
H(T —
16 t + ﬁ t — ﬁ
i 2 2
= m
(22 5V/s
2 5 t
= i |—1ee 4 33
(=5 2

2

H = —80~/5 ft/sec =

109

105. s(f) = —16¢> + 500

_ ~16(2)* + 500 — (—16¢2 + 500
lim s(2) = s(t) _ lim (2) ( )
t—=2 2 —t t—=2 2 —t
436 + 162 — 500
= hm—
-2 2 —t
16(¢> — 4
i S04
t—2 2 —t
16(t —
1820+ 2)
12 2 —t

= lim ~16(r + 2) = ~64 fi/sec
t—

The paint can is falling at about 64 feet/second.

55

sec. The velocity at time a = — is

—178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

s(t) = —4.9¢ + 200

_ —4.9(3)° + 200 — (—4.9¢ + 200
i S8 =5 _ . —490) ( )
=3 3 -t (-3 3 -t
49(£2 - 9
= lim ( )
t—3 3 —¢
49(t -
o 490 =3 43)
t—3 3t

= lim [-4.9(z + 3)]
= —29.4 m/sec
The object is falling about 29.4 m/sec.
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110 Chapter 2 Limits and Their Properties

200 20/5 o 204/5 .

108. —4.9¢> + 200 = Owhen t = , [=—— sec. The velocity at time a = is

49 7 7
s(a) — s 0 — | 4.9 + 200
lim M = lim [ ]
t—a a—1 t—a a —1
 lim 49(¢t + a)(t - a)
t—a a—1
= tim | a9+ 25| 2 ag 5 misec
2045 7
=~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

109. Let f(x) = 1/xand g(x) = -1/ x. lin}) f(x) and lin}) g(x) do not exist. However,

{1 + (—1ﬂ = lim [0] = 0 and therefore does not exist.

X X x—=0

'lim [f(x) + g(x)] = lim

x—=0

110. Suppose, on the contrary, that lim g(x) exists. Then, 114. Given lim f(x) =
x—c x—c
because lim f(x) exists, so would lim [ f(x) + g(x)], For every € > 0, there exists § > 0 such that
x—c x—c
which is a contradiction. So, lim g(x) does not exist. ‘f(x) - 0‘ < & whenever 0 <[x - ¢[< .
xX—c

. . Now‘f(x)—0‘:‘f(x)‘=Hf(x)‘—0‘<e‘for
111. Given f(x) = b, show that for every € > 0 there exists
|x = ¢| < 8. Therefore, lim ‘f(x)‘ =0.

a 0 > Osuch that ‘f'(x) - b‘ < & whenever xoe

- J.B —-bl=|b-0b|=0
|x —c|< ecause | f(x) — b| = | ‘ \ <€ 115, M ()| < ¢(x) < M 1)
for every £ > 0, any value of & > 0 will work.

lim (=M} f(x)]) < yg [f(x)g(x)] < lim (M] /(%))
112. Given f(x) = x”, n is a positive integer, then _M(0) < lim [/'(x)g(x)] < M(0)
fim " = lim (") 0 < lim [ f(x)g(x)] < 0
_ . . n-1| _ : n—2
- [lgn} x} |:7161£)I}* * ] B C|:)1fl*>rnv (xx )} Therefore, lim I: f (x)g(x)] = 0.

= c[lim x] [lim x"’z} = c(c)lim (xx"’3)

116. (a) If 11m ‘f(x)‘ = 0, then llm[ ‘f(x)u =
= ... ="
. . —\f(x)\ f(x) < (x)\
113. If b = 0, the property is true because both sides are
equalto 0. If b # 0, let £ > 0 be given. Because thl[ )H = )lfl—% Sl lxch ‘ S
lim f (x) = L, there exists 0 > Osuch that 0 < lim flx) <
f(x) = L| < g/|b| whenever 0 <|x — ¢| < &.So, Therefore, lim f(x) =
whenever 0 <|x — ¢| < &, we have (b) Given lim f(x) =
bl f(x) = L[ < & or [bf(x) - bL|< £ For every € > 0, there exists & > 0such that
which implies that lim [bf(x)] = bL. \ f(x) - L\ < & whenever 0 <|x — ¢| < &.Since

Hf(x)‘—‘LHS‘f(x) - L‘ < efor |x —c|< 6,

then lim ‘f(x)‘ Z‘L‘.
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Section 2.3 Evaluating Limits Analytically 111

117. Let ) i
) 125. liml cosxzhml cos x 1+ cosx

{ 4, if x>0 x>0 X x>0 X 1+ cos x

-4

J(x) = ifx <0 . 1—-cos’x . sin’x

il — —

im = lim
lim ‘f(x)‘ _ lin}) 4- 4 =0 x(1 + cos x) x>0 x(1 + cos x)

x>0 ~ lim sinx  sinx
lin}) f(x) does not exist because for x < 0, f(x) = —4 x>0 x 14 cosx
Rd
and for x 2 0, f(x) = 4. - | lim sin x lim sin x
x=0  x x>0 1 4 cos x
118. The graphing utility was set in degree mode, instead of =(1)0) =0
radian mode.
119. The limit does not exist because the function approaches 126. /(x) = 0, ifx is rational
1 from the right side of 0 and approaches —1 from the ) 1, ifx is irrational
left side of 0. e .
0, ifx is rational
2 g(x) = e
x, ifx is irrational
s . }% /(x) does not exist.

No matter how “close to” 0 x is, there are still an infinite
"y number of rational and irrational numbers so that

lim f(x) does not exist.

x—0

. si 0
120. False. lim 2= = = = 0 lim g(x) = 0
X—=r X T x—0
when x is “close to” 0, both parts of the function are
121. True. “close to” 0.
122. False. Let -1
127. f(x) = =2
x x#1 X
f(x) = { , ¢=1.
3 x=1 (a) The domain of fisall x # 0, 7/2 + nr.
Then lin} S(x) = Ibut f(1) = L. (b) 2
123. False. The limit does not exist because f(x) approaches S E E Za
3 from the left side of 2 and approaches 0 from the right m: :ﬂ
side of 2. —
- The domain is not obvious. The hole at x = 0 is not
apparent.
1
-3 6 li = —
(©) lim f{x) =~
2 secx —1 secx —1 secx +1
(@ XXz o o xex Tl
L and , X X secx + 1
124. False. Let == = x2.
alse. Let f(x) = 5x”and g(x) = x Cosectro1 an? x
Then f(x) < g(x)forall x # 0.But x¥(secx + 1)  x*(secx + 1)
lim f(x) = lim g(x) = 0. _ 1 (sin’x) 1
0 0 cos2xk x2 Jsecx +1
_ ‘2
So. lim sec x2 1 - lim 12 (smzx\ 1
x=0 x x>0 cos x|\ X }sec x+1

Il
—
—~
—
=
TN
N | —
N—
Il
N | =
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112  Chapter 2 Limits and Their Properties

1= . 1= 1+ b) F rt (a),
128. (a) lim czos X _ fim czosx . cos x (b) From part (a)
x—0 X x=0 X 1+ cosx 1—cosx 1
— = > 1 — cos x
1 — cos’x X 2
= lim ————— 1
x=0 x*(1 + cos x) =~ —x?> = cos x
. 2 2
. sin“x 1
= lim —~ - —— 1,
=0 x 1+ cos x :1—5?6 for x

- (1)(3 - % ~ 0.

(©) cos(0.1) =1~ %(0.1)2 = 0.995

(d) cos(0.1) = 0.9950, which agrees with part (c).

Section 2.4 Continuity and One-Sided Limits

1. A function fis continuous at a point c if there is no 8. (a) lim f (x) =3
interruption of the graph at c. a3
(b) lim f(x)=3
2. ¢ = —lbecause lim 2+/x +1 =2/-1+1=0 P )
x—-17

(c) limz f(x)=3
x—-3
3. The limit exists because the limit from the left and the

limit from the right and equivalent. The function is NOT continuous at x = —3 because

f(53) = 4% lim f(x)

4. If fis continuous on a close interval [a, b] and

f(a) # f(b), then ftakes on all values between 9. (@ lim f (x) =3
x—2
f(a) and/(B). (b lim f(x) =3
x—2"
5. (a) xligl)r flx) =3 (©) liné f(x) does not exist
(b) lim f(x) =3 The function is NOT continuous at x = 2.
x—4"
() lim f(x)=3 10. (a) XE% f(x)=0
The function is continuous at x = 4 and is continuous (b) lim f( x) =2
on (—oo, o). -l

(¢) lim f(x)does not exist.
6. () lim f(x) =2 =

x—>-2t The function is NOT continuous at x = —1.
(b) lim f (x) =2 ! 1 !

A 11. lim = =—

-
() ]imz f(x)=-2 st x+8 8+8 16
The function is continuous at x = —2. 12. lim 2 — 2 — 1
-3t x+3 3+3 3
7. (@) lim f(x) =0
x-3* . x =35 . x =5
13. lim > = lim ——

(b) lim f(x) =0 x5t X0 =25 o5t (x + 5)(x = 5)

x—3" 1 1

. = lim =
() lim f(x) =0 sost x+5 10

x—3
The function is NOT continuous at x = 3. . 4 — x ) —(x - 4) ) -1

14. lim 5 = lim ——— =
xo4t x° =16 x—4t (X + 4)(X — 4) x4t x + 4
-t _ 1
4 +4 8
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15.

16.

21.

22.

23.

24.

25.

26.

27.

28.

Section 2.4 Continuity and One-Sided Limits

113

x| —x

lim does not exist because 17. lim = lim =1
x—-3" x- =9 x2 -9 x—0" X x—0" X
decreases without bound as x — —37.
_|x-10] x - 10
18. lim = — =1
Jx =2 Jx -2 Jx+2 xolot x — 10 xs10t x — 10
lim = lim .
soim X =4 o x-4  Jx+2 1 1
- Ty —(x + Ax
— lim — X4 19, fim XA x oy Yo (FFAY 1
x4~ (x - 4)(\/; + 2) Ax—0" Ax Ax—0" x(x + Ax) Ax
IS SR N | _ hm_i.i
e x+2 Ja+2 4 a—0m x(x + Ax)  Ax
. -1
= lim ——
a—0" x(x + Ax)
__ -t 1
x(x + O) x2
i (x+Ax)2+(x+Ax)—(x2+x) i 4 2x(Ax) + (Ax)’ + x + Ax — X% — x
im = lim
Ax—0T Ax Ar—0* Ax
2
2x(Ax
— lim x(Ax) + (Ax)" + Ax
Ar—0" Ax
= lim (2x + Ax + 1)
Ax—0"
=2x+0+1=2x+1
lim f(x) = lim x+2 _ 5 29. xlgl;f In(x - 3) = In0
x—3" x—3" 2 2 .
does not exist.
lim = lim (x> —4x+6)=9-12+6=3
x3” f(x) X3 (x * ) 30. lim 1n(6 - x) =1In0
x—6"
: _ 1 2 _ _
XIE?J, f(x) - }Ln;, (—x +dx - 2) =-9+12-2=1 does not exist.
Since these one-sided limits disagree, )1(1313 f(x) 31. lin; 1n[x2(3 _ x)} _ ln[4(l)] —In4
does not exist. !
X 5
; i 32. lim In =In==1In5
Xh_r)l}r cot x does not exist because s x—4 1
lim+ cot xand lim cot x do not exist. 1
X7 x> 33. X)) = ——
_ /%) x* -4
xlir,l,l/z sec x does not exist because has discontinuities at x = —2 and x = 2 because f(-2)
lim secxand lim sec x do not exist. and f(2) are not defined.
x—(72)* x—(7/2)”
x? -1
tim (] ~7) = 5(3) -7 = 8 A
x—4"
([[x]] 3 for3 < x < 4) has a discontinuity at x = —1 because f(~1)is not
defined.
lim (2x — |x|) = 2(2) =2 =2
tim (25 - [+]) = 202 o
35. f(.x) = 7 + x
lim] (|[ﬂ| + 3} = ﬂ—%ﬂ +3=-1+3=2 has discontinuities at each integer k because

lim (1 - ﬂ—’z‘nj —1-(-1)=2

lim f(x) # lim f(x).
x—k~ x—kt
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N x <l 46. f(x) = 5 Y has nonremovable discontinuities at
36. f(x) =42, = 1has a discontinuity at x = 1 Xt =
2x -1, x>1 x = 2and x = -2 because liné f(x) and lim2 (x)
because f(1) =2 # lim f(x) =1 do not exist.
X x+2 x+2
37. g(x) = \/49 — x* is continuous on [-7, 7]. 47. f(x) = 2 —3r-10 (x + 2)(x - 5)

38. f(1) =3 - m is continuous on [-3, 3]. has a nonremovable discontinuity at x = 5because

lirré f(x) does not exist, and has a removable
xX—

39. lim f(x) =3 = lim f (x).fis continuous on -1, 4]. discontinuity at x = —2 because
x—0" x—0
lim f(x) = lim L _ 1
40. g(2) s not defined. g is continuous on [-1, 2). x—=-2 »=>2x =5 7
4 _ X+ 2 _ x+2
41. f(x) = S has a nonremovable discontinuity at 48. /(x) Cox-6 (x-3)x+2)
X —
x = 6 because lin% f(x) does not exist. has a nonremovable discontinuity at x = 3 because
ling /(x) does not exist, and has a removable
1 N _
42. f(x) = 5 . is continuous for all real x. discontinuity at x = —2 because
X+
. . 1 1
lim f(x) = lim = —.
43. f(x) = 3x — cos x is continuous for all real x. ¥=>-2 ¥=2x =3 5
44. f(x) = sin x — 8x is continuous for all real x. 49. f(x) = x+7|
x+7
45, f(x) - — X is not continuous at x = 0, 1. has a nonremovable discontinuity at x = —7 because
X —x lim7 f(x) does not exist.
1 x—=
Because 2x = for x # 0,x = 0is
xX° —Xx X — 2‘ X — 3‘ ] o
a removable discontinuity, whereas x = lisa 50. f(x) = i -3 has a nonremovable discontinuity at

nonremovable discontinuity. . .
Y x = 3 because lim f(x) does not exist.
x—3

51. f(x) =

3—-x, x>2

has a possible discontinuity at x = 2.

1. f(2):§+1:2

x—27 x—27

2. lim f(x) = lim [f + 1] =2
2 lirr; f(x) does not exist.
1 x—

lim f(x) = lim (3 - x)

x—2t x—2%"

Therefore, f has a nonremovable discontinuity at x = 2.
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52. f(x) = {

53.

54.

55.

—2x, x <2

XX —4x+1, x>2

has a possible discontinuity at x = 2.
1. f(2)=-202)=-+4
2. lim f(x) = lim (2x) = -4

x—2" x—=27
lim f(x) = lim (x* = 4x + 1) = -3} 2

x—2t x—2t

Therefore, f has a nonremovable discontinuity at x = 2.

X
_ tan —, |x|<1
f(x) = 4
X, ‘x‘ >1
tan E, -I<x<l1
= 4
X, x < —lorx 21
has possible discontinuities at x = —1, x = 1.
1. f(-1)=-1 Sy =1
2. lim1 f(x) = -1 lirr} f(x) =1

3. /(1) = lim f(x) £0) = tim /()

£ is continuous at x = %1, therefore, f is continuous for

all real x.
) csc—, [x —3[<2
() = |
2, |x - 3[>2
_|ese —, 1<x<5
2, x<lorx >>5
has possible discontinuitiesat x = I, x = 5.
1. f(1)=csc£=2 f(5)=csc5—7r=2
6 6
2. lim f(x) =2 lim f(x) = 2

x—1 x5
3 /() = lim /() /5) = lim /()
fis continuous at x = land x = 5, therefore, f is

continuous for all real x.

() = {ln(x +1), i i g

has a possible discontinuity at x = 0.

. f(0)=WO0+1)=I1=0

1 - x2,

2. lim f(x)=1-0=1
x—0” lim f(x) does not exist.
lim f(x) =0 0

x>0t

So, f has a nonremovable discontinuity at x = 0.

56

57.

58.

59.

60.

61.

62.

. f(x):{10—3x,

Section 2.4 Continuity and One-Sided Limits 115

lim f'(x) does not exist.

10 -3, x>5

x<5

has a possible discontinuity at x = 5.

L. /(5 =7

2. i =10-3° =7
xg?* /) ¢ lim f(x) =7
lim f(x) =10-3(5) =7 | "
x—5"

3 £(3) = lim £(x)

fis continuous at x = 5, so, f is continuous for all
real x.

J(x) = csc 2x has nonremovable discontinuities at

integer multiples of 7/2.

7Tx . N
f(x) = tan > has nonremovable discontinuities at
each 2k + 1, k is an integer.

f(x) = [x — 8] has nonremovable discontinuities at

each integer k.

f(x) = 5 — [x] has nonremovable discontinuities at

each integer k.

f(2)=8
Find a so that Xlirg ax’ =8 = a = 2% = 2.
f() =3
Find a so that hnll, (ax —4) =3
NN
a(l) -4=3
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2 2 1. — _

63. lim g(x) = lim =~ Ty =[] -«

T e x—da Nonremovable discontinuity at each integer

= lim (x + a) = 2a 05

Finda such 2a = 8 = a = 4. -2 \\ \\3
64. lim g(x) = fim 25T _ 4

x—0" x—0" X -15

Jpel) = la-2)=a i 1

72. h(x) = = =
Leta =4 P 12x-15 (x+5(x-3)
Nonremovable discontinuities at x = =5 and x = 3

65. f(1) = arctan(l — 1) + 2 = 2 )

Find a such that lim (ae"’1 + 3) =2 J L
x—1" -8 7
ae' ' +3 =2 E( }

a+3=2 )
a =-1.
7 ( ) {x2—3x, x>4 10
. glx) =
66. f(4) = 2¢* -2 2x =5, x<4 j
Find a such that lim In(x — 3) + x* = 2¢* -2 Nonremovable discontinuity - /
x4t at x = 4
-2
In(4 - 3) + 4 = 2e* -2

o da cosx — 1 0
16—246 2 4. f(x): 7x , x <
9 =e" 5x, x20

In9 = 4a
0) = 5(0) =0

a_ln9_1n32_1n3 /) ©

=7 = = _1

4 4 lim f(x) = lim (cosx—1) _
x—0" x—0" X
1 1 . .
I = T T Jfim 1) = Jim (56) = ¢

Nonremovable discontinuities at x = %1 Therefore, )l(lf(l) A (x) =0=7f (0) and fis

continuous on the entire real line.

1 . . .
68. x)) = (x = 0 was the only possible dlscontmulty.)
f (g ( )) Jro1 .
Nonremovable discontinuity at x = I; continuous for /
all x > 1 _7 5
X
69. f(g(x)) = tanE =
Not continuous at x = *x, 37, =57, ... Continuous 75 f(x) — X
. 2
on the open intervals Xt x+2
o, (37, —1), (-7, ), (7, 370).... Continuous on (—es, o)
: 1
70. f(g(x)) = sin x? 76. 1(x) = >+
1) = 25

Continuous for all real x .
Continuous on (0, =)

77. f(x) =3 -~/x

Continuous on [0, o)
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78.

79.

80.

81.

82.

87.

88.

89.

90.

Section 2.4 Continuity and One-Sided Limits 117

f(x) = x/x+3 83. f(x) = 5x* — x* + 4is continuous on the interval
Continuous on [-3, ) [1,2] /(1) = Zand f(2) = - By the Intermediate
X Value Theorem, there exists a number ¢ in [1, 2] such
f(x) = sec=—
4 that f(c) = 0.
Continuous on:
oo (<6, -2),(=2, 2),(2, 6), (6, 10), ... 84. f(x) = x* + 5x — 3is continuous on the interval [0, 1].
f(0) = =3 and f(1) = 3.By the Intermediate Value
f(x) = COS; Theorem, there exists a number ¢ in [0, 1] such that
Continuous on (—ee, 0) and (0, =) f(c)=0.
x? -1 1 85. f(x) = x> — 2 — cos x is continuous on [0, 7].
, X
YOESEES f(0) = -3and f(x) = #* -1 = 8.87 > 0.By the
2, x =1
Intermediate Value Theorem, f (c) = O for at least one
Since lim f(x) = lim x* -1 = lim (x-Dx+D value of ¢ between 0 and 7.
x—1 x=l x —1 x—1 x—1
= liml (x+1) =2, 86. f(x) = EEM tan[%j is continuous on the interval [1, 4].
X—> X

f is continuous on (—oo, ). T
S =-5+ tan(ﬁj =~ —4.7 and

f()_Zx—4,x¢3 5 5

T\ = 1, x =3 f4) = 2 + tan[?ﬂ-j = 1.8. By the Intermediate
Since lim f (x) = lim (2x-4)=2=1, Value Theorem, there exists a number c in [, 4] such
£ is continuous on (e, 3) and (3, o). that f(c) = 0.

h(x) = —2e™*/* cos 2x is continuous on the interval [O, %} h(0) = -2 < 0 and h[gj = 091 > 0.

By the Intermediate Value Theorem, there exists a number ¢ in [0, %} such that h(c) = 0.

g(t) = (£ +2t = 2) In(¢* + 4) is continuous on the interval [0, 1. g(0) =~ =2.77 < 0 and g(1) =~ 1.61 > 0.

By the Intermediate Value Theorem, there exists a number ¢ in [0, 1] such that g(c) = 0.
Consider the intervals [1, 3] and [3, 5] for f(x) = (x - 3)* = 2.
f(1) =2 > 0andf(3) = -2 < 0, so f has at least one zero in [1, 3].

f(3) = =2 < 0and f(5) = 2 > 0, so f has at least one zero in [3, 5].

So, f has at least two zeros in [l, 5].

Consider the intervals [1, 3] and [3, 5] for f(x) = 2 cos x.
S(1) =2cosl =108 >0and f(3) =2cos3 = —1.98 < 0, so f has at least one zero in [L, 3].
f(3) =2cos3 = -1.98 < Oand f(5) = 2cos5 = 0.57 > 0, so f has at least one zero in [3, 5].

So, f has at least two zeros in [l, 5].
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91.

92.

93.

94.

95.

Chapter 2 Limits and Their Properties

flx)=x+x-1

/(x) is continuous on [0, 1].

f(0) = —land f(1) =1

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.68. Using the root feature, you find that

x = 0.6823.

f(x)=x4—x2+3x—l

/(x) is continuous on [0, 1].

f(@0) =-1and f(1) =2

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f' (x), you find that

x = 0.37. Using the root feature, you find that
x = 0.3733.

F(x) =+ 17x +19 - 6

£ is continuous on [0, 1].

£(0) =19 —6 = ~1.64 < 0

(1) =37 -6 = 008 >0

By the Intermediate Value Theorem, f (c) = 0 for at

0

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f (x), you find that

x = 0.95. Using the root feature, you find that
x = 0.9472.

f(x) =~/x* +39x + 13 — 4

£ is continuous on [0, 1].

f(0) =13 -4 =-039<0

f() =~/53 -4 =328>0

By the Intermediate Value Theorem, f (c) = 0 for at
least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that
0.08. Using the root feature, you find that
0.0769.

0

0

X

g(t) = 2cost — 3t

g is continuous on [0, 1].

g(0) =2 > 0and g(1) = -1.9 < 0.

By the Intermediate Value Theorem, g(c) = 0 for at
least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(¢), you find that

t = 0.56. Using the root feature, you find that

t = 0.5636.

96.

97.

98.

99.

h(6) = tané + 36 — 4 is continuous on [0, 1].
h(0) = —4and A(1) = tan(l) -1 = 0.557.
By the Intermediate Value Theorem, h(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of A(8), you find that

0 = 0.91. Using the root feature, you obtain
6 = 0.9071.

S(x)=x+e -3

fis continuous on [0, 1].
f(0)=¢€"-3=-2<0and
fQ)=1+e-3=e-2>0.

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

N

x = 0.79. Using the root feature, you find that

0.7921.

N

x
g(x)=5In(x+1) -2
g is continuous on [0, 1].
g(0) =5In(0+1) -2 =-2 and
g(l) =5 ln(2) -2>0.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(x), you find that

x = 0.49. Using the root feature, you find that
x = 0.4918.

f(x)=x*+x-1
[is continuous on [0, 5].
f(0) = —land f(5) = 29
-1 <11<29
The Intermediate Value Theorem applies.
¥ +x-1=11
+x-12=0

(x+4)(x—3)=0

x=—-4orx =3
¢ = 3(x = —4 is not in the interval.)
So, f(3) = 11.
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100. f(x) = x> —6x + 8
fis continuous on [0, 3]

f(0) = 8and f(3) = -1
-1<0<8

The Intermediate Value Theorem applies.

x2—6x+8=0
(x—2)(x—4)=0
x=2o0rx =4

¢ = 2 (x = 4isnot in the interval.)

So, f(2) = 0.

101. f(x) =~/x+7 -2
/' is continuous on [0, 5].
f£(0) = /7 =2 = 06458 < 1

f(5) = V12 =2 = 1.4641 > 1

The Intermediate Value Theorem applies.

1

Nx4+7-2
x4+ 7

x+7=

3
9
x =2
2

C
So, f(2) = 1.
102, f(x) = /x +8
S is continuous on [-9, —6].
£(=9) = (-9 +8 = 59199 < 6

£(=6) = (=6)” +8 = 6.1829 > 6

The Intermediate Value Theorem applies.

Ux+8=6
Ux =-2
x=(-27=-8
c=-8

So, f(-8) = 6.

Section 2.4 Continuity and One-Sided Limits

103.

104.

105.

x—x3

x—4

f(x) =

f is continuous on [1, 3]. The nonremovable

discontinuity, x = 4, lies outside the interval.

1-1
)=——=0<3
0= 1=
f3)=24>3
The Intermediate Value Theorem applies.
_ .3
Xox
x -4

x—-x =3x-12
X +2x-12=0
(x=2)(x* +2x +6) =0
x =2
(x2 + 2x + 6 has no real solution.)
c=2
So, f(2) = 3.

5
fis continuous on [E, 4}. The nonremovable

discontinuity, x = 1, lies outside the interval.

5 35 20
—|=—and f(4) = —
A3) = 2 ana rte) = %
3 <6< 20
6 3
The Intermediate Value Theorem applies.
2
Hx_ o
x -1

¥ +x=6x-6
¥ -S5x+6=0
(x—2)(x—3):0
x=2o0rx =3

¢ = 3 (x = 2 isnot in the interval.)
So, f(3) = 6.

Answers will vary. Sample answer:

S 1
fx) = (x - a)x - b)

119
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120

106.

107.

108.

109.

Chapter 2 Limits and Their Properties

Answers will vary. Sample answer:
.

5]

]

N

5]

'

o x
-2-1 ] 1 34567
ol

The function is not continuous at x = 3 because
limf(x) =1=20-= limf(x)‘
x—3"

x—3"

If f and g are continuous for all real x, then so is
f + g (Theorem 1.11, part 2). However, f/g might

not be continuous if g(x) = 0.For example, let

f(x) = xand g(x) = x* — 1.Then f and g are
continuous for all real x, but /g is not continuous at
x = %1.

A discontinuity at ¢ is removable if the function f can
be made continuous at ¢ by appropriately defining (or

redefining) f(c). Otherwise, the discontinuity is

nonremovable.
x-—4
@ fx) =4
x—4
sin(x + 4)
b =—7
®) /(x) x+ 4
, x>4
()f() 0, 4<x<4
C =
* I, x=-4
0, x<-—+4

x = 4isnonremovable, x = —4 is removable

-6 -4 -2 2

1. f(c) = L is defined.

2. lim f(x) = L exists.

3. flo) = li_)m f(x)

All of the conditions for continuity are met.

110.

111.

112.

113.

114.

115.

116.

117.

True. If f(x) = g(x), x # ¢, then lim f(x) = lim g(x)
X—c X—c

(if they exist) and at least one of these limits then does

not equal the corresponding function value at x = c.

False. f(x) = cosx has two zeros in [0, 27].

However, f(0) and /(27) have the same sign.

True. For x € (-1, 0), [x] = —1, which implies that
lim [[x]] = —1.

x—=0"

False. A rational function can be written as P(x)/0O(x)

where P and Q are polynomials of degree m and n,
respectively. It can have, at most, n discontinuities.

False. f(1)is not defined and lin} f(x) does not exist.

The functions agree for integer values of x:
g(x) =3—[[—x]] =3—-(-x)=3+x

for x an integer
f(x)=3+[[x]]=3+x

However, for non-integer values of x, the functions
differ by 1.

f(x) =3+[x] = g(x) -1 =2-]]

For example,

fA)=3+0=3g¢(l)=3-(-1)=4
lim £(r) = 28

lim f(i) = 56

t—4t

At the end of day 3, the amount of chlorine in the pool
has decreased to about 28 ounces. At the beginning of
day 4, more chlorine was added, and the amount is now
about 56 ounces.

Clt)=10-75[1 -1, ¢t >0
c

il

0

07

10 e

There is a nonremovable discontinuity at every integer
value of ¢, or gigabyte.

© 2019 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Calculus Early Transcendental Functions 7th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337552516-solutions

Section 2.4 Continuity and One-Sided Limits 121

122. Letcb 1 ber. Then li d t exist
18, N(1) = 25(2|[t +2] t] et ¢ be any real number. Then lim f(x) does not exis
2 because there are both rational and irrational numbers
arbitrarily close to c. Therefore, /" is not continuous at c.
t 0 1 [ 18] 2 3 ]38
N(@p) | 50|25 | 5 | 50|25 s 123. If x = 0, then f(0) = O and 112(1) f(x) =0.S0, fis

) continuous at x = 0.
There is a nonremovable

discontinuity at every positive If x # 0, then lim f(r) = 0 for x rational, whereas

s —Xx
even integer. The company 5 lim f(f) = lim kt = kx # 0 for x irrational. So, f is
replenishes its inventory every 2 (—x (—x
two months. E not continuous for all x # 0.
Z
A A A -1, ifx<0 ’
Time (in months) 124. sgn(x) — 0’ lf X = O -;L:
119. Let s(¢) be the position function for the run up to the L ifx>0 :7
campsite. s(0) = 0 (+ = 0 corresponds to 8:00 A.M., (a) lirf)l_ sgn(x) = ~1 DGR
X—
5(20) = k (distance to campsite)). Let (¢) be the (b lim sgn(x) = 1 j:
position function for the run back down the mountain: ¥=0" 4T
r(0) = k, r(10) = 0.Let f(¢) = s(t) — r(2). (©) lin}) sgn(x) does not exist.
When ¢ = 0(8:00 A.M.),
F
£(0) = s(0) = #(0) = 0 — k < 0. 125. (a)
450
When ¢ = 10(8:00 A.M.), f(10) = 5(10) — (10) > 0.
445
Because f(0) < Oand f(10) > 0, then there must be a "
value ¢ in the interval [0, 10] such that f (t) = 0.If .
f(t) = 0,then s(¢) — r(r) = 0, which gives us 430

s5(¢) = r(¢). Therefore, at some time ¢, where AN

0 < ¢ < 10, the position functions for the run up and the (b) No. The frequency is oscillating

run down are equal.
0, 0<x<b

126. (a) f(x) = {b b<x<2b

4
120. Let V' = gm’3 be the volume of a sphere with radius 7.

=307 553 6and X

V is continuous on [5, 8]. V(S) NOT conti t b
continuous at x = b.

2b—+

20487

v (8) ~ 2144.7. Because

523.6 < 1500 < 2144.7, the Intermediate Value
Theorem guarantees that there is at least one value
between 5 and 8 such that V(r) = 1500. (In fact,

r = 7.1012.)

@

121. Suppose there exists x; in |a, b|such that f(x,;) > Oand
pp 1 [ ] f( l) (b) g(x) -

S =

there exists x,in [a, b]such that f(x,) < 0.Then by the

S
N
=
7AN

<2b

Intermediate Value Theorem, f° (x) must equal zero for
some value of x in [x;, x,] (or [x,, x,] if x, < x).S0,f
2b+

would have a zero in [a, b], which is a contradiction.

Therefore, f(x) > Oforallxin [a, bor f(x) < O for N

allxin [a, b] :

© 2019 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Calculus Early Transcendental Functions 7th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337552516-solutions

122 Chapter 2 Limits and Their Properties

) 1-x°, x<c¢
127. f(x) =
X, x>c¢
[ is continuous for x < cand for x > ¢. At x = ¢,you

need 1 — ¢® = ¢. Solving ¢* + ¢ — 1, you obtain

1+J1+4  -1+-/5

128. Let y be a real number. If y = 0,then x = 0.If y > 0,
thenlet 0 < x, < 7/2suchthat M = tan x, > y

(this is possible since the tangent function increases
without bound on [0, 7/ 2)) By the Intermediate Value
Theorem, f(x) = tan xis continuous on [0, x,] and

0 < y < M, which implies that there exists x between 0

2 2
and xjsuch that tan x = y. The argument is similar if
y < 0.
Nx+ce? -c¢
129. f(x) = ———¢>0
X

Domain: x + ¢> 20 = x = —?and x # 0, [—cz,O) U (0, oo)

Nxt+d—c . Nx+ct—-c Jx+P+ec . (x+02)_‘32 . 1 1

lim = lim . = lim = lim = —

x—0 X x—0 X \/x_,’_cZ +c X*}Ox|: x+(22+C:| xao\/x_,’_CZ +c 2¢c

Define f(0) = 1/(2c) to make f continuous at x = 0.

130. 1. f(c)is defined.

2. lim f(x) = AlimO Sfc + Ax) = f(c) exists.

[Let x = c+ Ax. As x = ¢, Ax — 0]
3. lim f(x) = f(c).
xX—c

Therefore, f is continuous at x = c.

131. h(x) = xl[x]]

15

.'H“'“o*dfo.(—.’C

_3 >

-3
h has nonremovable discontinuities at
x = £1,£2,3,....

132. (a) Define f(x) = f,(x) — fi(x). Because f; and f, are continuous on [a, b], sois f.
f(a) = fo(a) - fi(a) > 0and f(b) = f2(b) — £i(b) < O
By the Intermediate Value Theorem, there exists ¢ in [a, b] such that f(c) = 0.

fle) = fale) = £i(¢) = 0= fi(e) = fale)

(b) Let fi(x) = xand f5(x) = cos x, continuous on [0, 7/2], f;(0) < f,(0)and fi(7/2) > fy(7/2).
So by part (a), there exists ¢ in [0, 7/2] such that ¢ = cos(c).

Using a graphing utility, ¢ = 0.739.

133. The statement is true.

If y20and y < 1,then y(y — 1) £ 0 < x?, as desired. So assume y > 1. There are now two cases.

Case I:
Ifx < y—%,then2x+l < 2y and

vy -1 =yy+1) -2y

S(x+1)2—2y
=x*+2x+1-2y
<x?+2y-2y

= x?

In both cases, y(y — 1) < x°.

Case 2:
lfoy—%
# 2 (y-4)
=y -y+yg
>y -y
=y -1
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134.

P(1) = P(0* +1) = P(0)" +1 =1
PR2) = P12 +1) = P(I)" +1=2
P(5)=P(2> +1) = P(2) +1=5

Section 2.5 Infinite Limits 123

Continuing this pattern, you see that P(x) = x for infinitely many values of x.

So, the finite degree polynomial must be constant: P(x) = x for all x.

Section 2.5 Infinite Limits

1.

11.

A limit in which f(x) increases or decreases without
bound as x approaches c is called an infinite limit. oo

is not a number. Rather, the symbol

lim f(x) = oo

x—c

Says how the limit fails to exist.

. The line x = c is a vertical asymptote if the graph of f°

1
7. f(x) =
1) = —
As x approaches 4 from the left, x — 4 is a small
negative number. So,

lim f(x) = —eo

x—4"

As x approaches 4 from the right, x — 4 is a small
positive number. So,

approaches too as x approaches c. lim+ S (x) =
x—4
lim 2 ‘ = o 8. f(x) = -1
ot | X2 -4 x—4
) As x approaches 4 from the left, x — 4 is a small
Xl_l)rg_ 2 2 _a|l” *° negative number. So,
lim f(x) = ee.
x—4"
. lm = As x approaches 4 from the right, x — 4 is a small
xo2t x + 2 ..
! positive number. So,
lim = —o0 i = —oo
xo2" X + 2 Xlgf}r f(x) - :
. 1
lim tan =¥ = —co 9. f(x) = T2
x—o-2% (x — 4)
lim tan % = As x approaches 4 from the left or right, (x — 4)2 isa
x—-2"
small positive number. So,
lim sec X = oo xlgg f(x) = XIE?, f(x) = o
x—-2%
. X -1
lim sec — = —oo 10. f(x) = —
x—-2" 4 f( ) (x - 4)2
As x approaches 4 from the left or right, (x — 4)2 isa
small positive number. So,
lim f(x) = lim f(x) = —e.
x—4- x4t
1
x =
/() x* -9
x -35 | 3.1 -3.01 | -3.001 | -2.999 | -2.99 | 2.9 2.5
f(x) | 0308 | 1.639 | 16.64 | 166.6 | —166.7 | -16.69 | —1.695 | —0.364
2
lim f(x) = oo T
x—=3" |
Jim f(x) = = - ( \‘ °
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124 Chapter 2 Limits and Their Properties

12. f(x) =

x -3.5 -3.1 -3.01 -3.001 | =2.999 | -2.99 | 29 | 25

f(x) | -1.077 | —5.082 | —50.08 | —500.1 | 499.9 49.92 | 4915 | 0.9091

b
13. =
/) ¥ -9
X -3.5 -3.1 -3.01 | -3.001 | =2.999 | -2.99 -2.9 -2.5
f(x) 3.769 | 15.75 | 150.8 | 1501 —-1499 | —149.3 | -14.25 | -2.273
lim X) = oo - : -
A5/ T
lim f(x) = —% -6 ; ; 6
x—-3" :( \:
-4
14. f(x) = - !
) 3+ x
X -3.5 | 3.1 | -3.01 | -3.001 | =2.999 | —-2.99 | 2.9 | 2.5
f(x) 2 10 100 1000 -1000 | —-100 | —-10 | —2
lim f(x) = oo 0

15. f(x) = cot %

X 3.5 3.1 -3.01 -3.001 | =2.999 | -2.99 | 29 | 25

f(x) | -1.7321 | -9.514 | —95.49 | —954.9 | 954.9 9549 | 9.514 | 1.7321

S SE=- \i\\ \

—T .
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X =35 | 3.1 -3.01 -3.001 | -2.999 -2.99 2.9 -2.5

f(x) | 373 | 19.08 | 190.98 | 1909.9 | —11909.9 | —190.98 | —19.08 | —3.73

lim f (x) = o i 10
x—-3" /J:
Jim fx) = == . : f 0
l -10
x? x? 4(x2 +x - 6)
17. f(x) = — = 21 x) =
¥4 (x+ ) -2) ) = ey
2 2
lim = coand li = —oo _
B _ A3 -2)
2
. . x(x - 2)(x - 9)
Therefore, x = -2 is a vertical asymptote.
4
2 2 =——x# 32
lim zx = —coand lim Zx = x(x - 3) ¥
xo2” x° — 4 xo2t x° — 4
Therefore, x = 2 is a vertical asymptote. XIE?_ f(x) = eoand xlglol J(x) = —ee
‘- Therefore, x = 0 is a vertical asymptote.
18. g(t) = — . _ . B
- +1 lim f(x) = —ecand 11rn+f(x)—oo
x—3" x—3

No vertical asymptotes because the denominator

is never zero. Therefore, x = 31is a vertical asymptote.

4
3 3 lim f(x) = ——— = -2
19. f(x) = — = X2 S 22 - 3)
xX+x-2 (x+2x-D
. 3 _ 3 and
lim Zizooand lim — < =~ 4 2
xo2" X° +x -2 xo2t x° +x — 2 lim f(x) = —— ==
x—-3 -3(-3-3 9
Therefore, x = —2 is a vertical asymptote. ( )
3 3 Therefore, the graph has holes at x = 2 and x = -3.
lim ———— = —cand lm —————— = o
xolm XT+x =2 xolt X7+ x —2 R
Therefore, x = 1is a vertical asymptote. 22. h(x) = %
x4+ 3x"-x-3
20 (x)_x2—5x+25 (=3 +3)
" 8 ¥ 1125 (x = (x + I)(x + 3)
x* = 5x + 25 x-3
= = x # —
(x + 5)(x* - 5x + 25) (x +D(x -1
1 lim A(x) = —ecand lim A(x) = oo
= xo=17 x—-1"
x+5
| Therefore, x = —1is a vertical asymptote.
An s I s T fim #(x) = o and fim h(x) = oo
x—=1" x>t
Therefore, x = —5 is a vertical asymptote. Therefore, x = 1is a vertical asymptote.
lim A(x) = _ 3-3 __3
x—>-3 “3+DE=3-1) 4

Therefore, the graph has a hole at x = —3.
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23.

24.

25.

26.

27.

28.

29.

30.

Chapter 2 Limits and Their Properties

—2x

S =
lim f(x) = —ecand lim = oo
x—1" x—1t

Therefore, x = 1 is a vertical asymptote.

g(x) = xe™

The function is continuous for all x. Therefore, there are
no vertical asymptotes.

In(¢* +1
h(;) = g
t+2
lim h(l‘) = —ocand lim = o
t—-2" t—-2%
Therefore, t = —2 is a vertical asymptote.
flz) = ln<z2 - 4) = ln|:(z +2)(z - 2):'

ln(z + 2) + ln(z - 2)

The function is undefined for -2 < z < 2.
lim f(z) = —eoand zin_n‘ff(z) = —oo

z—>-2" 2

Therefore, the graph vertical asymptotes at z = +2.

X 1
S(x) = e —1

lim f(x) = —ecand lim f(x) = o
x—=0" x—0"

Therefore, x = 0 is a vertical asymptote.

f(x) = In(x + 3)
lim f(x) = —eo

x—-3

Therefore, x = —3 is a vertical asymptote.

S(x) = csemx = —
sinzrx

Let n be any integer.

lim f(x) = —eo Oroeo
xX—n

Therefore, the graph has vertical asymptotes at x = n.

sinzrx
f(x) = tanzx =
COSTTX
2n + 1 . .
costx = 0 forx = T, where 7 is an integer.

Hh& f(x) = c0o0r —oo

: 2

Therefore, the graph has vertical asymptotes at
2n +1

5

31.

32.

33.

34.

35.

t

s(r) =

sin ¢t = 0 fort = nmw, where n is an integer.

sin ¢

lim s(¢) = co or —oo (forn # 0)

t—nmw

Therefore, the graph has vertical asymptotes at
t = nm,forn # 0.

lim s(¢) = 1

t—0

Therefore, the graph has a hole at ¢ = 0.

tan &  sin &
0 @ cos 6

8() =
V3 . .
cos @ = 0for 8 = By + nm, where n is an integer.

lim g(a) = oo QI —oo

6)—>%+n/r
Therefore, the graph has vertical asymptotes at

9=£+n7r.
2

lim (&) =1

Therefore, the graph has a hole at 8 = 0.

lim L lim1 (x=1)=-2

Removable discontinuity at x = —1

2

]

-5

x> -2x -8 4

x +1

5 -10 :
lim x°—2x -8 _ _ !
x—-17 x+1 H

Vertical asymptote at x = —1 8

cos(x2 - 1) B
x +1
cos(x2 - 1) 3

lim ——— = o
x—-1T x+1

Vertical asymptote at x = 1
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

ln<x2 + 1) 3

xo-1t x +1

o ET )
x—o-1" x+1

Vertical asymptote at x = —1

. X
lim = o0
=2t x — 2
. x? 4 1
llm 2 . = = -
x2” X7+ 4 4 +4 2
lim o x+3 lim _x+3
x—-3" (x2 + x — 6) x—-3" (x + 3)(}6 — 2)
= lim o _ 1
53 X — 2 5
2 _ _
6x* +x -1 _ lim (Bx=1)(2x +1)

lim ——
x—-(1/2)* 4x* —4x -3
3x-1 5

= lim =
o)t 2x =3 8

lim (l + lj = —oo

x—0” X

lim (6 - i}j = —oo

x0T X

lim (x2+ 2 Jz—oo
x——4" x+ 4

lim (x—l+3j=—oo
x—0t X

. . 1
lim |[sinx + —| = o
x—=0" X

lim = oo
x> (r/2)" €OS X

. e’
lim ——— = -
x—8" (x — 8)

lim In(x* - 16) = —eo

x—4"

lim In|cos x| = In
x—(7/2)”

cosg =In0 = -
2

lim ¢ **sinx = 1(0) = 0
x—0t

x—-(1/2)* (2x - 3)(2x + 1)

51.

52.

53.

54.

55.

56.

57.

58.

Section 2.5 Infinite Limits

. . X

lim xseczx = lim = o
x—(1/2)” x—(}/2)” COS 7TX

lim x? tan 7x = —oo
x—(1/2)"

X +x+1 X +x+1

x) = =
/) X -1 (x—l)(x2+x+l)
li = i = o
Jim Sx) = Bm

3

e

-3 :

-1 (x—l)(x2+x+1)
f(x)_x2+x+l_ X+ x+1
lim f(x) = lim (x —=1) = 0
x—1" x—1"

4
-8 / 8

-4
lim f(x) = e and lim g(x) = -2

xX—c

x—c

@ Im /() + £(9] == -2 = =
®) lim [(9s(x)] = =(-2) = ==

glx) _ =2 _

©

lim f(x) = —eo and lim g(x) = 3

(a) )ll_)mc[f(x) + g(x)] = o0+ 3 =—co

©) lim [ /(x)g(x)] = (-=)3) = -

© lim g_(") S B
x—c f(x) —oo0
One answer is
x -3 x -3
fx) = (x = 6)(x +2) ol —d4x - 12
No. For example, f(x) = has no vertical

X2 +1

asymptote.

127
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128 Chapter 2 Limits and Their Properties

59. 1
3 . 60. m = 7’"02/ :
T | 1-(v*/c
i (77
— lim m = lim — 2 -«
: v voco — 2/.2
= T V1= ()
14 !
Ry
61. (a)
X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | = =0 =0
05 .
i XS0
x—0" X
-1.5 1.5
-0.25
(b)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = 0 =0
02 X — sin x
li 5 =0
x—0" X
-1.5 1.5
-0.25
© X 1 0.5 0.2 0.1 0.01 0.001 0.0001
f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667
0.25 .
RS S lim Z— 0% = 0.1667 = 1/6
x—0t X
-1.5 15
-0.25
(d)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0
15 . .
L lim =% = coorn > 3, lim 0T =
x—0" X x—0" x"
-15 j 15
-15
62. lim P = o 2(7) 7
V>0t 63. (a) r = ———=——= = — ft/sec
N ® Jos—m 12
As the volume of the gas decreases, the pressure
increases. () r = 72(15) _3 ft/sec
V625 - 225 2
(¢) lim X .

5257 /625 — x°
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Section 2.5 Infinite Limits 129

64 A q= Total distance 66. (a) Because the circumference of the motor is half that
- (8) Average speed = Total time of the saw arbor, the saw makes 1700/2 = 850
50 = 2d revolutions per minute.
(dfx) + (d]y) (b) The direction of rotation is reversed.
5 2xy (¢) 2(20 cot ¢) + 2(10 cot ¢): straight sections. The
B y+x angle subtended in each circle is
S0y +50x = 2xy 2 - [2[” - ¢D =7+ 2.
50x = 2xy — 50y 2
50x = 2y(x — 25) So, the length of the belt around the pulleys is
’s 20(z + 2¢) + 10(7 + 2¢) = 30(7 + 29).
X
x_25 7 Total length = 60 cot ¢ + 30(7 + 29)
Domain: x > 25
omarm: % Domain: (0, E]
(b) 2
x | 30 40 50 | 60 @
y | 150 | 66.667 | 50 | 42.857 103 06 105 112 115
L | 3062 | 2179 | 1959 | 189.6 | 188.5
() lim _2x
x—25T /x — 25 (e) 450
As x gets close to 25 miles per hour, y becomes p
larger and larger.
65. (a) A = %bh - %rzﬁ °% 2
| L (f) lim L = 60r = 188.5
= 5(10)(10tan 0) — 5(10) 7] 9 (n/2)”
(All the belts are around pulleys.)
=50tan 9 — 506
T (g) When the angle @ approaches (Ej , the total
Domain: | 0, — 2
length of the belt approaches the sum of the
(b) circumferences of the two pulleys, which is
6 03 |06 |09 |12 |15 207 + 407 = 607 em.
f(6) 1047|421 | 18.0 | 68.6 | 630.1 (h) lim L = oo
p—0"
100
67. True. The function is undefined at a vertical asymptote.
68. True
o5 15 69. False. The graphs of y = tanx, y = cot x, y = sec x

( lim A and y = csc x have vertical asymptotes.
c im = oo
) 0—m/2”

70. False. Let

l, x#0
S(x) = qx
3, x=0.
The graph of f has a vertical asymptote at x = 0, but

£(0) = 3.
1 1
71. Let f(x) = — and g(x) = —,and ¢ = 0.
x x

.1 o1 2 _
hm—2 = oo and hm—4 = oo, but lim(é—é) = 121(1)(xx4 1] = —0 % (.

x=0 x x—=0 x x—=0

© 2019 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Calculus Early Transcendental Functions 7th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337552516-solutions

130 Chapter 2 Limits and Their Properties

72. Given lim f(x) = e and lim g(x) = L:

73.

74.

75.

76.

x—c xX—=c

(1) Difference:
Let i(x) = —g(x). Then }151 h(x) = —L, and 1151 [f(x) - g(x)] = )1(152 [f(x) + h(x)] = oo, by the Sum Property.
(2) Product:
If L > 0, then for & = L/2 > 0 there exists & > Osuch that |g(x) — L| < L/2 whenever 0 <|x - ¢|< &
So, L/2 < g(x) < 3L/2.Because 1132 f(x) = oo then for M > 0, there exists 6, > Osuch that f(x) > M(2/L)
whenever |x — ¢|< &,.Let & be the smaller of dand &,. Then for 0 <|x — ¢|< 4,
you have f(x)g(x) > M(2/L)(L/2) = M. Therefore )1(12 f(x)g(x) = . The proof is similar for L < 0.
(3) Quotient: Let £ > 0 be given.
There exists 6 > Osuch that f(x) > 3L/2¢ whenever 0 < |x — ¢|< & and there exists &, > 0 such that

|g(x) = L| < L/2 whenever 0 <|x — ¢|< &,.This inequality gives us L/2 < g(x) < 3L/2.Let & be the

smaller of & and &. Then for 0 < |x — ¢|< &, you have

g)|_ 32 _
f(x)|  3Lj2¢
Therefore, lim g(x) = 0.
x—c f(x)
Gi . B B _g(x)
iven lim f(x) = o,let g(x) = 1.Then lim ) = 0 by Theorem 1.15.
x—c¢ x—c f(x
Given lim = 0. Suppose lim f(x) exists and equals L.
x%cf(x) x—c¢
lim 1 1
Then, lim —— = —22¢— = — = (.
x—c f(x) hm f(x) L

This is not possible. So, lim f(x) does not exist.
xX—c

1 1
f(x) = is defined for all x > 3. Let M > Obe given. Youneed 0 > Osuch that f(x) =
3

X = x-3

> M whenever

1 1
3 < x <3+ 6. Equivalently, x — 3 < ﬁwhenever |x = 3|< 8,x > 3. Sotake & = i Then for x > 3and

‘x—3‘<5,%>%=Mandso f(x) > M. Thus, lim ! = oo,

X = xo3t x =3

f(x) = ! is defined for all x < 5.Let N < Obe given. Youneed & > Osuch that f(x) =

< N whenever
x -5 x -5

1 1 1
5 -0 < x < 5. Equivalently, x — 5 > ﬁwhenever ‘x - 5‘ < 0, x < 5. Equivalently, 75‘ < _N whenever
x —

1 1 1

‘x - 5‘ < J,x < 5.S0take & = —ﬁ.Notethat d > Obecause N < 0.For ‘x - 5‘ < Jdand x < 5,75‘ > 5 = —N,
X —
1 1 . 1
and —— = ——— < N. Thus, lim = —oo,
x -5 ‘x—S‘ xo5- X =5
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< N whenever

2 is defined for all x > 8. Let N < 0 be given. Youneed § > 0 such that f(x) = : 3
_ - X

71. (x) =

8 -3
8 < x < 8 + J. Equivalently, 8 — x‘ < n whenever

- 1
LS n whenever |x — 8| < &, x > 8. Equivalently,

-3
‘x - 8‘ < d,x > 8. So,let 0 = I Note that § > 0 because N < 0. Finally, for ‘x - 8‘ < dandx > 8,

1 1 N -3
=—, ——— < N,and

W > g 3 < N. Thus, lim f(.x) = —oo,
x — —

x—8‘ - X x—8*t

6

> M whenever

78. f(x) = 5 6 is defined forall x < 9. Let M > 0 be given. Youneed & > 0 such that f(x) = 5

- X

6 6
9 — 0 < x < 9.Equivalently, 9 — x < ﬁwhenever‘x - 9‘ < 8,x <9.50,let & = W Finally, for

|x —9|< §andx < 9, x—9‘<£, ! >%,and > M. Thus, lim f(x) = 4.
M |x - 9‘ 6 - X x—9~
Review Exercises for Chapter 2
1. Calculus required. Using a graphing utility, you can 2. Precalculus. I = \/ (9 B 1)2 + (3 B 1)2 ~ 825

estimate the length to be 8.3. Or, the length is slightly
longer than the distance between the two points,
approximately 8.25.

11

-9 9
-1
x—3
3. X)= ———m———
/%) 2~ Tx + 12 . )L
x 2.9 2.99 2.999 3 [ 3001 |30l 3.1 -6 5 2
FG) | 09091 | 09901 | —0.9990 | 2 | -1.0010 | —1.0101 | ~1.1111 \[
-6

lim f(x) = —1.0000 (Actual limitis —1.)

x—3

" f(x)zx/x+4—2 05
X \
X -0.1 -0.01 —0.001 0 0.001 0.01 0.1 I
f) 0.2516 0.2502 0.2500 ? 0.2500 0.2498 0.2485 - 5 5

lim /(x) = 02500 (Actual limit is 1.)
X

5. h(x) = H_Eﬂ + x2

(a) The limit does not exist at x = 2. The function approaches 3 from the left side of 2,
but it approaches 2 from the right side of 2.

(b) lim A(x) = H—%ﬂ +xl=-1+1=0
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132 Chapter 2 Limits and Their Properties

In(¢ + 2)
t

6. f(r) =

(a) lin(l) f(t) does not exist because lim f(f) = —eo and lim f(r) = oo.
‘-

=0~ 1—0%

@)pgﬂgzﬁfzo

7. lim(x +4) =1+4=35

x—1

Let € > 0 be given. Choose 0 = &. Then for 0 < |x - 1| < 0 = €, you have

|x—1|<€
x+4)-5|<e¢
|(x +4) = 5|
|f(x)—L|<£.

8 limx =9 =3

Let £ > 0 be given. You need

[Vx =3 < e = |Vr+ 3|V -3 < gV + 3= k- 9 < g Vx4 3
Assuming 4 < x < 16, you can choose d = 5¢.
So, for 0 <|x — 9| < & = 5¢, you have

|x = 9] < 5& <[/x + 3¢
[Vx-3|<e
|f(x) - L|<e

9. m(l—xz):l—zzzs

Let £ > 0 be given. You need

1

|l—x2—(—3)|<£:>|x2—4|=|x—2||x+2|<€:>|x—2|<|mg

. £
Assuming 1 < x < 3,you can choose J = 5

So, for 0 <|x - 2|< o= ?,youhave

|x_z|<§<|;§3|
[x —2f|x+2|<e
|x2—4|<g
|4—x2|<€
|(1—x2)—(—3)|<£
|f(x) - L|< e
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Review Exercises for Chapter 2 133

10. 1lim 9 = 9.Let £ > 0 be given. J can be any positive L P=16 . (-t +
x5 18. lIim ——— = lim——~=
number. So, for 0 <|x — 5| < &, you have ot -4 e t—4
—lim(@+4)=4+4=8
‘9 - 9‘ <& t—4
|[/(x) - L] < & o x=3-1 . a3 -1 a3+l
19. lim ——— = lim .
x—4 x—-4 x—4 x—-4 \/x_3+1
11 lim x* = (-6)" =36 (x-3) -1
o = lim
= (x - 4)Vx =3 +1)
12. lim (5x = 3) = 5(0) = 3 = =3
= \/_13 1 %
R x -3+
13 dim (5 -1) = (27 -1) = (-1 =2' =16
Vo9+x -3 NI+ x -3 N9+ x+3
4. Jim VO 1 =N =B =0 =3 2. = I —— > + 3
i 9+x)-9
= lim —————
15. lim S S =0 x(N9 + x +3)
smix—1 4-1 3
= lim——>
16 1i X — 2 — 2 — g x=0 x(\/9 + x + 3)
: 2 2 - -
=202 41 22+1 4+1 5 |
= lim ———
2+ 1+ 15 (2x + 5)(x +3) O A x 43
17. lim ———= = lim |
x—-3 x+3 x—-3 x+3 —
= lim (2x +5) Vo +3
x—- 1
=2(-3)+5 s
=-1
1 +1) -1 1- 1 _
LGRS el Gt B
x—=0 X x—0 x(x + 1) =0 x + 1
(V1+5) -1 (V1+5) =1 (V1+5)+1
22, lim— = lim .
50 s 520 s (1+5)+1
V(1 +s)|—-1 _
o O] ! -1
SO N s) 1] ) (VT s) +1] 2
23. lim m = lim .x (l_ﬂj =(1)0) =0 25. lim ¢*' sin X = ¢ sin’ = 1|
x>0 sin x x—=0 | sin x X x=1 2 2
2
s fim A4 26. tim MO TN iy 200D o
. (4 tan x 1 x—2 ln(x — 1) x—2 ln(x — ]) x—2
27 lim Sin[(”/6) + Ax] - (12) - im sin(7/6)cos Ax + cos(z/6)sin Ax — (1/2)
Ax—0 Ax Ax—0 Ax
Ax -1 i
= 1iml.w+ limﬁ.smAx :0+73(1):£
Ax—0 D Ax A0 D Ax 2 2
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134 Chapter 2 Limits and Their Properties

. cos(m + Ax) + 1 . cos 7 cos Ax — sin 7z sin Ax + 1
28. lm —— = lim
Ax—0 Ax Ax—0 Ax
) { (cosAx—l)} _ [ sinAx}
= lim [ -— | - lim |sin 7
Ar—0 Ax Ar—0 Ax
= -0 - (0)1) = 0
29, 1im [ /(x)g(x)] = [lim, f(x)][nm g(x)} 31 lim [f (x) + 2g(x)] = lim /(x) + 2 lim g(x)
— 1)y —
= (—6)(%) =3 = -6+ 2(5) =-5
2
lim f(x) _ T 2 _ [ . }
30. lim fg"; - e o 32. lim [f(0)]" = | lim /(x)
x-e g(x im g(x 1
g x%cg (2) = (—6)2 = 36
/ 1
33. f(x) = N2x+9 -3
X
. 1
The limit appears to be 3 -1 - 1
X —0.01 -0.001 | 0 | 0.001 0.01
f(x) | 03335 | 03333 | ? | 0.3333 | 0.331
112}) f(x) = 0.3333
lim\/2x+9_3-\/2x+9+3—lim 2x+9) -9 — i 2 2 1

im = ==
¥0 x V2x+9+3 X—>0x|:\/2x+9+3:| =0 /2x+9+3 Jo+3 3

M. f(x) = W ;

J
-

1
The limit appears to be T3

X —0.01 —-0.001 0 | 0.001 0.01

f(x) | —0.0627 | —0.0625 | ? | —0.0625 | —0.0623

. 1
lim /(x) = ~0.0625 = ——

11
fimxt4 4 _ppd-oerd L -1 1
o0 x 50 (x + Adx) o0 (x+HE 16
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35.

36.

37.

Review Exercises for Chapter 2 135

x>+ 729
0 ==
800
-18 \—_ 2

0

The limit appears to be 243.

X 9.1 -9.01 -9.001 -9 | -8.999 -8.99 -8.9

f(x) | 245.7100 | 243.2701 | 243.0270 | ? 2429730 | 242.7301 | 240.310

3
im 729 54300
=>-9 x+9

3 x + 9)(x* — 9x + 81
i 2729 I ):lim(x2—9x+81):81+81+81=243
x>-9 x+9 x—>-9 x+9 x—>=9

-1 1 50

flx) = 2222 38. 492 +250=0 =1 = = =714

v

The limit appears to be 0. 1

The object will hit the ground after about 7.1 seconds.

0
When a = 57, the velocity is

—(f —4.94% +250] - [—4.9 + 250
x | -001]-0001 | 0]o0001 |o001 lim 24 =50 _ lim[ 1-1 ]
t—a a—1 t—a a—1t
0o | 0.005 | 0.0005 | 0 | —0.0005 | -0.005 49(7 - a?)
= lim

t—a a-—1

lim /(x) = 0.000 49— a)t+a)

. cosx — 1 . cosx —1 cosx +1 = lim
lim = lim . 1—a a—t
o X cosy = lim[-4.9( + a)]
cos’x — 1 1—a
= lim —— 50
x>0 x(cosx + 1) = —4.9(2a) (a = 7)
_ fim —sin®x 7
x=0 x(cosx + 1) = —70m/sec.
sinx [ —sinx
= lim| — | ——— . 11 l
”0( x ICOSX*J B 37343 6
0
= (1) = _ _
( )(2] 40. lim ==0 _ fym X0
-0 x>6"x" =36 xo6 (x — 6)(x + 6)
= lim =1
b = tim S = s(0) e x+6 12
1—»4 4 — ¢t
_[49(16) + 250] — [-4.9¢* + 250] il tm YESS o Vi -5
= B T
49(¢ - 16) . 1
= li = lim ——
= lim 4_¢ o5t Jx + 5
i 2O =4+ 4) v .t 1
ey 41 J25+5 545 10
= lim [ 4. 4)] = -39.2
tﬂ[ 9t + )] 39.2 m/sec -  x-3)
. . 42. lim —— = lim = -1
The object is falling at about 39.2 m/sec. >3 Xx =3 x5y x-=3
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43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

5S.

56.

57.

Chapter 2 Limits and Their Properties

lim f(x) = 0

x—2

lim g(x) =1+1=2

x—-1t

lin]l h(t) does not exist because lim A(r) =1+ 1 =2
[ t—1"

and lim h(r) = 3(1+1) = 1.

(-1t

lim f(s) = 2

s—>-2

lim (2[x] +1) =2(1)+1=13

x—27

lim [[x - 1]] does not exist. There is a break in the graph
x—4

at x = 4.
2 _ —

lim il 4 = lim (x 2)(x Al 2)

X2 ‘x—Z‘ X2 2—x
= lim —(x+2)=—-(2+2) =-4
x—>27

li -1)=.J1(1-1) =0

lim fx(x=1) = i1 - 1)

The function g(x) = /8 — x* is continuous on [-2, 2]

because 8 — x* = 0on[-2,2].

The function 4(x) = s 3 is not continuous on [0, 5]

—x
because A(5) is not defined.

f(x) = x* - 81x is continuous for all real x.

f(x) = x> = x + 20 is continuous for all real x.

4
f(x) = — has a nonremovable discontinuity at
X —

x = 5 because lim f(x) does not exist.

x—=5

1

A e R Y

has nonremovable discontinuities at x = +3

because lim f(x) and lim f(x) do not exist.
x—3 x—-3

X X 1

f(x) = 3 =

I T N v

has nonremovable discontinuities at x = %1
because lim f(x) and lim f(x) do not exist,
x—-1 x—1

and has a removable discontinuity at x = 0 because
lim f(x) = lim; = -1
x—0 =0 (x = D(x +1)

58.

59.

60.

61.

62.

63.

64.

65.

66.

x+3 _ x+3 1
—-3x - 18 (x +3)(x —6) x—6

E)

f(x)=x2
x # -3

has a nonremovable discontinuity at x = 6
because lim f(x) does not exist, and has a
X6

removable discontinuity at x = —3 because
1

xILH—I3 f(X) - xILH—I3 x—6 9

f(2) =5
Find ¢ so that lim (cx + 6) = 5.
x—2T
c2)+6=>5
2¢ = -1
1
¢ = ——
2
fE) =" +3=1+3=4

So, find ¢ such that lim (ex? — Zx) = 4.

x—-1"

c(-1)" = 2(-1) = 4
c+2 =
c=2

f(x)=-3x*+7
Continuous on (—es, o)
4x* +Tx -2 (4x —1)(x +2)

(x) =
S x+ 2 x+2
Continuous on (—eo, —2) U (=2, o). There is a

removable discontinuity at x = —2.

f(x) = Jx + cos x is continuous on [0, o).

S(x) =[x+ 3]

lim+ [[x + 3]] = k + 3 where k is an integer.
x—k

lim |Ix + 3]] = k + 2 where k is an integer.
x—k~
Nonremovable discontinuity at each integer k

Continuous on (k, k + 1) for all integers k

g(x) = 26l s continuous on all intervals (n,n+1),

where 7 is an integer. g has nonremovable discontinuities
at each n.

h(x) = 2 1In |5 - x|
Because ‘5 - x‘ > 0 except for x = 5, h is continuous

on (—eo, 5) U (5, o).
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67.

68.

69.

70.

71.

:3x2—x—2:(3x+2)(x—1)

/) x =1 x =1
limI f(x) = lin} (B3x+2)=5

Removable discontinuity at x = 1

Continuous on (—ee, 1) U (1, o)

5-x, x<2

)|

2x =3, x> 2
lim (5-x) =3
x—2"
lim (Zx - 3) =1
x—2t

Nonremovable discontinuity at x = 2
Continuous on (—ee, 2) U (2, o)
S(x)=2x*-3

fis continuous on [1, 2]. £(1) = -1 < 0and

f(2) =13 > 0. Therefore by the Intermediate Value

Theorem, there is at least one value c in (1, 2) such that

2¢3 -3 =0.

S(x)=x*+x-2

Consider the intervals [-3, 0] and [0, 3].
f(=3) = (-3 -3-2=4>0
£(0)=-2<0

By the Intermediate Value Theorem, there is at least one

zero in [—3, 0].

f(0)=-2<0

fB) =) +3-2=10>0
Again, there is at least one zero in [0, 3].

So, there are at least two zeros in [-3, 3].

S(x)=x*+5x -4
£ is continuous on [-1, 2].
f=) = (=) +5(-1)-4=-8<2
f(2)=2>+502)-4=10>2
The Intermediate Value Theorem applies.
X2 +5x—4=2
X2 +5x-6=0
(x+6)(x-1)=0

x = 1(x = -6 lies outside the interval.)

c=1

So, f(1) = 2.

72.

73.

74.

75.

76.

7.

Review Exercises for Chapter 2

f(x)=(x-6) +4
f is continuous on [4, 7].

f@) =@4-6)+4

8+4=-4<3

1+4=5>3

f(7)=(7-6) +4

The Intermediate Value Theorem applies.

(x-6) +4=3
(x—6) = -1
x—6=-1

x =5
c=5

So,f(5)=3

lim = —

x—6~ X — 6

lim = oo

x—>6+x—6

lim _lzz—oo

x—)ﬁ_(x—6)

lim — - e

3
fx) ==

X
lim = = —
x—=0" X
lim = = o
x—0T X

Therefore, x = 0 is a vertical asymptote.

5
f(x) = G2

. 5.

xllnzl— (x -2 xlln; (x - 2)*

Therefore, x = 2 is a vertical asymptote.

3 3
X X
x* =9 (x+3)(x-3)
3 3
lim —*— = —coand lim —"— = o
x—-37 X~ — xo-3t x° —
Therefore, x = —31is a vertical asymptote.
3 3
lim — = —oo and lim = oo
=3~ x° =9 xo3t x° =9

Therefore, x = 3 is a vertical asymptote.

137
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78.

79.

80.

81.

82.

83.

84.

Chapter 2 Limits and Their Properties

6x 6x
f(x) = > =~
36 — x (x + 6)(x — 6)

lim 6x = oo and lim 6x = —o0
ros-6- 36 — x? r-6t 36 — x?
Therefore, x = —6 is a vertical asymptote.

. 6 .

lim ol > = e and lim 5 = =
x—6~ 36 — x x—6" - X

Therefore, x = 6 is a vertical asymptote.

cos % = 0whenx = %1, £3, ...

Therefore, the graph has vertical asymptotes at
x = 2n + 1, where n is an integer.

1

sin 7rx

f(x) = csc x =

sin zx = 0 forx = n, where n is an integer.

lim f(x) = oo or —oo

xX—n

Therefore, the graph has vertical asymptotes at x = n.

g(x) = ln(25 - xz) = 111[(5 +x)(5 - x)}
lim In(25 - x%) = 0

x—5

lim 1n(25 - xz) =0

x—=-5

Therefore, the graph has holes at x = +5. The graph
does not have any vertical asymptotes.

fx) = 7e3
lim 7e* = o
x—0"

Therefore, x = 0 is a vertical asymptote.

o xXP+2x+1

lim ——————— = —eo
xoI7 x -1

lim =

oot 20 =1

Problem Solving for Chapter 2

1. () Perimeter APAO = \/x* + (y = 1) + /¥ + »* +1
=+ (¥ -] +x a1l
Perimeter APBO = +/(x — 1)2 + 7+ \/m +1

()

85.

86.

87.

88.

89.

90.

. x+1 . 1 1

lim = lim ——— = —
x—-1 X +1 x—-1+ X2 —x+1 3

. x +1 . 1 1
lim - = lim S =~
x—-1" X 1 x—=-1" (x + 1)()(,‘ - 1) 4

1

lim

. sin 4x . 4(sin 4x) 4
m = lim |— =—
x>0t Sx x0T 5 4x 5

sec x°
—_— = —

x—0"  2x

(Note: sec x> = 1 for x near 0.)

csc 2x 1

91. lim = lim — =«
x>0t X x—0t x sin 2x
2
92. Iim &% -
x—0" X
93. lim In(sin x) = —eo
x—0t
94, lim 12¢™" = oo
x—=0"
95, ¢ = 30000P
100 — p
80,000(50
(@) C(50) = 80.00050) _ gg0,000
100 — 50
80,000(90
(b) C(90) = 80.00000) _ ¢750,000
100 — 90
() lm C(p) =
p—100~

It would be financially impossible to remove 100%
of the pollutants.
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®) «[x + +xr+ 2t 41
,,

x—1)2+x4+\/x +x*t +1

X 4 2 1 0.1 0.01

Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01

Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 0.98 | 095 |1 1.05 | 1.005
1+0+1 2
¢) lm r(x) =— ===1
()Hw() I1+0+1 2
2. (a) Arca APAO = “bh = 2(1)(x) = &
) 2 2 2
Area APBO = Lbh = l(1)(y) _r o
2 2 2 2
2
®) ax) = Area APBO _ X*[2 _ .
Area APAO  x/2
x 41211 0.1 0.01
Area APAO |2 | 1| 1/2 | 1/20 1/200
Area APBO | 8 | 2 | 1/2 | 1/200 | 1/20,000
a(x) 41211 1/10 1/100
¢) lim g(x) = lim x =0
© x—0" ( ) x—0"

3. (a) There are 6 triangles, each with a central angle of 60° = /3. So,

Area hexagon = 6[%bh} = 6{%(1) sinfﬂ = # =~ 2.598.

33

Error = Area (Circle) — Area (Hexagon) = 7 — — = 0.5435

(b) There are n triangles, each with central angle of @ = 27/n. So,

4, = anh} - B(l) sin2 } _ nsin(2z/n)

n 2

(©

S

6 12 | 24 48 96

" 2.598 3 3.106 3.133 3.139

As n gets larger and larger, 27z7/n approaches 0. Letting x = 27/n, 4, =

which approaches (1)z = 7, which is the area of the circle.

Problem Solving for Chapter 2

sin(27/n)

sin(27/n)

_sinx

2/n

(27r/n)

139
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140 Chapter 2 Limits and Their Properties

4-0 4
4. (a) Slope = —— = —
(@) Slope = —— = =
3
b) Slope = ——
(b) Slop 2
. 3
Tangent line: y — 4 = —Z(x—3)
S
4 4 4

() Let O = (v, y) = (x, J25 - 2

~——

25 -x2 -4
! x-3
. . N25-x* -4 25— x> + 4
(d) lim m, = lim .
x—3 x—3 x -3 \/25-)&?2 + 4
. 25 — x* - 16
= lim
" (x = 3)(V25 - # + 4]
- lim B-x@+x
(e =3 V25 - 2+ 4]
i G*¥ 6 _ 3
3252 +4 4+4 4

This is the slope of the tangent line at P.

\/a+bx—\/§:\/a+bx—\/§ \/a+bx+\/§_

12
5. (a) Slope = 5
. .5
(b) Slope of tangent line is o
5
+12 =—(x-5
7 12( )
5 169 .
= —x — — Tangent line
7 12 12 g
(© Q=(xy) = (x, —-/169 — xz)
=169 — xF + 12
! x =5
. 124169 - X 12++/169 — &2
(d) lim m, = lim .
2500 a5 % =5 12 + /169 - ¥

_ 42
. 144 (169 x)

3 (r-5)(12+ V169 - )

= lim Xt =25
(= 5)(12+ V169 - )
(x5 0 s
x5 12+\/169—x2 12+12 12

This is the same slope as part (b).

(a+bx)—3

6. . =
X X \/a+bx+\/§ x(\/m+\/§)
Letting a = 3 simplifies the numerator.
B -3 bx . b
So, lim = lim = lim
¥=0 X ¥=0 x(\/3 + bx + \/5) =0 /3 + by +/3
b
Setting ———~ = \/5, ou obtain b = 6.S0, a = 3and b = 6.
NN Y
7.() 3+xP >0
23
x > =27
Domain: x 2 —27,x # lor [-27,1) U (1, )

(b) o3

N

-0.1

-30

3+ (=27)" -2
i = =
im0 27 -1

—28

1
c — = 0.0714
© 14
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N3+ -2 N3y

3+ X

Problem Solving for Chapter 2 141

—4

(@ lim £(x)

x—1 x —1

/3 _ 1

N (x - 1)(\/3 +x 4 2)

1

S ) e e ) Bra +2)

1 1
T+1+12+2) 12
8. lim f(x) = lim (a2 - 2) -2 -2 @)
x—=0" x—=0"
lim f(x) = lim = a(because lim 20X _ 1)
x—-0* x—0* tan x x50 x
Thus, 2_2=
2 - _ =
a a-2 ®)
(a-2)a+1) =
a=-12
9. (a) lim f(x) = 3: g1, g4

10.

11.

(b) fcontinuous at 2: g

(©) .lir12‘17 f(x) =3 g.8 8

‘ 12. (a)
—_:—07”40—?—» X
@ f(5)=[4=4
/e =Ml=0 (b)
F)==1
(b) lim f(x) =1
x>0
lim f(x) =0
x—1t
lim f(x) = —oo
x—=0"
lim f(x) = oo
x—0"
(c) fis continuous for all real numbers except (c)

x =04+l +1

R 1)(m + 2)

7
f(0
(3
f(=2.7
lim f(x) =

x—1"

~

lim f(x) =

x>t

)
)
)
)=-3+2=-1
(
(
(

lim f(x) =

x—1/2

(c) fis continuous for all real numbers except

x =0,%1,£2,£3,...

2= 192,000 vt - 48
r
192,000 _ Vv + 48
r
192,000
L N BT
Ve —v,” + 48
. 192,000
limr = ———
V=0 48 — v,?
Let v, = /48 = 4/3 mi/sec.
Vo= 1920 + 2 = 2.17
r
1920 =2 -y + 217
,
= 1920
V= w2 + 217
. 1920
lmr = ——
v—=0 2,17 - V02
Let vy = ~/2.17 mifsec (= 1.47 mi/sec).
.o 10,600
v =2 + 6.99
. 10,600
limr = ———
=0 6.99 — v,?
Let vy = ~/6.99 = 2.64 mi/sec.

Because this is smaller than the escape velocity for
Earth, the mass is less.
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142  Chapter 2 Limits and Their Properties

13. (@)

(®) () lim £, ,(x) =1

X—a

(i) lim P, ,(x) =0

x—a~

(iii) lim P, ,(x) = 0

x—b

(iv) lim P, ,(x) =1

x—b”
(c) P, ,is continuous for all positive real numbers
except x = a, b.
(d) The area under the graph of U, and above the x-axis,
is 1.
14. Let a # Oandlet € > 0 be given. There exists 6 > 0
such that if 0 <|x — 0| < & then ‘f(x) - L‘ < & Let

J = é‘l/‘a‘.Thenfor 0 <‘x—0‘< Jd = b'l/‘a , you
have

o<

‘ax‘< o)
‘f(ax) —L‘< E.

As a counterexample, let ¢ = 0 and

I, x#0
f(x) - {2 X i 0

Then lin}) f(x) =1= L,but

s

lin}) flax) = lin}) f(0) = lim 2 = 2.

x—0
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Chapter 2 Limits and Their Properties

Chapter Comments

Section 2.1 gives a preview of calculus. On pages 67 and 68 of the textbook are examples of some
of the concepts from precalculus extended to ideas that require the use of calculus. Review these
ideas with your students to give them a feel for where the course is heading.

The idea of a limit is central to calculus. So, you should take the time to discuss the tangent line
problem and/or the area problem in this section. Exercise 11 of Section 2.1 is yet another example
of how limits will be used in calculus. A review of the formula for the distance between two
points can be found in Appendix C.

The discussion of limits is difficult for most students the first time that they see it. For this reason,
you should carefully go over the examples and the informal definition of a limit presented in
Section 2.2. Stress to your students that a limit exists only if f(x) moves arbitrarily close to a single
real number as x approaches ¢ from either side (the function does not have to exist at x = c).
Otherwise, the limit fails to exist, as shown in Examples 3, 4, and 5 of this section. You might
want to work Exercise 71 of Section 2.2 with your students in preparation for the definition of the
number e coming up in Section 2.3. You may choose to omit the formal definition of a limit.

Carefully go over the properties of limits found in Section 2.3 to ensure that your students are
comfortable with the idea of a limit and also with the notation used for limits. Suggest that
students write these properties of limits on a sheet of paper for reference. By the time you get to
Theorem 2.6, it should be obvious to your students that all of these properties amount to direct
substitution.

When direct substitution for the limit of a quotient yields the indeterminate form %, remind your

students that they must rewrite the fraction using legitimate algebra. Then do at least one problem

using dividing out techniques and another using rationalizing techniques. Exercises 58 and 60 of

Section 2.3 are examples of other algebraic techniques needed for the limit problems. It is important

to go over the Squeeze Theorem, Theorem 2.8, with your students so that you can use it to prove
sin x

lirr(l]
xX—> X

Your students need to memorize all three of the special limits in Theorem 2.9 as they will need
these facts to do problems throughout the textbook. Most of your students will need help with

Exercises 63—-85 in this section.

= 1. The proof of Theorem 2.8 and many other theorems can be found in Appendix A.

Continuity, which is discussed in Section 2.4, is another idea that often puzzles students. However,
if you describe a continuous function as one in which you can draw the entire graph without lifting
your pencil, the idea seems to stay with them. Distinguishing between removable and nonremovable
discontinuities will help students determine vertical asymptotes.

To discuss infinite limits, Section 2.5, remind your students of the graph of the function f(x) = 1/x
studied in Section 1.3. Be sure to make your students write a vertical asymptote as an equation,
not just a number. For example, for the function y = 1/x, the vertical asymptote is x = 0.

Section 2.1 A Preview of Calculus

Section Comments

2.1 A Preview of Calculus—Understand what calculus is and how it compares with precalculus.
Understand that the tangent line problem is basic to calculus. Understand that the area
problem is also basic to calculus.
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Teaching Tips

In this first section, students see how limits arise when attempting to find a tangent line to a curve.
Be sure to say to students that they can think about the word rangent as meaning “touching” a
curve at one particular point. Drawing a circle with a line that touches the circle at a specific point
can illustrate tangency. Drawing a curve where a line intersects a curve twice illustrates a line that
is not tangent to a curve as it crosses the curve more than once.

How Do You See It? Exercise

Page 71, Exercise 10 How would you describe the instantaneous rate of change of an automobile’s
position on a highway?

Solution

Answers will vary. Sample answer: The instantaneous rate of change of an automobile’s position
is the velocity of the automobile, and can be determined by the speedometer.

Suggested Homework Assignment

Page 71: 1-9 odd.

Section 2.2 Finding Limits Graphically and Numerically

Section Comments

2.2 Finding Limits Graphically and Numerically—Estimate a limit using a numerical or
graphical approach. Learn different ways that a limit can fail to exist. Study and use a
formal definition of limit.

Teaching Tips
In this section, we turn our focus to limits in general, and numerical and graphical ways we can find

2 -4
ol > and what is happening to f(x) as x approaches 2. This
X —

them. Ask students to consider f(x) =
will lead into the definition of a limit.

Make sure that students find limits analytically instead of using their graping utilities, as they can

. . . .7 .
be misleading. For example, present to the class, 11rr(1) sin = Constructing a table of values of x = 1,
1 11

= 0.1, =

3 > Z’ and 0.01 leads to the assumption that hn(l) sin — = 0. However, this limit does not exist.
x— X

When introducing the definition of a limit, using graphs will help students understand the meaning
of the definition. Suggested graphs are below:

y y
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How Do You See It? Exercise

Page 82, Exercise 74 Use the graph of f to identify the values of ¢ for which lim f(x) exists.

X—cC

() y (b) "
6+ 6
T 4
T 2
[ S— X
\ 1 e -4\, 2\ 4 6
PO x
2 + 2 4
,2,,
Solution

(a) lim f(x) exists for all ¢ # —3.
(b) lim f(x) exists for all ¢ # —2, 0.

Suggested Homework Assignment

Pages 79-82: 1,5,7,9, 15, and 19-35 odd.
Section 2.3 Evaluating Limits Analytically

Section Comments

23 Evaluating Limits Analytically—Evaluate a limit using properties of limits. Develop
and use a strategy for finding limits. Evaluate a limit using the dividing out technique.
Evaluate a limit using the rationalizing technique. Evaluate a limit using the Squeeze
Theorem.

Teaching Tips

When starting this section, review how to factor using differences of two squares and two cubes,
sum of two cubes, and rationalizing numerators. If you do not have time to review these concepts,
encourage students to study the following material in Precalculus, 10th edition, by Larson.

* Factoring the difference of two squares: Precalculus Appendix A.3
* Factoring the difference of two cubes: Precalculus Appendix A.3

* Factoring the sum of two cubes: Precalculus Appendix A.3
 Rationalizing numerators: Precalculus Appendix A.2

State all limit properties as presented in this section and discuss the proper ways to write solutions
when finding limits analytically. Give examples of direct substitution; some suggested examples

2 _3x+4
include Tim *——=X T4 04 Tim 40 — 5x + 1.
=2  x+2 x—>—3

N

When rationalizing the numerator, start with an example without limits. A suggestion is
X

After rationalizing the numerator, find the limit as x approaches 0.

When evaluating trigonometric limits, show students examples directly related to Theorem 2.9 in

. sin7x . cosf — 1
the text. Some examples are lim and lim ———
x—0  4dx 6—0  sin 6
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How Do You See It? Exercise

Page 92, Exercise 104 Would you use the dividing out technique or the rationalizing technique to
find the limit of the function? Explain your reasoning.

24 x-2 Jx+4-2
(a) lim L (b) limxi
x—>—2 x+2 x—0 X

1.00 +
0.75 +
} x

|
LI
ZEE .\oso_(,
O

Solution

(a) Use the dividing out technique because the numerator and denominator have a common factor.

(b) Use the rationalizing technique because the numerator involves a radical expression.

Suggested Homework Assignment

Pages 91-93: 1-75 odd, 89, 99, 105, 107, and 119-123 odd.

Section 2.4 Continuity and One-Sided Limits

Section Comments

24 Continuity and One-Sided Limits—Determine continuity at a point and continuity
on an open interval. Determine one-sided limits and continuity on a closed interval.
Use properties of continuity. Understand and use the Intermediate Value Theorem.
Teaching Tips

Students have trouble with limits involving trigonometric functions and rationalizing denominators
and numerators. Students also have trouble with limits involving rational functions. Encourage
students to sharpen their algebra skills by studying the following material in the text or in
Precalculus, 10th edition, by Larson.

* Trigonometric functions: Section 1.4
 Rationalizing numerators: Precalculus Appendix A.2

e Simplifying rational expressions: Precalculus Appendix A.4
Address the following for this section:

* Describe the difference between a removable discontinuity and a nonremovable discontinuity.
* Write a function that has a removable discontinuity.
» Write a function that has a nonremovable discontinuity.

* Write a function that has a removable discontinuity and a nonremovable discontinuity.

Students will need to know these concepts when they study vertical asymptotes (Section 2.5),
improper integrals (Section 8.8), and functions of several variables (Section 13.2).

Discuss the difference between a removable discontinuity and a nonremovable discontinuity.
[x — 4]

1 to illustrate a function with a nonremovable discontinuity.
Y —

Use the function f(x) =
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Note that it is not possible to remove the discontinuity by redefining the function. When you
sin(x + 4)
x+4
can be redefined to remove the discontinuity. Ask students how they would do this. (Let f(—4) = 1.)

Finally, illustrate the example below. Show students the function and the graph, and then ask
them if there are any removable or nonremovable discontinuities. Once they have properly
identified x = —4 as removable and x = 4 as nonremovable, ask them to redefine f to remove
the discontinuity at x = —4. (Let f(—4) = 0.)

illustrate a removable discontinuity, as in the function f(x) = , note that the function

Ask students to consider the following function with its graph below:

0, x< —4
1, x=-4
x =
&) 0, —4<x<4
1, x=4
x = 4 is nonremovable. x = —4 is removable.
’
4+
3<>
2+
[ ] 1 @
D D—+ x
-6 -4 =2 2 4 6
—1 4
24

Use this example to show which are removable and nonremovable discontinuities. In addition,

use a rational function with both a vertical asymptote and a hole to show the differences between
. L . 8x% + 26x + 15

removable and nonremovable discontinuities. A suggested example is f(x) = e 15"

How Do You See It? Exercise

Page 105, Exercise 116 Every day you dissolve 28 ounces of chlorine in a swimming pool. The
graph shows the amount of chlorine f(¢) in the pool after ¢ days. Estimate and interpret liri[ £
and lim £(0). "

t—4+

y

140
112 +
84+
56 -+ \O
28 - .\O\o

\;\? bttt
1 2 3 4 5 6 7

Solution

lim f(r) = 28
t—4

lim f(r) = 56
1—4"

At the end of day 3, the amount of chlorine in the pool has decreased to about 28 ounces. At the
beginning of day 4, more chlorine was added, and the amount is now about 56 ounces.

Suggested Homework Assignment

Pages 103-105: 1, 3, 7-19 odd, 21, 23, 25, 29, 31, 33, 37, 39, 47, 49, 51, 55, 59, 61, 65, 67,
75-81 odd, 83, 99, 101, 105, and 109-113 odd.
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Section 2.5 Infinite Limits

Section Comments

2.5 Infinite Limits—Determine infinite limits from the left and from the right. Find and
sketch the vertical asymptotes of the graph of a function.

Teaching Tips

It is vital for students to know asymptotes of a rational function for this section. Encourage
students to review material on asymptotes by studying Section 2.6 in Precalculus, 10th edition,
by Larson.

Students need to be able to decipher when vertical asymptotes versus holes will occur in a
rational function. A suggested problem for students to consider is to determine if x = 1 is a

vertical asymptote of f(x) = %

In class, you can ask students who believe the graph of f has a vertical asymptote at x = 1 to
prove it. For those who think this is not always true, ask them to provide a counterexample.
A sample answer is given in the solution. If desired, you could also ask students the following:

(a) At which x-values (if any) is f not continuous?

(b) Which of the discontinuities are removable?

Solution

No, it is not always true. Consider p(x) = x> — 1. The function

flg = S - 2

x—1 x—1

has a hole at (1, 2), not a vertical asymptote.

How Do You See It? Exercise

Page 113, Exercise 62 For a quantity of gas at a constant temperature, the pressure P is inversely
proportional to the volume V. What is the limit of P as V approaches 0 from the right? Explain
what this means in the context of the problem.

P
=
2
w
=
Ay

v
Volume

Solution
lim P = o0
V—0~*

As the volume of the gas decreases, the pressure increases.

Suggested Homework Assignment

Pages 112-114: 1, 3,7, 13, 17-31 odd, 37-51 odd, 55, 57, and 67-71 odd.
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Chapter 2 Project

Medicine in the Bloodstream

A patient’s kidneys purify 25% of the blood in her body in 4 hours.

Exercises

In Exercises 1-3, a patient takes one 16-milliliter dose of a medication.

1. Determine the amount of medication left in the patient’s body after 4, 8, 12, and 16 hours.

2. Notice that after the first 4-hour period, % of the 16 milliliters of medication is left in the body,
after the second 4-hour period, 1% of the 16 milliliters of medication is left in the body, and so
on. Use this information to write an equation that represents the amount a of medication left in
the patient’s body after n 4-hour periods.

3. Can you find a value of n for which a equals 0? Explain.
In Exercises 4-9, the patient takes an additional 16-milliliter dose every 4 hours.

4. Determine the amount of medication in the patient’s body immediately after taking the second
dose.

5. Determine the amount of medication in the patient’s body immediately after taking the third
and fourth doses. What is happening to the amount of medication in the patient’s body over
time?

6. The medication is eliminated from the patient’s body at a constant rate. Sketch a graph
that shows the amount of medication in the patient’s body during the first 16 hours. Let x
represent the number of hours and y represent the amount of medication in the patient’s body
in milliliters.

7. Use the graph in Exercise 6 to find each limit.
(@ lim f(x)
x—4-
(b) lim f(x)
x—4*
© lim /()
@ lim f(x)
x—12"

8. Discuss the continuity of the function represented by the graph in Exercise 6. Interpret any
discontinuities in the context of the problem.

9. The amount of medication in the patient’s body remains constant when the amount eliminated
in 4 hours is equal to the additional dose taken at the end of the 4-hour period. Write and solve
an equation to find this amount.

18 © 2019 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Calculus Early Transcendental Functions 7th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337552516-solutions

Chapter 3 Differentiation

Chapter Comments

The material presented in Chapter 3 forms the basis for the remainder of calculus. Much of it
needs to be memorized, beginning with the definition of a derivative of a function found on
page 123. Students need to have a thorough understanding of the tangent line problem and they
need to be able to find an equation of a tangent line. Frequently, students will use the function
f'(x) as the slope of the tangent line. They need to understand that f’(x) is the formula for the
slope and the actual value of the slope can be found by substituting into f’(x) the appropriate
value for x. On pages 125-126 of Section 3.1, you will find a discussion of situations where the
derivative fails to exist. These examples (or similar ones) should be discussed in class.

As you teach this chapter, vary your notations for the derivative. One time write y'; another time
write dy/dx or f'(x). Terminology is also important. Instead of saying “find the derivative,”
sometimes say, “differentiate.” This would be an appropriate time, also, to talk a little about
Leibnitz and Newton and the discovery of calculus.

Sections 3.2, 3.3, and 3.4 present a number of rules for differentiation. Spending time on the
notation of the higher derivatives can be beneficial. Have your students memorize the Product
Rule and the Quotient Rule (Theorems 3.8 and 3.9) in words rather than symbols. Students tend
to be lazy when it comes to trigonometry and therefore, you need to impress upon them that the
formulas for the derivatives of the six trigonometric functions need to be memorized also. You
will probably not have enough time in class to prove every one of these differentiation rules, so
choose several to do in class and perhaps assign a few of the other proofs as homework.

The Chain Rule, in Section 3.4, will require two days of your class time. Students need a lot

of practice with this and the algebra involved in these problems. Many students can find the
derivative of f(x) = x>/1 — x? without much trouble, but simplifying the answer is often
difficult for them. Insist that they learn to factor and write the answer without negative exponents.
Strive to get the answer in the form given in the back of the book. This will help them later on
when the derivative is set equal to zero.

Implicit differentiation is often difficult for students. Have students think of y as a function of x
and therefore y3 is [ f(x)]3. This way they can relate implicit differentiation to the Chain Rule
studied in the previous section.

Try to get your students to see that related rates, discussed in Section 3.7, are another use of the
Chain Rule.

Section 3.1 The Derivative and the Tangent Line Problem

Section Comments

31 The Derivative and the Tangent Line Problem—Find the slope of the tangent line to a
curve at a point. Use the limit definition to find the derivative of a function. Understand
the relationship between differentiability and continuity.

Teaching Tips

Ask students what they think “the line tangent to a curve” means. Draw a curve with tangent lines
to show a visual picture of tangent lines. For example:
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CHAPTER 12
Vector-Valued Functions

Section 12.1 Vector-Valued Functions

1. You can use a vector-valued fupction .to trace the g_ra}ph 4. r(1) = [4 _ 25 + 2j — 6tk
of a curve. Recall that the terminal point of the position
vector r(r) coincides with a point on the curve. Component functions: (1) = /4 - *
gl) = ¢
2. A vector-valued function r is continuous at the point nr) =
t = aif (1) = -6
. Domain: [-2, 2]
llgr; r(f) = r(a).
5.r(t) =lnd—e€j-tk
1, ¢,
3.r(0) = i+ —j—3rk .
t+1 2 Component functions: f(7) = In¢
Component functions: f(¢) = 1 g(t) = —¢'
t+1
. h(t) = —t
g(t) = 2 Domain: (0, e)
h(r) = =3t
6. r(t) = sindi + 4costj + tk
Domain: (—ee, —1) U (=1, o)

Component functions: f(f) = sin ¢
g(t) = 4cost
h(t) = ¢

Domain: (—eo, o)
7. r(t) = F(t) + G(t) = (cos fi —sintj + \/;k) + (cos i + sintj) = 2costi + Jik
Domain: [0, o)
8. r(1) = F(t) - G(r) = (Ind + 5 — 3:°k) — (i + 44 — 3°k)
= (Inz—1)i + (5t —4)j+ (-3 +37)k = (Inz = )i + 4
Domain: (0, <)
i j ok
9. r(¢) = F(t) x G(t) =|sint cost 0 |= cos®# — sintcostj + sin® tk

0 sint cost

i j k
10. r(s) = F(1) x G(t) = £ Lols —1(t + 2) - Loli- (ﬁ(r +2) —ti/;)j + £ + 13/t [k
i :11 [+ [ t+1) [z+l ]

Domain: (—ee, —1), (-1, =)
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11.

12.

13.

15.

16.

17.

18.

Section 12.1 Vector-Valued Functions 1167

r(1) = 3% = (1 = 1)j

@ r(1) =i

() r(0) =j

© rs+1) =L+ Di-(s+1-1j=Ls+Di-sj

@ r(2+ &) = r(2) = 12+ A)i = 2+ A= 1)j - (20 - ) = (2 + 280 + LA )i - (1+ A0 - 20 +

(280 + L(a)?)i = (A5 = Lad(Ar + 4)i - A

r(¢) = cosdi + 2sin 4

(¢) r(@ — ) = cos(d — 7)i + 2sin(f — 7)j = —cos Oi — 2 sin O

(d) r(ﬁ + AtJ - r(ﬁj = cos[z + Atji +2 sin(ﬁ + Atjj - cos(zji + 2sin Ej
6 6 6 6 6 6

P(0,0,0), 0(5, 2, 2) 14. P(0,2,-1), 0(4,7,2)
v="P0 =(522) v =P0 = (4,5,3)
r() = 5t + 26 + 2k, 0 < ¢ < 1 r(f) = 46 + (2 +50j+ (-1 + 30k, 0 < 1 <1

x =5ty =2tz =20 <t <1, Parametric equation =4y =245z =-1+3,

X
0 < ¢ < 1, Parametric equation
(Answers may vary.)

(Answers may vary.)
P(-3,-6,-1), O(-1, -9, -8)
v="P0=(-1+3-9+6-8+1)=(2-3-7)
r(f) = (-3 +2)i+ (-6 -3)j+(-1-7)k,0< ¢ <1
x=-34+2t,y=-6-3t,z=-1-7t,0 <t <1, Parametric equation

(Answers may vary.)

P(1,-6,8), 0(-3,-2,5)

v =P0 = (-4,4,-3)

r(t) =(1-4)i+(-6+4)j+(8-3)k, 0<¢ <1

x=1-4ty=—-6+4t, z =8-3t, 0 <t <1, Parametric equation

(Answers may vary.)

r() - u(e) = (3t = 1)) + (£2)(-8) + 4(*)
=3 —t* — 265 + 4% = 5% — %, ascalar.

No, the dot product is a scalar-valued function.

r(¢) - u(t) = (3cos)(4sint) + (2sin ¢)(-6 cost) + (¢ — 2)(t2) = 3 — 2¢%,a scalar.

No, the dot product is a scalar-valued function.
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1168 Chapter 12 Vector-Valued Functions

19. r(t) =i+ 26+ °k, 2 <t <2 25. x =1,y =1

x=ty=2z=r y =P

So, z = x*. Matches (b)

20. r(z) = cos(mt)i + sin(7t)j + 1’k, -1 < 1 <1 T
i
x = cos(xt), y = sin(wt),z = £ 27

So, x* + y? = 1. Matches (c) EEEERRREE DRI

|
[

!

t

21, r(t) = di+ 2j+ Pk, -2 <1 <2
x=ty=1t,z=e"

So, ¥ = x. Matches (d)

22. 1(1) = ti+1ntj+%k,0.1 <r<5

X =t —lntz—g
’y 2 3
So, z = %x and y = In x. Matches (a)
23. x=£:t:4x 27. x = cos@,y = 3sin b it
2
y=t-1 x2+%=l,Ellipse
y =4x -1 -
y 32
B
3
)
iy NI I A ,
28. X = 2cost

y = 2sint
x* + y* = 4, circle T

24, x=5-t=>t=5-x 1 1

y=+/t 1
y=~5-x
Domain: ¢ > 0
y 29. x =3secd,y = 2tan @
9T 2 2
8T X y
— = = + 1, Hyperbola
T o T4 P
5T y
s
———7 12+
Pl 9+
%mx 1
5-4-3-2-1 112345 T

—t— —t—
-12-9 -6/ 6 9 12
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Section 12.1 Vector-Valued Functions 1169

30. x = 2cos’t,y = 2sin’¢ 35. x = 2sint,y = 2cost,z = e
2/3 2/3 xz + 2 _ 4
42 = cos?r + sin?s Y
2 2 7 = et

31.

32.

33.

34.

=1
PELINRNC LI, 2R

36. x=t2,y=21,z=%t

x= 41 ; =223,
y=4t+2 4
z=2+3 tl =2 -1 o1 |2
Line passing through
the points: (0,6,5),(1,2,3) *-- x| 4 ! ot 4
y| -4 -2 102 |4
z| 3| -3 1]0]|3 3
X =1
y=2t-5
y =73t
Line passing through
the points: (0, -5, 0), (%, 0, %
-6

x =2cost,y = 2sint,z =t 37.x=t,y=t2,z=%t3

x_2+y_2=1 y=x,z=32x
4 4
z =t t | =2 -1 011 2
Circular helix x| -2 -1 0l 1 2
y 4 1 0|1 4
16 2 2 16
z| 2| =10 = | 2
x =1ty =23cost,z = 3sint 3 3 3 3

y* + 2% = (3cos t)3 + (3sin t)3 =9

Circular helix along cylinder y? + z* = 9
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1170 Chapter 12 Vector-Valued Functions

V3,

38. x = cost + tsint 1
39. r(t) = _Etzi +1j— 5t k

y =sint — tcost
z =1t Parabola
W+ =1+ =1+z

or x> +y* —z* =1

z =1

Helix along a hyperboloid of one sheet

40. r(t) = —/2sindi + 2 costj + ~/2 sin kk

Ellipse

41. (b)

The helix is translated The height of the helix
2 units back on the x-axis. increases at a faster rate.

The orientation of the The radius of the helix is
helix is reversed. increased from 2 to 6.
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42.

43.

44.

45.

46.

Section 12.1 Vector-Valued Functions 1171

r(e) = di + °j + 3r'h 47. y=x+5
Let x = t,then y = ¢t + 5

r(f) = A+ (1 + 5)j

48. 2x -3y +5=0

, Let x = t,then y = %(2t +3).

eirey -
r(1) = 4 + (2t + 5)j

= 2% 4o 13
(@) u(r) = i+ 4+ 30k 49.y=(x—2)2
has the roles of x and y
interchanged. The graph
is a reflection in the

plane x = y.

Let x = t,then y = (¢ — 2)2.

r(e) = 4 + (¢ - 2)’j

50. y =4 - x?

Let x = t,then y = 4 — %

b) u(z) = r(¢) + 4k is

v an(lzpwarfl )shift4 units. r(t) = 4 + (4 - tz)j
51. x2 + y? =25

Let x = S5cost,then y = 5sint.

r(t) = Scosti + 5sin

52 (x—-2) +) =4

(©) u(t) =d+j+irk )

: Let x —2 = 2cost,y = 2sint.

shrinks the z-value by a
factor of 4. The curve

rises more slowly.

r(1) = (2 + 2cost)i + 2sin

x2

2
v 53, L X o
16 4

Let x = 4sect,y = 2tant.

r(z) = 4secti + 2tantj

(d) u(t) = r(—t) reverses (¥ !
the orientation. 2 2

sa. 24X o
9 16

Let x = 3costand y = 4sint

2 2
Then 2= + 2= = cos?¢ + sin?¢ = 1
9 16

r(f) = 3costi + 4 sin fj
u(t) =r(t)+2k =32+ (r - Dj+ (1 + 2)k
55. z=x>+ 3y, x+y =0

u(t) = r(e) +i= (3 +1)i + (t - 1)j+ tk Let x = £,then y = —x = —

and z = x> + y* = 2%
u(r) = 3%+ 2(t - 1)j + tk g
So, x =t,y = —t,z = 2.

u(t) = 3% + (r - 1)j + 3tk r(t) = fi — fj + 20k
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1172 Chapter 12 Vector-Valued Functions

56. z = x>+ )%,z =4 57. x>+ y? =4,z = x?
So, ¥ + ) = dor x = 2sint,y = 2cost

2 _ fain?
x = 2cost, y = 2sint,z = 4. Z =X = dsintt

r(f) = 2cosdi + 2singj + 4k clol Z z 7 | 37 x
6 4 2 | 4
x|lo]1 V2 ol2 | V2 o
yl2| B V2 |0 | V2| =2
z|0]1 2 4 2 0

r(r) = 2sinfi + 2 cos tj + 4sin” tk

58. 4x> + 4y? + 22 = 16,x = z*

If z =t then x = t*and y = %\/16 -4t -

t | =13 | =12 | -1 0]1 1.2
x | 1.69 1.44 1 0|1 1.44
y | 085 1.25 1.66 | 2 | 1.66 | 1.25
z | =13 | =12 | -1 0]1 1.2

r(t) = i+ 3NV16 — 4t — 2+ 1k

5. + P+ =4x+z=2

Let x = 1+sint, then z = 2 —x = 1 —sinzand x* + »* + 2% = 4.
t|-Z -2 o z z
(1+sint)2+y2+(1—sint)2=2+25in2t+y2=4 2 6 6 2
1 3
y2:2C032t,y:i 2 cos t X 0 E 1 E 2
N
x =1+sint,y = £/2 cost
i I T T Y N
z=1-sint > )
r(/) = (1 +sin¢)i + ~/2 costj — (1 — sin¢)k and 212 % | % 0
r(t)=(1+sint)i—\/5c:ostj+(l—sint)k 3T
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60.

61.

62.

Section 12.1 Vector-Valued Functions 1173

¥+ y2+z22=10,x+y =4

Let x = 2 + sint, then y = 2 —sinz and

22 =10 — x* — )? 4T
10 — (2 + sin 1)2 —(2 - sin 1)2

:10—(4+4sint+sin2t)—(4—4sint+sin2t) | o
=2 -2sin?¢ L
Taking square roots, z = , 12(1 — sin? t) = V2 cost.
22 ZE o z z P
2 6 6 2
x |1 3 2 i 3 2
2 2
5 3
3 = 2 = 1 2
7 2 2
2|0 % V2 % 0 -2

r(f) = (2 +sin¢)i + (2 — sin¢)j + /2 cos tk

x* + z? :4,)/2+z2 =4
Subtracting, you have x* — y* = Oor y = #*x.

So, in the first octant, if youlet x = z,then x = ¢, y = 1, z = /4 — %

r(f) = d +6j + 4 -’k

x* + % + 2% = 16,xp = 4 (first octant)

Letx=t,theny:§andx2+y2+zz:t2+1t—26+22=16. 4Jt

z=% —t* + 161> — 16

( 8—4\/§Stgx/8+4\/§) P Chat
t 8+4J/3 | 152 |25]30 |35 8+ 43

x| 1.0 1502 25130 [35 |39

y |39 2712 16|13 |11 |10

z|o0 2628127123 |16 |0

(1) = ti+§j+% —1* + 161> — 16k
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1174 Chapter 12 Vector-Valued Functions

63. > +z% = (2 cos t)z + (2¢sin t)2 = 41> = 4x° 70. lim (e—ti + lj + tl/th
R t

t—>o0

Note that lim /" = 1because if y = ¢/, then

t—oo

lny:%lnt—>0ast—>oo.

Hence, y — 1.

So, the limitis 0i + 0j + k = k.

71 x(1) = : i+1j

64. = ¢ = 72 2t + 1 t

The function is not continuous at ¢ = —% and ¢t = 0. So,
. . . 1 1

r(t) is continuous on the intervals | —eo, —5 N —5, 0},

and (0, o).

72 1(t) = i + /1 - 1j

Continuous on [1, <)

65. lim (i + cosj + sin /k) = 7i — j

t—>r

. . 2 . 1LYy L2, 1 . I
66. lh_r)le [33 + FRERL. + ;kj = 6i + 3 + 2k 73. r(¢) = ti + arcsingj + (¢ — Dk
Continuous on [-1,1]
67. lim{tzi T3+ l_ﬂk} _
-0 t 74. x(t) = (27, ¢, In(r - 1))
because lim =S50 — 1im SL _ . Continuous on ¢ — 1 > Qor ¢ > 1: (1, o).
t—0 t t—0 1
(L'Hopital's Rule) 75. r(t) = <e“ , 1%, tan t>
. . Int . 1 Discontinuous at 7 = 2 + nz
68. lim \/;1+ j+ —Kk 2
11 e |

does not exist because lim does not exist.

t—>1f —

. T T
Continuous on [_E + nrx, B + nﬂ)

76. r(r) = (8,~/1, /1)

Continuous on [0, =)

t—=0

69. lim{e’i +51ij + e”k} —itjtk

because
lim S0 i SOSL _ (L'Hépital's Rule) 77. Yes. r(t) represents a line. Answers will vary.
t—0 f t—0

78. Not necessarily. For example, the function
r(1) = i + £j + £k represents a line.

79. Answers will vary. Sample answer:
i+j 123
-i+jt<3

rit) =
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Section 12.1 Vector-Valued Functions 1175

80. () x = 3cost+1, y=5sint+2,z=4

2 2
=10, (-2)
9 25
) x =4, y=-3cost+1, z=5sint +2
2 2
-1 (-2
9 25
(¢) x =3cost—1, y =-5sint -2, z

81. r(t) = cosdi + sintj + itk, 0<r<d4rn
n

=1,z=4

1l
\.i—‘
=
I
N

Il
N

(c+) (rr2)

9 25
(d x=-3cos2t+1, y=5sin2t+2,z=4
x—1) -2y
LR
(a) and (d) represent the same graph

=1,z=4

=1,z=4

82. (a) View from the negative x-axis: (-20, 0, 0)
(b) View from above the first octant: (10, 20,10)
(c) View from the z-axis: (0,0, 20)

(d) View from the positive x-axis: (20, 0, 0)

83. Let r(f) = x(0)i + yi(0)j + z()k and u(r) = x,(¢)i + p,(¢)j + z2(¢)k. Then:
}15}1} [r(t) X u(t)] = }11)13 {[yl(t)zz(t) - »(f)z (t)]i - [x, (D)z,(1) = x,(0)z, (t)]] + [xl(t)yz(t) - xz(t)yl(t)]k}

- [nm 3(0)1m 2,(1) = lim y,(0) lim zl(t)]i - [nm (1) lim 2,(¢) — lim x,(1)lim Zl(t)] i

t—c t—c

+ [lim 3 (1) lim s (£) — Tim x,(¢) lim , (t)}k
t—>c¢ t—c t—c t—c

= [nm (0 + lim y,(1)j + lim zl(t)k] x [um %o (1)i + lim (0 + lim zz(l)k:|

t—c t—c
= }1_1)13 r(z) x }1_r)rz u(?)

84. Let r(f) = x(0)i + yi(0)j + z(¢)k and u(r) = x,(¢)i + p,(¢)j + z(¢)k. Then:

lim [r(¢) - u(t)] = lim [a(6)x(6) + n()ra(t) + 21()z(t)]

t—c

= lim x,(¢) lim x,(¢) + lim y,(¢) lim y,(¢) + lim z,(¢) lim z,(¢)
t—c t—c t—c t—c

t—c i—c
= |:}iﬁrrcl 5 (0 + Tim i (1) + lim zl(t)k] : [}gn %o (1)i + lim y,(0)j + lim zz(x)k}

= limr(z) - lim u(7)

t—>c t—>c
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1176 Chapter 12 Vector-Valued Functions

85. Let r(¢) = x(¢)i + y(¢)j + z(¢)k. Because r is 89. r(f) = 2% + (9 - 20)j + £’k
continuous at ¢ = ¢, then lim r(t) = r(c). u(s) = (3s + 4)i + s%j + (55 — 4)k.
r(c) = x(c)i + y(c)j + z(c)k = x(c), y(c), z(c) Equating components:
are defined at c. =35 +4

9t — 20 = s?
Irl= ) + () + (o) ¢S
}1_r}13HrH = \/(x(c))z + (y(c))2 + (z(c))2 = Hr(c)H So,35+4=55—-4=>5=4

9 -20=s5"=16 =t = 4.
The paths intersect at the same time ¢ = 4 at the point
(16,16,16). The particles collide.

So,

r | is continuous at c.

86. Let
0 -

and r(r) = f(¢)i. Then r is not continuous at ¢ = 0,

1, ift 20
-1, ift <0

90. r(t) =+ %j+ £’k
u(s) = (—2s + 3)i + 8sj + (125 + 2)k

Equating components

whereas, rH = lis continuous for all ¢. t=-25s+3
87. No, not necessarily. See Exercise 90. =8
£ =125 +2
88. Yes. See Exercise 89. (—2s + 3)2 — g
452 =125 + 9 = 8s
45> —20s +9 = 0
(2s - 9)(25 - l) =0
Fors=4,1=-2(4)+3=2
Fors =3, ¢=-2(3)+3=-6and ©* = 8(3) = 36

and £ = 12(%) = 54.Impossible.
The paths intersect at (2, 4, 8), but at different times

(t =2ands = %) No collision.

Section 12.2 Differentiation and Integration of Vector-Valued Functions

1. r’(#) represents the vector that is tangent to the curve 3. 1(f) = (1 - ﬁ)i ity =3

represented by r(¢) at the point #,. ©() = 1= 2, y(1) = ¢

2. You have Ir(t) dt = R(¢) + Cbecause x =1-y? — 5 ‘T
r 2T

LR+ €) = () () = =8 +3i T W
dt r t) R +j 16 -12 -8 -4 /

(
r(3) = —6i + j
(

’

r’(#) is tangent to the curve at ¢, = 3.
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Section 12.2 Differentiation and Integration of Vector-Valued Functions 1177

r(t) = (1+t)l+t],t0=1

(1) =
) = ¢
y=(x-1

r(l) =2i+j

r'(f) =i+ 3%

’

(
v(1) = i +3j
(

r’(¢) is tangent to the curve at £,

. N T
. r(r) = costi + sintj, ¢ = 5

x(t) = cost, y(t) = sint

r'(#y) is tangent to the curve at 7.

.r(t)=<e e>t0—0

x(t) = ¢, o) = & = (e)
y=xx>0

r(0) = (L1)

r'(f) = < 2e2’>

(
r'(0) = {1.2)
(

r to) is tangent to the curve at ¢.
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10. r

11.

12. r

13.

14.

. r(t) = 2costi + 2sintj + 1k, {, = >

) =

(1)) = < )
r'(0) = <>
r’(#) is tangent to the curve at #,.

kY4

P+ P =4z=t

y=x,z=%
() =i+ 24
r(2) = 2i + 4j + 3k '
r(2) =i+ 4j 6

r(r) = t'i — 54§
r'(t) = 47 - 5j

r(t) = NI (l—t)
1
r(t) = —=i - 3¢%
() 2\/; J
r(¢) = 3cos’ fi + 2sin® 4 + k

r'(¢) = 9 cos® #(-sin #)i + 6 sin® #(cos )]

= —9sin ¢ cos® fi + 65sin’ ¢ cos tj
r(r) = W/t + 2t + In ik
2 £ 2
v() = =i+ |2/t + —=|j+ 2k
() J7 ( 2\/?]1 p

2., 5% 2

= i+ + 2k
\/?l 2 VT
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1178 Chapter 12 Vector-Valued Functions

15. r(t) = e_’i + 4j + 5te’k 19. l'(t) — t3i + lth
4 —fe 2
r(t) = =i + (S¢' + Ste' )k
(@) r(t) = 3%+ 14
_ /3 :
16. r(t) = <t , cos 3¢, sin 3t> () () = 6 + j
/(1) = (3%, -3 sin 3¢, 3 cos 3t
rlo) = sin 3,3 cos 31) (c) r(t) - ¥"(r) =3°(6t) + 1 =187 + ¢
17. r(r) = (¢sint,t cost,t) , ,
20. (1) = i+ (22— 0)j
r'(t) = (sint + t cost,cos ¢ — tsint, 1) 0. x(2) (t " t)l * (t t)‘l
(@) r(t) = (2t + i+ (2t - 1)j
18. r(r) = (arcsin ¢, arccos 7, 0)
(b) () = 2i +2j

an 1 1
ri(e) = <\/1 2 o t2’0> © F(6)-r(e) = (2t +1)(2) + (2t = 1)(2) = 8¢

21. r(t) = 4costi + 4sin 4
(@) r'(r) = —4sinti + 4 cos fj
(b) r”(r) = —4cosdi — 4sin

(¢) r'(r)-r"(r) = (-4sint)(—4cost) + 4 cos t(—4sint) = 0

22. r(t) = 8cosdi + 3sin 4
(@) r'(r) = -8sind + 3cos
(b) r”(r) = —8cosd — 3sinfj

(¢) r'(r) - r"(r) = (-8sin¢)(-8cost) + 3cos#(-3sin¢) = 55sin ¢ cos ¢
23. r(1) = . i+ Lok
2 6

(@ r()=d-j+ %tzk

®) r(i) =i+ ik

© ¥(0)-17(0) = (1) + (-1)0) + (1) = ¢ 4 =
i j ok

@ ¥ () =] -1 ¢
1 0 ¢

(—0)i - [z‘z - %ﬂ]j +Kk

= —ti—lt2j+k
2
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Section 12.2 Differentiation and Integration of Vector-Valued Functions 1179

24. x(t) = £i+ (207 +3)j+ (3 - S)k
(@) r(f) = 3% + 44 + 3k
(b) r(t) = 6i + 4j
(c) r(t) - x"(¢) = 3c(6t) + 4¢(4) + 3(0)

= 18 + 16t
i j ok
) r()yxr(r)=1|3* 4t 3
66 4 0

(0 - 12)i — (0 — 18¢)j + (127 — 24¢* )k

—12i + 184 — 127k

25. r(f) = (cost + tsint,sint — t cos t, 1)
(@) r'(r) = (=sin¢ +sint + ¢ cost, cost — cost + tsint,1)
= (tcost,tsint, 1)
(b) r"(t) = (cost — tsint,sin ¢ + £ cos £, 0)
(©) r'(r) r"(t) = (tcost)(cost — tsint) + ¢sin¢(sin ¢ + ¢ cos ¢) + 1(0)
=tcos’t — t* costsint + tsin® ¢t + t* sint cos t

t(cos ¢ + sin? t =1

cost —tsint sint +tcost 0

smt—tcostl+(cost—ts1nt)J+(tcosts1nt+t cos’>t — tsintcost + ¢ sin t)k
sint — tcost)i + (cost — tsint)j + 1’k

] k

(d r(f)xr’(r) = tcost ¢ sint 1
(-
= (-
= (-

sin¢ — tcost,cost — ¢sint, t>

26. r(1) = <e", 2, tan t>
(a) r'(t) = <—e", 2t, sec? t>
(b) r(t) = (e, 2,2 sec? ¢ tan ¢)
(c) r() “(t) = —e™ + 4t + 2sec’ t tan ¢
i k
(d) r(t)xr’(t) =|-e" 2t sec’ ¢

e’ 2 2sec’ttant

[2t(2 sec? ¢ tan t) — 2 sec? t}i - [—Ze” sec’ ttan ¢t — e’ sec t] [ 2e" — 2te”}k

= [4t sec’ f tan t — 2 sec’ l]i + [26" sec’ ftant + e’ sec? le - [Ze" + 2te"]k
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1180 Chapter 12 Vector-Valued Functions

= 2 4 P 2
27. r(f) = i + £ 31. r(l) = 2 . 2

31 3
v(f) = 26 + 3% B 81
, , 16 — 4¢3, 32t — 2%,
I‘(O) =0 r(t) = +

8 (s

r'(¢) # 0 for any value of .

i

Smooth on (—es, 0), (0, =)

(Note: ¢ = 0 corresponds to a cusp at (x, y) = (0, 0).) I is not continuous when ¢ = —2.

28. r(t) = 5% - t'j Smooth on (—eo, =2), (=2, =)
r'(t) = 25¢' - 47 32, 1(1) = i — el + 3k
r'(0) =10 r(t)=ei+e’j+3k 20
Smooth on (—co, 0), (0, =) r is smooth for all #: (—eo, o)

33. r(¢) = 4i — 3tj + tantk
29. r(8) = 2cos’ 6i + 3sin’ Gj

r(t)=i-3j+sec’tk =0
r'(6) = —6 cos® Osin 6i + 9 sin” 6 cos 6j

nr ris smooth forall # # = + nz = 2n + 172.
(%)- =
2 V4 V4
(mr (n n 1)7‘[] . Smooth on intervals of form [_E + nrx, 5 + nﬂj,
Smooth on | —, , n any 1nteger.
2 2 n is an integer.
30. r(6) = (6 + sin G)i + (1 — cos 0)j 34. r(f) = Nz (tz _ l)j 4 ltk

r’(6) = (1 + cos )i + sin 6j | . 4
r'((2n = 1)z) = 0, n any integer r(e) = 2\/;i + 2+ Zk # 0
Smooth on ((2n — ). (2n + 1)7[) r is smooth for all # > 0: (0, o)

35. r(f) = A+ 3t + t’k,u(t) = 44 + 2 + £k
r(t) =i+ 3j+ 2k, w'(t) = 4i + 2 + 3°k

(@ r'(r) =i+3j+2k

(b) %[%(r) —u()] = 3r'() - w'(r) © %(St)u(t) = (SH)u’(r) + 5u(r)
= 3(i + 3j + 2k) — (4i + 24 + 3°k) = 5t(4i + 24 + 3°k) + 5(4di + £ + k)
= (3-4)i+(9-2)j+ (6 - 37)k = (207 + 20¢)i + (1022 + 5¢2)j + (157 + 52 )k
=—i+(9-2)j+(6r - 3°)k = 404 + 15¢%j + 20k

() %[r(r) cu(r)] = () - u'(t) + r(t) - u(e)

(@) + (o)1) + (2)(32)] + [()(40) + 3)() + (2)(¢*)]

= (4t + 662 + 3*) + (4 + 32 + 21%)

= 8t + 9¢* + 5t
© %[r(t) X u(f)] = () x w'(2) + (1) x u(2)
= [7t3i + (462 = 3805 + (22 - 12t)k} + [ﬁi + (82 = £)j+ (£ - 12t)k}

= 8% + (127 — 4°)j + (37 — 241)k
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36.

Section 12.2 Differentiation and Integration of Vector-Valued Functions 1181

() %r(Zt) = 2r'(21)

= 2fi + 3j + 2(20)k |
= 2i + 6j + 8tk

. 1 .
r(t) = fi + 2sinfj + 2 cos &k, u(t) = =i + 2sin ¢j + 2 cos tk
t

r’(f) =i+ 2costj — 2sink,u'(t) = —%i + 2cos fj — 2 sin tk
t

(@ r(f) =i+ 2costj— 2sintk

(b) %[y(;) — ()] = () - (o)
= 3(i + 2 cos fj — 2sin k) — (—tizi + 2 cos tj — 2 sin tkj
= [3 + %2)1 + (6cost —2cost)j+ (—6sint + 2sint)k
= (3 + %2)1 + 4 cos tj — 4sin tk

© %[(St)u(t)] = (50u(t) + 5u(t)

1 . 1 .
= St(—?i + 2costj — 2sin tkj + 5(? + 2sin tj + 2 cos tkj
5. . . 5. s
= —?l + 10¢ cos tj — 10¢ sin 7k | + ?1 + 10 sin #j + 10 coszk
= 10(¢ cos ¢ + sin ¢)j + 10(cos ¢ — ¢ sin ¢)k

(d i[r(t) . u(t)] =r(t) - () + r'(r) - u(t)

1

{(r)[—tzj + (2sin )(2 cos ¢) + (2 cos £)(—2 sin t)} + {(I)CJ + (2 cos £)(2 sin ¢) + (=2 sin £)(2 cos t)}

1 . . 1 . .
(——+4smtcost—4smtcost]+(7+4smtcost—4smtcost)
t t

0(t = 0)

(e) —[r(t) X u(t)]

r() x w'(r) + r'(t) x u(e)

[
|
N
&
+
|
NS

. 2 .
cos t + 2t sin t]j + (Zt cosf + — sin tjk}
t

+ {4i + [—3 sin ¢ — 2 cos t]j + [2 sin ¢ — 3cos tjk}
t t
j. 1

Il
\S]
—— 1
Y
~
|
~ | —
@
=
=
~
|
TN
b
+
—_
~—
[«
=]

@
~
| SR
—
+
[\]
————1
/N
—_
+
NN‘ —
~—
@
=.
=
~
+
VR
~
|
|
~—
[«

o
7]
~
| S
~

) Lr2) = ()

2(i + 2 cos(2t)j — 2 sin(21)k)
2i + 4 cos(21)j — 4 sin(2r)k
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1182 Chapter 12 Vector-Valued Functions

37. r(t) = di + 2% + £k, u(t) = 'k
(@) r(r)-u(r) =17
() D[r(r) - u()] = 74
(ii) Alternate Solution:

D[r(e) - u(®)] = v(t) - w'(t) + ¥'(e) - u(t) = (4 + 2% + £Kk) - (4°K) + (i + 44 + 37°k) - (k) = 4° + 3¢ = 71

i j ok
() r(t)yxu(r) =|t 22 )= 2% -7
o o ¢

(i) D[r(t)xu(t)] = 126% — 5¢%;
i i k i j Kk
(ii) Alternate Solution: D,[r(t) X u(z)} =r([)x (@) xr()xu(t) =t 22 2|+l 4 3¢*|=12F1 - 5t
0 0 42 [0 0 ¢
38. r(t) = cosdi +singj + &k, u(t) = j+ k
(@) r(s)-u(r) =sins + ¢
(i) Dt[r(t) : u(t)} = cost + 2t
(ii) Alternate Solution:

D,[r(t) : u(t)J r(?) - uw'(?) + r'(¢) - u(?)

(costi +sintj + tk) -k + (—sinfi + cos#j + K) - (j+ tk) = t + cost + ¢ = 2¢ + cost

i ok
() r(f)xu(r) =|cost sint ¢|= (¢sint —t)i — (¢cos?)j+ cos k
0 1 t

(i) D,[r(t) X u(t)] = (tcost + sint — 1)i — (cost — ¢ sin¢)j — sin 7k
(i) Alternate Solution:

D,[r(t) X u(t)] =r(f) xu'(2) + r'(t) x u(?)

i k| i j kK
1

=|cost sint t|+|-sint cost
0 0 1 0 1 t

= (sin¢ + tcost — 1)i + (¢sin¢ — cos ¢)j — sin 7k

. . 2 .
39. j(2ﬂ+1+9k)df—“+fl+9fk+c 42. I[lnﬁ+%j+k}dt=(tln‘t‘—t)i+lntj+tk+C

40. [ (48 + 66 — 4/ik) dr = ' + 3% - Sk + € (Integration by parts)

1 2 43.j(i+4t3j+5fk)dz=zi+t4j+ik+c
41. I[fi +j- ﬁ/zkj dt = In|t]i + fj - gzmk +C ns

t

44, J[sec2 i+ 1 ltz
+

j}dt = tan #i + arctan #j + C

45. I (e’i +j+ tcostk) dt = e'i+ 6+ (cost +tsinf)k + C

(Note: Integration by parts needed for I tcostdt)
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46.

47.

48.

49.

50.

51.

52.

53.

54.

5S.

Section 12.2 Differentiation and Integration of Vector-Valued Functions 1183

I (e—f sinti + cot tj) dt = [—% (cos ¢ + sin t)e"}i +In|sint|j+k + C

(Note: Integration by parts needed for the first integral. Also, you could combine the constants k + C.)

1
Uigi o a2 .
IO(Stl+tj—k)dt—[4t1}0+[2]} —[tk]0—4l+51—k

0

1 1 1
1 t2 t 3
i+ 685+ 3k)dt = | —i| +|=—j| =+ 714/31(} =0
j.il( ! ) |:2 :|1 |:4]}1 |:4 -1

/2

72 . o o .
IO (5cos i + 6sintj + k) dt = [5sinfi — 6 cos £j + tk];

(Si + %k] - (=6j)

5i+ 6j + 2k
2

L;ZM [(secttan 1)i + (tan7)j + (2 sin z cos t)k] dt = [sec fi + In|sect|j + sin’ thZM = (\/5 - l)i + In/2j + 1k

2
j Oz(ti +e'j - te'k) dt = {’221} + [e’jli -~ 1)e'k}2 =2i+ (e —1)j- (2 +1)k
0

|d + 5] = Ve =1+ 2 fore 20

[+ eiae = [ N1+ an = B(l + zl)”T = 11072 - 1)
0

r() = [ (4e¥i + 3¢'f) dr = 2¢%i + 3¢ + C 56. r(t) = —4 cos £j — 3sin K

r(0) = 2i +3j + C = 2i = C = -3j r'(t) = —4singj + 3costk + C,

() = 2% + 3¢ — 1) r(0)=3k =3k +C, = C, =0
r(t) = 4costj + 3sintk + C,

r(t) = [(32% + 6/K) dr = £ + 4%k + C r0) =4j+C, =4j = C, = 0

r(0) = C =i + 2j r(f) = 4costj + 3sintk

r(f) =i+ (2+2)j+ 4%k
2 4 L oo .
57. r(t)zf(ze i-e j+k)dt=—ae i+te’j+tk+C

(t) = [-32jdr = 32 + C

=] 1 H0)= —Si+j+C= - j+k=C=i-2j+k
r'(0) = C, = 600~/3i + 600j 2 2
r(¢) = 600~/3i + (600 — 32¢)j

) ( ) (1) = (1 L ji + (e =2)j+(t+ 1k

() = [[600</3i + (600 — 320)j]r 2

2
= 600~/3i + (600¢ — 16%)j + C = [2 _26 ]i +(e" = 2)j+(t+ 1k

r(0)=C=0

r(f) = 600~/34 + (600¢ — 161%)j
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1184 Chapter 12 Vector-Valued Functions

1 1 U
i+2j+k]a’t:arcs1nt1—tt|+lntk+C
t t

s8. r() = j(\/ll_j

r(l):%i—j+C:2i:>C:[2—§]i+j

r(r) = (arcsint +2 - %)1 + (1 - %j_] +Intk

59. At ¢ = t,, the graph of u(¢) is increasing in the x, y, 61. Let r(f) = x(¢)i + y(1)j + z(t)k. Then
and z directions simultaneously. er(f) = ex(o)i + cp(¢)j + cz(f)k and
60. Sample answer: £(t) = fi + 31, g(r) = 4i — 4 7[” J = o(0)i + (1) + Z(0)k
- 4 _ 32
f(0) - gl0) = 4r = 3 - c[x i+ (0 + Z0K] = er' (o)

L; [£(t) - g(r)] de = LI (4 - 3%) dt = [th - t3]i) =1

1 1, . . 2, 3%, : 1, 3.
'fo f(t) dt = fo (d +34) dt = |:21 + 2]} =i+

1 t? : 1
.[o g(r) dr = J. (4i — g) dt = {4t1 - 2]}0 = 4i - 5

(_[01 f(7) dz) - (Lj g(t) dt) =2- % # 1

62. Let r(¢) = x(0)i + 1(2)j + z(t)k and u(?) = x, ()i + »2(2)j + z:(t)k.
r(f) £ u(t) = [x(t) £ %) i + () £ 3:(0)]i + [2(f) £ 2() &
E[ u(t)] = |:x1'(t) £ (O)]i+ [0 £ 270+ [270) £ (0

=[5 O + 5 05 + 2 (O] £ [0 + 27 (05 + /(K] = (1) + (o)

63. Let r(¢) = x(2)i + »(2)j + z(¢)k, then w(r)r(z) = w(t)x(2)i + w(?)y(2)j + w(t)z(?)k.

%[w(t)r(t)] = [w(0)(e) + w(O)x(e)i + [0y (0) + w(e)p(0)]i + [w(0)Z(0) + w(0)=(r) [k

= w(t)[ X(0)i + Y (1) + Z(Ok ] + WO x(0)i + y()j + (k]| = w(o)'(£) + w/()r(2)
64. Let r ( ) = xl( )1 +n(0)j+ zl( )k and u(r) = x,(0)i + y,(1)j + z,()k.
[yl(t — (), (t ]1 [xl ()zy(¢) - zl(t)xz(t)]j + [xl(t)yz(t) - yl(t)xz(t)]k

gﬁrxmﬂ [mn<)+xo 0) = 2092 (0) = 2 O i = [0 (0) + 5/ (0)72(0) = 2% (1) = 2 (Oxa(e)

[ (1) + (06 = 10 () = 9 ()a(0) &

=$wmw—«wmﬁ—hw<a v)@}{mwa>n0(ﬂ4
W 020 - 2 O] - [0 (0)]i + [ (0) ¥ (p(e) o)
= r(f) x w'(t) + r'(r) x u(7)
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Section 12.2 Differentiation and Integration of Vector-Valued Functions 1185

65. Let r(t) = x(t)i + y(£)j + z(t)k. Then r(w(t)) = x(w(t))i + y(w(t))j + z(w(t))k and
%[r(w(t))] = X(w(O))W(0)i + ¥ (w(e))w(t)j + 2 (w(e))w/(t)k (Chain Rule)
= WO X(w(0)i + 5 (w(0)i + Z(w()k ] = WO (w())

66. Let r () () (e)j + =(t )k Then r'(f) = /(¢ )i + y'( )i+ Z(0)k.

[Y(’)Z V()i =[x (O i+ [0y (0) = p(0)x'(1)
E[r Xt ] [0O)2(0) + Y(O)Z(0) - 2(05(0) = 2Oy @)]i - [x()"(0) + ¥()(0) - =)0 - 2 ()]
+ [x t) + x( () — »(0)x"(2) — ¥ ()x'( ]k
= [¥(1)z ()i = [x(0)2"(e) = 2()x"(2) ]i + [x(0)y" () = p(e)x"(¢) & = x(2) x ¥"(2)

67. Let r(f) = x(0)i + »(0)j + z(O)k, u(t) = x ()i + y,(0)j + z2(t)k, and v(¢) = x3(¢)i + y3(¢)j + z3(r)k. Then:
r(1)- [u() < v(1)] = 5 (O 2(0)25(0) = 2(0)33()] = (O m(025() = 20w (0)] + 20 w030 - 320 (0]
1) (a0 v(0)] = 501200021 (0) + 3097 ()20 + 5 (02(0)2500) = x ({02 ()
=003 (1)2(0) = 5 (05(0)22(0) = 3 (0)02(0)25 (1) = 3 (0)3 (1)2(0) = 3 (0)0a(0)25(0)
(0220055 () + 31 (022 (x5 (0) + 27 (022 0)s(0) + 2 (0095 (1) + 21(0)x) (0)3(0)
(0)6a(e)5(1) = 21 (002(0)5 (1) = 2 (009 (xs(e) = 2 (1) (1))
(O02(0)z:(0) = 33(0)22(6)] + 3 (O =xa0)22(6) + () (6)] + 21 () xa()3a(0) = 22 (0)::() ]}
3 (0)23(0) = 33022 (0] + 7O =% (02500 + 25 (s (0) |+ 20w (30 = 2 (O 0]
302 (0) = 35 (02(0)] + 70 5202 () + 22(0)55 (1) + 210 wale) () = a0 ()]
= (e) - [u(r) > v(1)] + v(e) - [w(e) < v(e)] + v(e) - [u(r) x V(1)

68. Let r(r) = x(0)i + y(0)j + z()k. If r(¢) - r(¢) is 69. r(t) = (r — sin¢)i + (1 — cos)j
constant, then: (a &

ke 2] - ol LAYV,

0

+
—
=
—
=
—

+

—
=
—
=

—

The curve is a cycloid.
(b) r'(r) = (1 — cost)i + sin tj

r’(¢t) = sindi + cos fj

So, () = 0.
o, (1) - r'(z) Hr'(t)Hz \/l—Zcost+coszt+sin2t

= /2 —2cost
Minimum of Hr'(z)His 0, (¢ = 0).

Maximum of Hr'(t)H is2, (t = n).

Hr”(t)H = /sin® ¢ + cos’t =1

Minimum and maximum of H r’(t) H is 1.
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1186 Chapter 12 Vector-Valued Functions

70. r(f) = 2cosfi + 3sin
(a) Ellipse (b) r'(r) = -2sind + 3cos fj
r'(t) = —2cos fi — 3sin fj

Ir’(t)” = J4sin?¢ + 9cos? ¢

| ] Minimum of || r'(t)” is2, (1 = 7/2).

Maximum of Hr'(t)” is3, (1 = 0).
r(2) “ = /4 cos’ + 9sin® ¢

Minimum of |#(£)|is 2, (¢ = 0).

(1)) is 3, [t = %j

Maximum of

71. r(¢) = € sindi + €' cos fj
r'(t) = (e’ cost + €' sin t)i + (e’ cost — e sin t)j
(1) = (—e’ sint + e cost + e sint + e cos t)i + (e’ cost —e' sint — e sint — e cos t)j = 2¢' cos fi — 2¢' sin tj
r(f) - r’(t) = 2¢* sintcost — 2e* sintcost = 0

So, r(t) is always perpendicular to r”(z).

T ..
72.(a) t = Z: both components positive
hY/4 . i,
t = ?: x-component negative, y-component positive
by . .
t = —: x-component positive, y-component negative

(b) No. There is a cusp when ¢ = 0, at (I, 0).

73. True 76. False.

“r(0) - u(o)] = ¥l0) - w(o) + ¥'0) - (o)

—|r
dt

75. False. Letr(¢) = cos ¢i + sin ¢j + k. (See Theorem 2.2, part 4)

74. False. The definite integral is a vector, not a real number.

4Ire]] = 0

r'(t) = —sin ti + cos #]

o)) =1

Section 12.3 Velocity and Acceleration

1. The direction of the velocity vector provides the 2. (a) The acceleration vector points toward the sun. The
direction of motion at time z. The magnitude of the comet’s speed increases as it gets closer to the vertex
velocity vector provides the speed of the object. of the parabola and decreases as it moves farther

from the vertex.

(b) The acceleration vector points downward due to
gravity.
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Section 12.3 Velocity and Acceleration 1187

3. x(t) =3 + (¢ - 1)j, (3,0) 5. r(1) = i + 4, (4,2)
@  v() =) =3i+] @ v() = () =2+
Speed = v(1)] = m - Vio Speed =[[v(0) = V4 + 1
a(t) = (f) a(t) = (1) = 2i
(b) At (3,0), (b) At (4,2),7 = 2.
v(1) = 3i+ja(l) =0 v(2) = 4i + j,a(2) = 2i
() x=3,y=t-1 © x=0,y=t
Ve g 1 line x = )2, parabola

t t } t
— N 2 4 6 8
-2

44

4. x(1) =4+ (4-7)j (1.3)
(@ v()=r(t) =i-24

7 — 3 . .
Speed = |v z)H J1+ (—2t)2 =J1+42 @ V) =r() =it
) =1l = Speed = | V(1) = |2t + 1
(b) At (1,3).1 = 1. X
V(1) = i - 2j,a(l) = -2j a) = 51

© i (b) At (3,2),¢ = 2.

c) x =t y=4—1

A 5 parabola v(2) =3i+j, a(2) =3i
Yy = - X,

L
. ) x=—t"+1, y=t
, © 1 y
s
13
x=—y +1= = 3/4(x -1
yed y = 3/4x-1)
6
. Nl )
(.2)
277//3
R VA
]
]
-6
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1188 Chapter 12 Vector-Valued Functions

7. r(t) = 2 cos 4i + 2 sin 4, (\/5, \/5) 8. r(t) = 3cosdi + 2sin 4, (3,0)

@  v(t) = r(e) = —2sind + 2 cos fj (@ v(t) =r(r) = -3sind + 2 cos fj

Spect  [0)] - /3T T T - 2 sped =|(0)] = oo+ dem
a(f) = —2cosfi — 2sint j a(r) = —3cos i — 2sin 4]

T
(b) At (V2,/2),1 = T

(b) At (3,0),7 = 0.
v(0) = 2j,a(0) = -3i

V(%J:_ﬁi+ﬁj (¢) x =3cost,y =2sint
Y 2
a(ﬁ) = —‘\/Ei - ‘\/Ej (Ej + (gj — COSZ t+ Sinz t = 1’ ellipse
4

y

(c) x =2cost,y =2sint

x? + y? = 4, circle
y /I—”_Nv
N 3 1_I—y(3,0)x
/xﬁﬁ)
N2
]

I
t
3

9. r(r) = (t —sint, 1 — cos t), (7, 2) ©x=t—sinty=1-cost
(@ v(r) = v(t) = (1 - cost,sint) y
Speed = HV(I)H = \/(1 - cos t)2 +sin?t = /2 — 2cost

at) = <sin t, cos t>

(b) At (7,2),t = 7.
v(7) = (2,0),a(z) = (0,-1)

@ v(0) =) = (") @x=ely=ey=2
Speed =[v(1)|= \/(-e)" + (&) = e e \
at) = (1) = (e, ¢')
(b) At (1), = 0. doan”
v(0) = (=1,1),a(0) = (L.1) .

11, r(f) = 4 + 56 + 3k, t =1
(@ () =r()=i+5j+3k (®) v(1) =i+ 5j + 3k
Speed = |v(r)| = V12 + 5% + 32 = /35 a(l) =0

at) =r"(t) =0
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12. r(t) = 44 + 4t — 21k, ¢t = 3
(@ v()=r()=4i+4j-2k
Speed = H
at)=r"(t) =0

(b) v(3) = 4i + 4j — 2k

V()= 4+ 42+ (-2)" =36 =6

Section 12.3 Velocity and Acceleration 1189

15. r(t) =d -+ N9 - °k, 1 =0

¢
9—¢2

k

@ v@O)=r@=i-j-

18 — #2

Speed = | v(r)] = \/1+1+ 9:_:2 =\/

9 ¢

H=r"(t) =- k
) = 0 a(r) = r’(1) o)
13. r(t) = 4 + % + %tzk,t =4 (®) ¥(0) =i-j
a(0) = ~—o5k = —<k
@ v(@)=r(@)=i+26+1k 9 3
Speed =||v(r)]| = V1 + 47 + 2 = N1+ 52 e
p 16. r(t) = i + fj + 207k, 1 = 4
H=r"(t)=2j+k
a(t) = r'(r) = 2j + @@ V() =r(0) = 2+ j+ 3Jik
b) v(4) = i + 8j + 4k
() v(4) =1 +8j+ Speed = v(r)]| = /4 + 1+ 9
a(4) = 2j + K \
a(t) =2+ —=k
1 (1) N/
4. r(t) =3+ tj+ —r’k, t =2
4 (b) v(4) = 8i + j + 6k
@  v() =r(f) =3+ j+ -tk 3(4):2”%1(
Speed = | v(7)| \/9+1+ 2 =\/10+it2
1
t) = -k
() = 1
(®) v(2) =3i+j+k
1
2) = -k
() = L
17. r(t) = (4,3 cost,3sint), t = 7
(@  v(r) =r'(r) = (4,-3sin1,3 cos t> () v(z) = (4,0,-3)
Speed :H H = \/42 3smt + (3 cos t)2 =~16+9 =5 a(z) = (0,3,0)
a(r) = r’(t) = (0, -3 cos ¢, -3 sin 1)
18. r(t) = <2 cos ¢, sin 3¢, t2>,t ==
(@ v(@)=r() = < 2sin ¢, 3 cos 3¢, 2t>

Speed = H v(?) H = \/ -2 smt
2 cos £, =9 sin 3¢, 2)
2

2

2—3\/— >

gt
>

2

2_,

%
-
o2
-(
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1190 Chapter 12 Vector-Valued Functions

19. r(t) = <e’ cos ¢, e sin ¢, e’>, t=0

(@ v()=r() = <e’ cost —e ' sint, e sint + e cost, e’>

Speed = H H = \/ cos ¢ — sin t) e*(cos ¢ + sin t)2 + e

=3

[N
—
~
-

|

=)

e cost—e'sint—e'sint—e cost, e sint + e cost+e’cost—e’sint,e’>

{
< 2¢' sin ¢, 2¢' cos t, e>

a(0) = (0,2,1)
2. (1) = <lnt 1 t4> i =3 22. a(t) = 2i + 3k, v(0) = 4j,r(0) = 0
. - > o 5 -
! V() = [ (21 + 3K)dr = 24 + 3k + C
(@ (1) =r()= <%—t% 4t3> v(0) = C = 4j = v(¢) = 26 + 4j + 3tk
— , r(r) = [(26 + 4 + 3tk) dt = £ + 46 + 3%k + C
speed =[ V()] = [z + 5 + 161 r(0) = C = 0 = () = 2 + 4 + 2k
alt) = (1) = <_ti2 %’12t2> r(2) = 4i + 8j + 6k

21. a(r) =i+ j+k,v(0) =0,r(0) = 0
v(t) = Il+j+kdt—tl+tj+tk+c
v(0) =C =0,v(t) =i+ fj+ ik, v(r) = t(i + j + k)

2

r(t)zj(ﬁ+zj+zk)dt=%(i+j+k)+c

r(0) = C = 0.r(r) = g(i +j+Kk)

r(2) = 2(i + j + k) = 2i + 2j + 2k
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23.

24,

25.

26.

Section 12.3 Velocity and Acceleration 1191

a(t) = fj + &k, v(1) = 5j,r(1) =0
2 2

t t
t)=|(tj+k)dt = —j+—k +C
V() = [+ w)dr = Ti+ 5

1 1 9 1
vi)==j+k+C=5=>C==j-—-k
9 ZJ 2 ! 2‘l

2
V(i) = (’22 . z], " (i - ;]k

-3l o

r(1) EJ—%k+C=03C=—E]+lk
3 3

r(?) t—+2t—5j+ t——lt+lk
6 2 3 6 2 3
17 2

2) = —j+ =k

2) 3J 3

a(r) = —32k, v(0) = 3i — 2j + k, r(0) = 5j + 2k
v(t) = [-32k dr = =326k + C
v(0) = C = 3i - 2j + k = v(t) = 3i — 2j + (1 - 320)k

r(r) = [[3i - 2j + (1 - 320k Jdr = 36 — 26 + (t = 16°)k + C
r(0) = C=5j+2k = r(t) =3+ (5 - 2)j+ (2 +1 - 167 )k
r(2) = 6i + j - 60k

a(t) = —cosfi —sin4j, v(0) = j+ k,r(0) = i

v(t) = j(—coszi —sintj)dr = —sinti + costj + C
v0)=j+C=j+k=C=k

V(t) = —sinfi + costj + k

1) = J(—sinti + costj + k)dt = costi + sintj + tk + C

f) = costi + sin#j + tk
r(2) = (cos 2)i + (sin 2)j + 2k

¢'i — 8k, v(0) = 2i + 3j + k,r(0) = 0

= [(ei - 8K)dr = ¢'i — 8tk + C
vi0) =i+C=2i+3j+k=>C=i+3j+k
v(t) = (¢ +1)i + 3+ (1 - 81)k
r(0) = [[(e +1)i +3j + (1 - 80)k Jar

= (¢ +1)i+3+(t -4k + C
r(0)=i+C=0=C=-i
r(r) = (¢ +¢—1)i + 35+ (1 — 4°)k
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1192 Chapter 12 Vector-Valued Functions

27. r(f) = 140(cos 22°)ii + (2.5 + 140(sin 22°)¢ — 16¢7)j
v(f) = r(¢) = 140(cos 22°)i + (140(sin 22°) — 32¢)j
The maximum height occurs when

y(f) = 140(sin 22°) =32t = 0 = ¢ = % = %Ssin 22° = 1.639.

The maximum height is
. 35 . 35 . ’
y = 2.5 + 140(sin 22°) 3 it 22°| - 16 3 it 22°| = 45.5 feet.

When x = 375, ¢ = 3B ~ 2.889.
140 cos 22°

For this value of ¢, y = 20.47 feet.

So the ball clears the 10-foot fence.
28. r(r) = (900 cos 45°)i + 3 + (900 sin 45°)r — 16¢2 |j = 450/21 + (3 + 450\/2¢ — 16¢)

The maximum height occurs when y'(t) = 4502 - 32t = 0, which implies that ¢ = (225\/5)/16.

The maximum height reached by the projectile is

2
y =3+ 450\/5(222/5] - 16[225\/5] = 30649 _ 6331 125 feet.

16 8

The range is determined by setting y(¢) = 3 + 450~/2t — 161 = 0 which implies that

- 450V — /405192 39.779 seconds

=32

Range: x = 450\/5(_450\/_ — /405,192 j ~ 25,315.500 feet

=32

29. () = (v, cos O)di + {h + (vo sin B¢ — %gtz}j = iy (3 + Yy - 16t2]j

NG NG

20 4 = 300 when 3 + ~2¢ — 16> = 3.

NG NG

. 30032 v (3003/2) | (30072
Vo "2

Ve = 300(32), vy = /9600 = 40/6, v, = 40/6 =~ 97.98 fit/sec

The maximum height is reached when the derivative of the vertical component is zero.

’ 300%(32)
= 0,300 - — > = ¢

2

Vo Vo Vo

v 40-/6
) =3+—L—162 =3+ t — 166> = 3 + 40~/3t — 167
) 72 N
V(1) = 40/3 =32t = 0
_40N3 53
32 4
2

Maximum height: y[sjf} =3+ 40\/5[57‘{5} - 16[57‘{5} = 78 feet
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Section 12.3 Velocity and Acceleration 1193

220

30. 50 mi/h = Tft/sec

31.

32.

-
—_
=
=
Il

(@ cos 15°Jti +15+ [@ sin 15°jt — 16¢* |j
3 3
27

The ball is 90 feet from where it is thrown when x = @cos 15t = 90 = t = —————— = 1.2706 seconds.
3 22 cos 15°

2
The height of the ball at this timeis y = 5 + [@ sin 150] 27 - 16 2 =~ 3.286 feet.
3 22 cos 15° 22 cos 15°

X

t) =1t 6 t =
x(t) = #(vy cos 8) or e
¥(1) = t(vysin 6) — 16¢* + h

2

y=—7= (vosing)—162xi2 +h = (tan @)x — gsec29x2+h
v, cos @ vy cos- @ v

y = x — 0.005x”
From Exercise 31 you know that tan 6 is the coefficient of x. So, tan 8 = 1, 8 = (7/4) rad = 45°. Also

16 . .
— sec” 6 =negative of coefficient of x*
Vo

16

73(2) = 0.005 or v, = 80 ft/sec

r(t) = (40\/Et)i + (40\/Et - 16t2)j. Position function
When 40/2¢ = 60,

60 32
402 4

V() = 403/2i + (4052 - 321)j
v[3\fj = 40:/2i + (40/2 - 2442}

= 8\/5(5i + 2j). Direction

v[3ﬁ] = 8/2+/25 + 4 = 8/58 ft/sec

Speed =

4
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1194 Chapter 12 Vector-Valued Functions

33. 100 mi/h = (moﬂj[szsoij / (%ooﬁj = M0 sec
hr mi hr 3

@ r(r) = [? cos Hojti + {3 + (? sin 00} - 16t2}j

Graphing these curves together with y = 10 shows that §, = 20°.
(b) 1

500

0 6,=10 =15
(¢) You want

x(t) = (? cos 9)1‘ > 400and y(¢) = 3 + [? sin th —16¢% > 10.

From x(r), the minimum angle occurs when ¢ = 30/(11 cos 6). Substituting this for ¢ in y(r) yields:

2
3+ ﬂsiné’ 30 — 16 30 =10
3 11cos @ 11cos @
400tan9—w ec’ =17
14’400(1 + tan® 9) —400tan 6 +7 =0

121
14,400 tan2 @ — 48,400 tan 6 + 15,247 = 0

48,400 + (/48,400° — 4(14,400)(15,247)

tan 6 =
2(14,400)
0 = tan-! 48,400 — 1/1,464,332,300 | _ 19.38°
28,300
34. h = 7 feet, 8 = 35°, 30 yards = 90 feet
r(£) = (vo cos 35°) + [ 7 + (vg sin 35°) — 16¢*
(a) vycos35°% = 90when 7 + (vo sin 35°)t - 162 = 4
90
t=—-—
v, cos 35°
2
7 + (v, sin 35°) %0 -16 20 =4
v, cos 35° v, cos 35°
90 tan 35° + 3 = 72129’6200
vy cos” 35°
R 129,600
Vo = 2 o o
cos” 35°(90 tan 35° + 3)
vy = 54.088 ft/sec

(b) The maximum height occurs when y'(r) = v, sin 35° — 321 = 0.

p= Y835 6969 sec
32
At this time, the height is »(0.969) = 22.0 ft.
(¢) x(t) = 90 = (v, cos 35°)t = 90
90

t=——————— = 20sec
54.088 cos 35°
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Section 12.3 Velocity and Acceleration 1195

35. r(¢) = (vcos O)i + [(v sin 6)¢ — 16t2]j
(a) You want to find the minimum initial speed v as a function of the angle 6. Because the bale must be thrown to the position
(16,8), you have

16 = (v cos O)¢
8 = (vsin 8)r — 167°.

t = 16/ (v cos 6) from the first equation. Substituting into the second equation and solving for v, you obtain:

2
(v sin ) 16 |_ 16| 16
v cos @ v cos @
5 sin @ _ 512 1
cos 8 v? cos? @

512 212 :zsmﬁ _1
V- cos” @ cos @

1 2sint9_1\coszl9_2sin49cos49—coszt9
V2 cos6 ) 512 512
, 512
25sin 6 cos 8 — cos® 6

. 512
You minimize f(6) = 2sin @ cos & — cos? 6

)
1l

1

2cos? @ — 2sin” @ + 2sin 6 cos @
(2 sin 6 cos 6 — cos? 9)2
f(6) = 0 = 2cos(26) + sin(26) = 0
tan(26) = -2
6 = 1.01722 = 58.28°
Substituting into the equation for v,v =~ 28.78 ft/sec.

1(6) = =512

(b) If 6 = 45°,
16 = (vcos @)t = v%t
8 = (vsin @)t — 161 = v%t - 16¢2
From part (a), v? = S12 _ 312 1024 = v = 32 ft/sec.

A2P)N2) - (N2 V2

36. Place the origin directly below the plane. Then 8 = 0, v, = 792 and

r(r) = (v, cos B)i + (30,000 + (v, sin O)¢ — 162)j = 7924 + (30,000 — 16¢2)j =~~~
v(7) = 792i - 324j.
30,000
At time of impact, 30,000 — 16> = 0 = > = 1875 = ¢ = 43.3 seconds.
r(43.3) = 34,294.6i
v(43.3) = 792i - 1385.6]
|¥(43.3)[ = 1596 fi/sec = 1088 mi/h

30,000
tano¥ = ——
34,294.6

0, 0) 34,295

=~ 0.8748 = a = 0.7187(41.18°)
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1196 Chapter 12 Vector-Valued Functions

37. x(r) = (v cos O)ii + [(V0 sin 6)r — 16t2Jj

(vosin @)t — 16> = Owhen ¢ = Oand ¢ = %_
The range is
vosin @ Ve

— sin 26.
16

x = (vy cos O)t = (v, cos 6) )

So,
1200?
x =

sin(26) = 3000 = sin 20 = % = 8 =1091°

39. (@) 6 = 10°, v, = 66 ft/sec

5

38. From Exercise 37, the range is

2
x = 2 gin 20
32

2
So, x = 200 = ~Lsin (24°)
32

= vy = 6400/sin(24°)

125.4 ft/sec

=)

r(t) = (66.cos 10°)di + [0 + (66 sin 10°)r — 16¢*
r(r) = (650)i + (11.46 — 167)j
Maximum height: 2.052 feet

Range: 46.557 feet 0
(b) 6 =10° v, = 146 ft/sec

15

50

r(t) = (146 cos 10°)di + [0 + (146 5in 10°)¢ — 167
r(1) ~ (143.780)i + (25.35¢ — 161%)j
Maximum height: 10.043 feet

o

300

Range: 227.828 feet 0
(c) 6 = 45°v, = 66 ft/sec

r(t) = (66 cos 45°)di + [0 + (66 sin 45°)¢ — 16¢7 j

r(r) = (46.67t)i + (46.67t — 16¢7)j

Maximum height: 34.031 feet

200

Range: 136.125 feet 0
(d) 6 = 45°, v, = 146 ft/sec

200

r(t) = (146 cos 45°)i + [0 + (146 sin 45°)¢ — 161

r(r) = (103.241)i + (103.24¢ — 16%)j

Maximum height: 166.531 feet

o

800

Range: 666.125 feet o
(e) 6 = 60°v, = 66 ft/sec

60

r(t) = (66.cos 60°)i + [0 + (66 sin 60°) — 16¢* |
r(r) = (33¢)i + (57.16¢ — 161 )
Maximum height: 51.047 feet

140

Range: 117.888 feet o
(f) € = 60°,v, = 146 ft/sec

r(t) = (146 cos 60°)i + [0 + (146 sin 60°)¢ — 16£2]j 400

r(r) = (73t)i + (126.44¢ — 161%)j

Maximum height: 249.797 feet
Range: 576.881 feet

o

600
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40. (a) r(t) = t(v cos O)i + (tvy sin 6 — 161%)j

v, sin @

(vo sin @ — 16¢) = Owhen ¢ = T

. 2
Range: x = v, cos 6, Y sin 6 =22 lsin 20
32 32
The range will be maximum when

2
2] 0526 = 0
d (32

or

20 =26 =% rad.
2 4

(b) y(t) = tv, sin @ — 16¢

Dy sing - 326 = O when ¢ = 20500
dt 32

Maximum height:

-16

vg sin® @ vy sin® 6

(vo sin 0] _ vgsin? 6
32

Maximum height when sin 8 = Lor 8 = %

42. r(r) = (v, cos O)i + [h + (v sin O)¢ — 4.9t2Jj
= (v cos 8°)di + [ (v, sin 8°)¢ — 4.9¢% |

x = 50 when (v, cos8°)r = 50 = ¢ = 50
vy cos 8°
50 50 Y
(vosin8)———|-49———| =0
Vv, cos 8° v, cos 8°
4.9)(2500
50 tan 8° = w
vy cos” 8°

32 322 64

Section 12.3 Velocity and Acceleration 1197

41. x(1) = (vo cos O)ti + [ + (vg sin O)r — 4.9
= (100 cos 30°)4 + [1.5 + (100 sin 30°)¢ — 4.9¢% |
The projectile hits the ground when
—4.9¢ +100(1)r + 1.5 = 0 = ¢ = 10.234 seconds.
So the range is (100 cos 30°)(10.234) = 886.3 meters.
The maximum height occurs when dy/dt = 0.
100sin 30 = 9.8t = ¢ = 5.102 sec

The maximum height is
y = 1.5 + (100 sin 30°)(5.102) — 4.9(5.102)2
129.1 meters.

0

——— . For this value of ¢z, y = 0:

(4.9)50

g = ————— = 1777.698 = v, = 42.2 m/sec

tan 8° cos” 8°

43. To find the range, set y(¢) = & + (v, sin )t — %gt2 = Othen 0 = (%g]tz — (v sin 6)¢ — h. By the Quadratic Formula,

(discount the negative value)

vy sin 6 + \/ (—vp sin 8)" — 4[(1/2)g ()

Vo sin @ + /v¢ sin® @ + 2gh

t = =

2(1/2)g]

At this time,

x(t) = vy cos H[VO sin @ + /v{ sin® @ + 2gh]

g
2
0

_ Yocosé vo sin @ +  [v [sin26’+2g2h]
4 Vo

2
= vocosé’[sin 6+  [sin? @ + ZgZhJ feet.
g Vo

second.
g
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1198 Chapter 12 Vector-Valued Functions

44.

45.

46.

47.

48.

49.

50.

h=575v, =41,0 = 42.5°, g = 32

From Exercise 43, the total time of travel is

[ _ Alsin425° + JA1 sin® 42.5 + 2(32)(5.75)
- 32

The total horizontal distance is

’ ° 2(32)(5.75
x(1) = 4ICOS42'S[Sin 42.5° + \/sin2 42.5° + (2(7)J

=~ 1.92 seconds

32 12
= 58 feet.
r(¢) = b(wt — sin wt)i + b(1 — cos wt)j
V(1) = b(w — @ cos wt)i + bwsin wtj = bo(l — cos wt)i + bw sin wtj
a(t) = (ba)2 sin a)t)i + (ba)2 cos a)t)j = ba)z[sin(a)l)i + cos(a)l)j}
[v(6)] = V2bw /1 = cos(wr)
|a(t)] = ba?

@ |v(t)|= 0when ot = 0,27, 47, ...

(b) HV(t)H is maximum when @t = x, 37, ..., then HV(I)H = 2bw.
r(t) = b(wt — sin wt)i + b(1 — cos wi)j

v(t) = ba)[(l — cos wr)i + (sin a)t)j]

Speed = || v(t)[| = b/l - 2 cos @1 + cos® o1 + sin® w1 = /2 ba /1 — cos wr.

The speed has a maximum value of 2bw when wt = x, 37, ...

60 mi/h = 88 ft/sec = 88 rad/sec (since b = 1).
So, the maximum speed of a point on the tire is twice the speed of the car:
2(88) ft/sec = 120 mi/h
v(t) = —bw sin(@1)i + bw cos(wr)j
r(?) - v(t) = —b*wsin(wt) cos(wt) + b*w sin(vt) cos(wr) = 0

So, r(r) and v(¢) are orthogonal.

(a) Speed =|v|| = \/b2a)2 sin®(wt) + b*@” cos*(wr) = \/bza)z[sin2(a)t) + cosz(a)t)J = b

The graphing utility draws the circle faster for greater values of @.
a(t) = —bw’ cos(wt)i — ba’ sin(wt)j = —ba’| cos(wt)i + sin(wr)j] = —w’r(1)

a(t) is a negative multiple of a unit vector from (0, 0) to (cos @z, sin wt) and so a(r) is directed toward the origin.

Ha(I)H = ba)zHcos(a)t)i + sin(vt)jH = b

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Calculus Early Transcendental Functions 7th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337552516-solutions

51. |a(t)| = @b, b = %
F—ma:l—m(SZ)zm—;
4 4(32)
2 = m(wb) = L[laﬂj = @ =512 = w=1672
4(32)\ 2

(t)H = bw = %(16\/5) = 8/2 fi/sec

52. Hv(t)H = 30 mi/h = 44 ft/sec

= — rad/ sec
300

b
Jo()] = bo*
2
|¥||= m(be?) = @(300)(ﬂj = 2057,
32 300 3

Let n be normal to the road.

[n|cos & = 3400

[n[sing = 227

Dividing, tan 8 = 121
60

0

6 = 114°
53. The particle could be changing direction. For example,
let r(¢) = cos i + sin ¢j. Then the speed is Hr(t)H =1,

but a(7) is not constant.

54. Let r,(¢) = 4n,(¢). Then r;(¢) = 4r{(r) and
(0] =

55. No. This is true for uniform circular motion only.

@] = 4fvi@)-

[0 =

56. r(f) = acos wti + bsinwt

(@ r'(t) = v(t) = —awsin wfi + bw cos wij

Speed = v(1)| = J@?@ sin® ot + Ba? cos® o
(®) a(t) = v(t) = —aw? cos wti — be)’ sin wtj
= @*(-a cos wti — bsin vt j)

= - r(t)

Section 12.3 Velocity and Acceleration 1199

57. a(t) = sind — cos fj
v(t) = Ia(t) dt = —cos ti — sin tj + C,
VO0)=-i=-i+C =C =0
V(¢

)
)
)
) = —cos fi — sin ¢j
) = Iv(t) dt = —sin fi + cos tj + C,
)=j=ji+C, =>C, =0
) = —sin i + cos fj
The path is a circle.
58. The angle at time ¢, is obtuse.

The angle at time ¢, is acute.

The speed is decreasing at time #, because the projectile
is reaching its maximum height.

The speed is increasing at time #, because the object is
accelerating due to gravity.

59. r(t) = x(¢)i + y(t)j + z(¢t)k Position vector
V(t) x'(t)l + y( )] + z( ) Velocity vector
a(t) = x"(0)i + y'(0)j + 2 (t)k Acceleration vector

Speed =||v(t)] = \/ X+ y(e) + ()

= C, Cis a constant.

Orthogonal
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1200 Chapter 12 Vector-Valued Functions

60. r(r) = x(t)i + y(1)j

() = m(x(t)) + b, m and b are constants.

r(t) = x()i + [ m(x(2)) + b]j

V(1) = X(O)i + mx'(¢)]

s(1) = \/[x ] + [mx ] = C, C is a constant.
o C
So, x'(t) = 7”
X(6)y=0

a(t) = ¥(0)i + md"(¢)j = 0.

61.

62.

63.

True

False. For example, r(t) = £i. Then v(t) = 3t*iand

a(t) = 6ti. v(¢) is not orthogonal to a(r).

False. Consider r(f) = <t2,

and HV([)H =82

Section 12.4 Tangent Vectors and Normal Vectors

1. The unit tangent vector points in the direction of motion.

2. The principal unit normal vector points in the direction

in which the curve is turning.

3.r(t) =i+ 2,1 =1

r(t) = 24 + 2j,

Ty = S0 !

(1)

4. r(t) =i+ 2,1t =1
’( ) = 3% + 44

V2.

r(0) = Va4 +4 =2/ 41

\/E(i+j)=21+\/2§J

H— 9* + 161
(1) 1 3. 4
(1 = ———(3i +4j) = Ji +-j
o (1) \/9+16(1 j) 575

5. r(r) = 5cosdi + 5sintj, ¢ =§

r'(¢)

(t)H: \/25 sint + 25cos’t = 5

= —5sinfi + 5cost j

[”)

A7

T(ﬁj =) Tt cos
3 3

6. r(t) = 6sinti — 2 cos tj, t =%

r'(f) = 6 cos i + 2sin ¢

r(z j = 6(?} + 2(%);’ =33+ j

o) -

1) - gt

.
Zj=-

oI5

3.

1.

7.

r(t) =3d-Ing,t =e
/. . 1-
£) = 3i— -
r'(7) i []
r'(e) = 31—lj
e
r'(e)
T(e) =
r(e)H
1
3i— o
- < =je‘2 1~ 0.9926i —
\/9+72 9¢” +1
e
r(t) = ¢ costi +¢e'j, t =0
r'(t) = (e’ cost — e' sin t)i + €'j
r(0) =i+ j
(0
SR U JRE PR
o) 2o 2 2

r() = 4 + °j + 1k, P(0,0,0)
rf)=i+2j+k

—12>. Then v(¢) =

(21, -21)

0.1217j

When ¢ = 0, ¥'(0) = i + k, [+ = 0at(0,0,0)]

NG

—T())H_T(i+k)

Direction numbers: a =1, b = 0, ¢ =1

Parametric equations: x = ¢, y =0, z = ¢
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Section 12.4 Tangent Vectors and Normal Vectors 1201

10. r(s) = i+t + %k, P(l, 1, ;j

11.

12.

r() = 26 + j

When £ = 1, ¢(¢) = (1) = 2 + | {f -t iﬂ

r(1) 20+ j :ﬁ(zi”)

T = O N

Direction numbers: a =2, b =1, ¢ =0

Parametric equations: x = 2t +1, y =t +1, z = g
r(¢) = cosd + 3sinfj + (3t — 4)k, P(1, 0, -4)

r'(#) = —sin i + 3 cos fj + 3k

t = 0at P(1,0,-4)

r’(0) = 3j + 3k

r(0))= 9 +9 =3v2

T(0) = %(31 +3K) = %(j +K)

Direction numbers: ¢ = 0,6 = 1,¢ =1

Parametric equations: x = 1,y = 3t,z = —4 + 3t or

x=Ly=tz=-4+1

r(t) = <t, N4 - t2>, P(l, 1, \/3)

, t
) =11, -——
() < 4—t2>
When ¢ = 1, (1) = <1,1,— ! >,t= at (11\/§)J

3
() = r,(l) _ \/21/1,1, 1 >
r(l)H 7\ V3
Direction numbers: a = 1,b = 1,¢ = —%
Parametric equations: x = ¢+ 1, y =1 + 1,
1
=—+3
z \/5

13. x(1) = (2051, 2sin ¢, 4), P(/2,~/2,4)

14.

15.

r'(t) = (-2sint, 2 cos 1, 0)

When ¢ = %, r'(%j = <—\/5, V2, O>,

= T (VI

4

R e 1,
3= ) = 50220

Direction numbers: a = —\/E,b = \/E,c =0

Parametric equations: x = 2t + \/5, y = V2t +2 ,
z=4

r(t) = <2 sin ¢, 2 cos ¢, 4 sin® t>, P(l, 3, 1)

r'(t) = (2cos,~2sin ¢, 8sin ¢ cos 1)

When ¢ = % r(%j = (V3,-1,243),
{t = Zat(1.4/3, 1)}

6

6

N

@) s
T(J ] (V3,-1,23)

Direction numbers: a = \/5, b=-1c¢c= 2\/3
Parametric equations: x = V3t + Ly=—-t+ \/E,

z =23 +1
N
r(t) = d + —t*j,t = 2
2
r() =i+

() i+
T(t) = Hr;(t)H = /—1 2
P L
e e
T(2) = i+ 5
N(2) = | ;8 = %(—21 +]) = _zg/gi + ?j

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Calculus Early Transcendental Functions 7th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337552516-solutions

1202 Chapter 12 Vector-Valued Functions

16. r(t) = di + gj,t =3

, . 6,
r'(f) =i-—ij

t
T - r/(t;

(s

1

_ (i _é‘
| \/1 + (36/14)\ ‘ Jj

_L[i_é-]
Vit + 36 )

72t 127
T(¢) = i+ j
(¢ +36)" (¢ +36)"
, 144 96
T (2) = Wl + 5273/2]
T(2) 1
N(2) = + 3i + 2j
(2) ‘T’(2)H \/E( 1 i)

17. r()) =d + Pj+ Intk,t = 1
r() =i+ 24 + %k

. 1
r/(t) 1+ 2t] + ;k

. 2
0 = 0] = - - Stk
\/1+4t2+t—2 rrrd
, 1 — 4t . 208 + 4t -8 — ¢
T(t) = y . T T 7zl t T 7K
(4 + 2 +1) (4z+t+1) (4z+t+1)
, -3, 6 . -9 3. .
Ny = T2 =3k 14, 2\/ﬁj 314y
J14 14 14 14

18. r(t) = V2hi + elj+ ek, 1 =0

19. r(f) = 6cosdi + 6sintj + k.t = 3z
4
r(r) = V2i+elj- ek

r'(f) = —6sinfi + 6 cos ¢

4 — — 2 — 7

r(t)H= /2+e2t+62t= l(et+e’) =e +e! T(t):&:_sinﬁ-fcostj
r = S0 - ek ol

h r’(t)H h e+ et T'(t) = —cos #i — sin fj, '(t)H =1

N G A T %ﬂ:ﬂWQZL_ﬁ.
T(t) - (et + e—t)z T (e/ +e—1)2'l * (et +67')2!‘ 4 ‘T’(37Z/4)H 2 l 2 :
T(0) = %, + L
N(0) = %\] + gk
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20. r(f) = cos3ti + 2sin3fj+ k, t =7

21.

22.

r'(t) = —3sin 34 + 6 cos 3¢j
() = r(r) _  —3sin3i + 6cos 3
IF(0)] ~ Josin? 3¢ + 36 cos? 3¢

The normal vector is perpendicular to T(¢) and points

toward the z-axis:
—6 cos 36i — 3 sin 34§

N(1) =
\/9 sin® 3¢ + 36 cos® 3t
6i
Nﬂ' = =
(7) = 7=
r(t) =4+ %j,t0 =2
x=t,y=%:xy=l
/ 1.
r'(t) = 1—t—2J
2
T([) _ 1 J
*+1
N() = i+t
NIAES !
qa=ﬁ+§
17,,. .
1(2) = e - —
1 ﬁ 3
17 . .
N(2) = T (i + 4j)
r(t) =d -7t =1
x=t,y=—z‘3:>y=—x3
r(l) =i — j
() = i — 3%
(1) = i - 3j
r(1)|=V1+9 =10
V10, .
T(1) = T(l - 3j)
N() = -3+ )

Section 12.4 Tangent Vectors and Normal Vectors 1203

23, r(¢) = (2t + )i — 2j,tp = 2

x =2t+1, 51
1Y
= —l‘2 = — X
g (2)
r(2) = 5i - 4
r'(t) = 2i — 24
2i - 24 i— g
T(¢) = =
© Javar 1+
i - 2j
T(2) =
@ -3
N(2) = 2 perpendicular to T(2)
NG
. . r
24. r(¢) = 2cosfi + 2sintj, ¢ = o

25.

x2 + y? = 4dcos’ t + 4sin’ ¢t = 4, circle

r[”) = —3i -
6
r'(t) = =2 sin i + 2 cos fj
r(1)] = A
T(¢) = —sin ti + cos #j

7y 1. 3 K\
o) 220 T

V3 -DXU'T
T

N(7ﬂ'] — ﬁi + l_] N

6 2 2

*+1
1) = - = 26
2t /i+ 2 /j
ST ()t ()"
NO = )] 2
(t“+1)
1 . )
:x/t4+1(l+tj)
N0 = 5+ 9 =+ )
ar =a~T=—\/§
ay = a N =42
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1204 Chapter 12 Vector-Valued Functions

26. r(r) = £%i + 2,1 = 1 29. r(t) = (e’ cos t)i + (e’ sin t)j,t = %
v(r) = 24 + 2j,v(1) = 2i + 2j

v(2) = e'(cost — sint)i + €'(cost + sin ¢)j
a(t) = 2i,a(l) = 2i ) ( ) ( )

a(t) = ¢'(-2sin¢)i + ¢'(2 cos t)j

T(¢) = MO _ L o)) = (i)
VO~ Var <4 N/ PP S A WS ST
N G ’
T(1) = ﬁ(‘ +]) = Ti + Tj Motion along r is counterclockwise. So,
! » No Lioae N
yoi * L = i) =)
() (2 +1) (2 +1)
N = )~ I ar =a-T =27
2 +1 ay = a-N = J2e7?
- tzH('”’) 30. r(f) = 4cos 3 + 4sin 3,1 = 7
V2. V2, v(¢) = —12'sin 34 + 12 cos 3¢j
N = 35 -2 () i
a(t) = =36 cos 3 — 36 sin 3¢j
ar =a-T =12 a(r) = 36i
ay=a-N=42 At t = 7, vz = -12jand T(7) = —j
27, r( t) =i+ et=0 M(()V;ment is counterclockwise around a circle. So,
N(z) =i
V() = €fi — 2, v(0) = i - 2j o
ar = . =
a(t) = i + 4e7%j, a(O) =1i+4j ay =a-N =36
() = v(t)  efi—2e7j
(1) = H V(t)H = Jac 1 & 31. r(t) = acos wi + asin wij
T(0) = l\—/§2_] v(f) = —awsin ofi + aw cos wij
oy a(t) = —aw’ cos whi — aw’ sin wij
N(0) = i+
Vs T(s) = v() = —sin wti + cos wtj
I /5 [v@)
ar=a-T=—(l-8) =2
15 63 N(r) = T,(t) = —cos o — sin wfj
ay=a N = (24 4) = 50 [T
ar =a-T=0
28. r(r) =€i+e’jt =0 o =2 N = aa?
v(it)=e€i-e'jv(0)=1i—j
a(t) = efi + ¢, a(0) = i + j 32. T(¢) points in the direction that r is moving. N(¢) points
H ( )H /3 in the direction that r is turning, toward the concave side
v(0)] = ~v2 of the curve.
V2. )
T(0) = —=(i - j)

a

)

N
-

Il
&
-

Il
+

=
&) [\
|
=
Il
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Section 12.4 Tangent Vectors and Normal Vectors 1205

33. Speed: Hv(t)H = aw ] R

The speed is constant because ay = 0.

34. If the angular velocity @ is halved,

, vi) =i+2j+k
2
ay = a(%) = %. a(t) = 2j + k
1
. 1 () =~ = —— (i + 26 + tk
ay is changed by a factor of T () Iv| 1+ Stz( )
35. r(t) = di + 26 - 3k, = 1 T(1) = %(i +2j+ k)
v(r) =i+ 2j-3k =56+ 2j+ k
s (14 2V
a(t) = 0 Ny = T (1+52)" si+2j+k
, | V5 S5+ 52
T(¢) = H 1+ 52
\4
- %(i +2j - 3K) N = 3?)0 (781 +2j + k)
14
Vi _aom= 6
=4 (i+2j-3k) = T(l) dr = a 6
’ /30
N(r) = L, is undefined. ay =a-N= 6
I
ar, ay are not defined. 38. r(r) = (20 — Vi + £ — 4k, 1 = 2
36. r(s) = costi +sintj + 27k, ¢ = % V() = 20+ 24 - 4k,
[v(t)] = V20 + 42 = 25+ 72
v(f) = —sin#i + cos fj + 2k
a(r) = —cos i — sinj, [|a] = 1 a(t) = 2j, [a] = 2
(t)Hz«/sinzt+coszt+4 =5 (1) = 2i + 25 — 4k (i + 1 — 2K)
V( ) NCEE \/5 + 12 2
T(s) = —sm fi + cos fj + 2Kk) 1
ol )= 24.10) = L2
ar = at) - T(t) =0

4
ar = a(2) - T(2) =
Ja= e =10 =1 ! 3
16 2
JlalP - a3 = J4-= =25
[—+;J+2k] an |a]? = a* 9 3\/_

a=2j=aTT+aNN=g(i+2j—2k)+§\/§N

an

i)
{3)

—71—7J—CITT+QN N

N = %[21' - g(i +2j - 2k)}
I NEFNETRENEN
15 3 15
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1206 Chapter 12 Vector-Valued Functions

39. r(s) = & sindi + € costj+ €k, t =0 40. r(r) =i+ 2fj+e’k, t =0

H =X + 4+

a(t)H =¥ + e

v(t) = (e cost + €' sin t)1+( —e'sint + e cos t)j + 'k V() = €i+2j-e’

v0)=i+j+k a(t) = i+ ek,

a(t)= 2¢' cos i — 2¢' sin fj + ¢'k v(0)=i+2j—k, a0) =i+k
0 = i+2j-k
T(0) =
\% () \/g
T(t):M ey
= %[(cost +sin?)i + (—sin¢ + cos #)j +k] ay = HaHz_ a2 = J2

1 a=i+k=aT+aN =+2N
T(0) = —=[i + j + k
(0) \/5[1+J+] S N=-L(itk)

V2

N(1) = T[( sin ¢ + cos ¢)i + (—cos ¢z — sin f)j] 41. If ay = 0, then the motion is in a straight line.
0) \/— J2 42. If ap = 0, then the speed is constant.
N(0) = M55 - M55
2
43. r(t) = 34 + 44§

ar =a-T = \/5 ()

t) =r(t i+ 4j, =9+16 =
- a N3 o = i [v(0)]

() = UORS %i + %i

T(f) = 0 = N(¢) does not exist.
The path is a line. The speed is constant (5).

44. (a)(i) The vector s represents the unit tangent vector because it points in the direction of motion.
(ii) The vector t represents the unit tangent vector because it points in the direction of motion.
(b)(i) The vector z represents the unit normal vector because it points in the direction that the curve is bending.

(i) The vector z represents the unit normal vector because it points in the direction that the curve is bending.
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Section 12.4 Tangent Vectors and Normal Vectors 1207

45. r(¢) = (mt — sin 7t,1 — cos 7t)
The graph is a cycloid.
(@) r(r) = (mt — sin 7z, 1 — cos i)

(b)

46. (a)

(b)

v(t) = (x — 7 cos 7t 7 sin 7wt)
a(t) = <7z2 sin 7t, 7% cos 7Z't>

= H H = ! (1 = cos 7t, sin 7t)

\/2(1 — cos m)\

T/

N(t) = () _ ! (sin 7zt, —1 + cos 7t)

‘ T(l‘)H \/2(1 — cos 7t)

5 .
ar=a-T= %[7[2 sin 7z£(1 — cos 7zt) + &% cos 7t sin m} - _Z W
2(1 - cos 1) 2(1 — cos 7t)
2(1 - 2201 - t
ay =a-N = %[ﬁ sin® 7t + 7% cos m(—1 + cos m)] 3 (1 - cos 1) -z (1~ cos 1)
2(1 = cos 7t) \/2(1 — cos 7rt) 2
1 P ZENGY 2 V2r? ’
When ¢ = — z_ - Lay =
Ty L2 "N TT
When t = 1: ap = 0, ay = 7° '/:% s
=2
2 2
Whentziz aT:—\/E”,aN:\/E” .
2 2

Speed: s = H H = 7 2(1 - cos )

ds 7% sin 7t

— = = a4y

dt 2(1 - cos 7t)

2
When ¢ = %z ar = \/z” > 0 = the speed in increasing.
When ¢ = I: ap = 0 = the height is maximum.
2

When ¢ = %z ar = —\/i” < 0 = the speed is decreasing.

r(t) = (cos 7zt + 7t sin 7t sin 7t — 7t cos i)
v(t) = <—7r sin 7zt + 7 sin &t + 7%t cos t, T cos 7t — 7T cos &t + 7t sin 7rt> = <7r21 cos 7t, %t sin 7rt>

a(t) = <7r2 cos 7t — 7t sin xt, m* sin &t + 7wt cos 7rt>

v(r )
1) = = (cos 7t, sin 7t)

[¥®)] ’
ar = a-T = cos ﬂ't(ﬂz cos 7t — 7wt sin m) + sin ﬂt(ﬂ'z sin 7wt + 7°t cos m) =
ay = \J|a]*-a® = 71+ 7r2t2) -t =7
When t = 1, ay = 7%, ay = 7°.When t = 2, ay = 7%, ay = 27°.

Because ay = 72 > 0 for all values of ¢, the speed is increasing when ¢ = land 7 = 2.
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1208 Chapter 12 Vector-Valued Functions

47. r(r) = 2costi + 2sinfj + %k, fy = %

r'(t) = -2sind + 2 cos tj + %k

T(r) = ﬂ(—ZSin ti+2¢:ostj+lkj
17 2
N(7) = —cos i — sin ¢
r(£J=2]+£k
2 4
T(fj = 2”7(—2i+lkj = Y17 g4k
2 17 2 17
T
NZE| =
[J !
1 ] k
B(szT(fij(fj: WIT g NITH_ N7 NIT) ST g
2 2 2 17 17 | 17 17 17
0 -1 0
t3
48. r(t) =d+2j+ =k, fp =1
r(f) =i+ 24+ ’k
1
T(t) = ———(i + 2tj + I’k
© \/1+4t2+t4( )
1 l— 3): 4\ 3
N(z) = 2t —)i+ (1-14)j+ (1 + 28)k
0 \/1+4t2+t4\/1+t2+t4L( Jix Ji+( )J

r(1)=i+j+ék

T(1) = —(i + 2j + k)

J6
N(1) :ﬁ(—3i+3k) :%(—i+k)
i j K
Vo N6 Nel 5 5 s 3
BI) = TO)XN() =| "6 3 6 |= - S+ Tk = ik
N2 2
2 2
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Section 12.4 Tangent Vectors and Normal Vectors 1209

49. r(t) =i+ sintj + costk, ) = %

r'(¢) = cosij — sin ik,

v =1

D)= )35
T(r) = —sin #j — cos 1k,
(o)t

50. r(t) = 2¢'i + € cosfj + € sintk, 1, = 0
r'(¢) = 2€i + (e’ cost — €' sin t)j + (e’ sint + €' cos t)k

r’(0) =2i+j+k = T(0) = 2i+j+k)

1
NG

r(t)H2=4 +e¥cos’t + e¥sin®t — 2e* costsint + e sin? ¢ + ¥ cos® t + 2e* sint cos ¢

= 4 + 262’(cos2 t + sin? t) = 6e?

T(¢) (f)H = %[Zi + (cost —sin¢)j + (sin + cos t)k]
= ﬁ[(—sint — cost)j + (cost — sin t)k]
T/(0) = %[—j + k] = N(0) = i + £k
i j k
2 1 1 5 3 3
BO) = TO0)xNO) = Vo o |- -
o N2 V2
2 2
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1210 Chapter 12 Vector-Valued Functions

S1. r(f) = 4sin i + 4cos fj + 2k, 1, = %

r'(t) = 4cosdi — 4singj + 2Kk,
r'(1)] = \/16cos? ¢ + 16sin* 1 + 4 = /20 = 2/5
r(gj = 2i - 2/3j + 2k

T[”]: 1(2i—2\/§j+2k) gl—£]+gk—g(i—\/§j+k)

3 NS 5
() = %(—45111 fi — 4 cos 1)
(95
i ik
of5)5)n(s) | 5T
M2 2
2 2

52. r(s) = 3cos2di + 3sin2fj + /k, t =

—6sin 2fi + 6 cos 2fj + k)

_ L(
B (1)) NEY

T(¢) = %( 12 cos 24 — 12 sin 2tj)
V4 1
T| = ——(—6i + k
(5)- Fmtoiew
T/
N(r) = ,(t) = —cos 2ti — sin 24j
[T

i j Kk
) v
0 -1 0
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56.

57.

r(¢) = 34 + 20%
V(1) = 3i + 44
at) = 4j
v-v =9+ 16t
v-a =16t

(9 + 16¢2)4j — (161)(3i + 41j)
—481i + 36j

(v-v)a—(v~a)v: 1
[(v-v)a-(v-av| <Jo+162

(~4di + 3j)

r(f) = Scosfi + 5sin¢j + 3tk
v(t) = =5sinti + 5 cos fj + 3k
—5costi — 5sin ¢
=25+9 =34

— (v -a)v = 34(-5cos ti — 5 sin tj)

<

Ja—(v-a)v  34(=5cos i - 5sin )
-v)a—(v- a)VH - H34(—5 cos fi — 5 sin tj)H

From Theorem 12.3 you have:

r(7) = (vot cos O)i + (h + Vot sin @ — 16t2)j
v(t) = vy cos 6i + (v, sin 6 — 32¢)j

a(t) = —32j

(v cos O)i + (v, sin @ — 32¢)j
\/vo2 cos” 6 + (v sin 6 — 32t)’

T(s) =

(v sin 6 — 32¢)i — v, cos 6]

N() = . =
\/vo2 cos® 6 + (v, sin 8 — 32¢)
T —32(v, sin 6 — 32¢)
ar = a- =
\/vo2 cos” 6 + (v, sin 6 — 32’
4 =a-N = 32v, cos 6

s

cos® @ + (v sin 6 — 32t)2

Section 12.4 Tangent Vectors and Normal Vectors 1211

54. r(f) = 3cos 2ti + 3sin 24
v(f) = —6sin 24i + 6 cos 2¢j
a(t) = —12 cos 2i — 12 sin 24j
v - v = 36sin® 2t + 36 cos® 2t = 36
v-a=0
N (v-v)a—(v-a)v _ 36(~12 cos 2fi — 12 sin 2¢j)
B H(v via—(v- a)vH B H36(—12cos 2i — 12 sin 2tj)H
= —cos 24 — sin 24j
55. r(¢) = 24 + 444 + t’k
v(t) = 2i + 4j + 2k
a(t) = 2k
v-v=4+16+ 4t = 20 + 4+
v-a=4t

(v-v)a—(v-a)v = (20 +4)2k — 41(2i + 4j + 2tk)
-8 — 16tj + 40k

—
<
<
=

|

(v-a)v _ 1
H(v~v)a—(v~a)vH 582 + 25

N = (i — 24 + 5K)

—cos fi — sin tj

(Motion is clockwise.)

Maximum height when v, sin @ — 32¢ = 0; (vertical component of velocity)

At maximum height, a; = O0and ay = 32.
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1212 Chapter 12 Vector-Valued Functions
58. 6 = 45°, v, = 150

Vo cos @ = 150~% =752

2

Vo sin @ — 32t = 150 - == =321 = 752 = 32t

-32(75:/2 - 32:) 16(32¢ - 754/2)

\/11250 - (7537 - 320) V25612 - 12003/2t + 5625

ay =

32(75\/5) 1200~/2

an = =
\/11250 + (152 - 321 25612 — 12003/21 + 5625

At the maximum height, a; = Oand ay = 32.

59. (a) r(r) = (vo cos O)ti + [h + (vg sin O) — Lgr*|j
= (120 cos 30°)i + [ 5 + (120 sin 30°)¢ — 167 |j = 60/34i + [5 + 60¢ — 161

(b) 70

0

Maximum height = 61.25 feet
range = 398.2 feet

(©) v(r) = 60~/3i + (60 — 32¢)j

Speed =||v(r)| = \/3600(3) + (60 - 32¢)” = 8/16/% — 60r + 225

a(f) = -32j

@ t 0.5 1.0 1.5 2.0 2.5 3.0

Speed | 112.85 | 107.63 | 104.61 | 104.0 | 105.83 | 109.98

(e) From Exercise 61, using v, = 120 and 8 = 30°,
-32(60 — 32¢)
ar = >
\/(60\/5) + (60 — 32¢)°
32(60+/3)
an =
\/ (60\/5)2 + (60 — 32¢)°

40

ay

07-44
ar

-20

At t = 1.875,ay = 0 and the projectile is at its maximum height. When a and ay have opposite signs, the speed is

decreasing.
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Section 12.4 Tangent Vectors and Normal Vectors 1213

60. (a) ¥() = (v cos O)ti + [ + (v, sin ) — Lgr* |
= (220 cos 45°)ri + [4 + (220 sin 45°)¢ — 16¢*]j

110~/24 + [4 +110/2¢ — 16t2Jj

(t)) 450

0 1800
-10

Maximum height = 382.125at ¢+ = 4.86
Range = 1516.4

(© v(r) = 1105/2i + [110\/5 - 321‘Jj
[v)]= \/(110\/5)2 + (1102 - 324)

a(r) = -32j

(d)
t 0.5 1.0 1.5 2.0 2.5 3.0

Speed | 208.99 | 198.67 | 189.13 | 180.51 | 172.94 | 166.58

61. r(r) = (10 cos 10772, 10 sin 10771, 4 + 4£),0 < ¢ < %

@ r(f) = (-1007 sin(1074), 1007 cos (1071), 4)

r(1)] = £/(1007)? sin?(10z1) + (1007)” cos?(1071) + 16

= /(1007)* +16 = 4/6257> + 1 =~ 314 mi/h

(b) ay = 0and ay = 100072

ar = 0because the speed is constant

62. 600 mi/h = 880 ft/sec 63. r(1) = (acos wt)i + (asin wt)j
r(¢) = 880d + (—16[2 + 36,000)j From Exercise 31, youknow a - T = 0 and
a-N = a’.

v(t) = 880i — 32¢j
( ) (a) Let @y = 2w.Then

a(t) = -32j ) )
a-N = af =a(2w) = 4aw
T() = 880i — 32¢4j 551 — 24 N -l leration is dbyaf
= 2 = 2 or the centripetal acceleration 1s increased by a factor
16\/4t + 3025 \/4t + 3025 of 4 when the velocity is doubled.
Motion along r is clockwise, therefore (b) Let @, = a/2. Then
=21 — 55j
N(t) = 27 _ 2 a 2 1 2
4T + 3025 a-N—aOa)—Ea)—an
64t
ap =a-T = T or the centripetal acceleration is halved when the
V4T + 3025 radius is halved.
N 1760
412 + 3025
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1214 Chapter 12 Vector-Valued Functions

64. r(t) = (r cos wt)i + (r sin wt)j 4
() = ( )i+ ( )i s v [GM _ [956x10" 474 mifsee
4000 + 255

v(t) = (-rosin ot)i + (rocos wt)j r
HV(t) ‘ =ro1 = ro = v 6. v GM _ \/W 169 mijse
a(t) = (—r@” cos )i + (rwcos wr)j r 4000 + 3460

[a)] = re® 67. v = %ﬁlﬁ; ~ 4.67 mi/sec

@ F = mla@)] = m{re?) = 2(r20?) = mvt

,
(b) By Newton’s Law:
mv*  GMm 2 GM GM

= ——Vy = RN
b 2
r rz r r

68. Let x =distance from the satellite to the center of the earth (x =r+ 4000). Then:

Lo 2mx __2mx _ [9.56x10°
r 24(3600) x

4r°x  9.56 x 10°
(24)*(3600)* x
9.56 x 10%)(24)°(3600)
x3=( 4)(2)( ) = x = 26,245 mi
TT
= 22‘((2366’3(4))5) =~ 1.92 mi/sec = 6871 mi/h

69. False. These vectors are perpendicular for an object
traveling at a constant speed but not for an object
traveling at a variable speed.

70. True.
71. (a) r(s) = cosh(br)i + sinh(bt)j, b > 0
x = cosh(br), y = sinh(bt)
x* — »* = cosh?(bt) — sinh?(br) = 1, hyperbola

(b) v(¢) = bsinh(br)i + b cosh(bt)j

a(t) = b* cosh(bt)i + b? sinh(bt)j = b’r(t)
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Section 12.5 Arc Length and Curvature 1215

72. Let T(¢) = cos ¢i + sin ¢j be the unit tangent vector. 74. Using a = a;T + ayN, Tx T = 0,and [T x N||= 1,
Then you have:
() = %T vxa =||v|T x (aT + ayN)
_dTdp _ (sindi  cos ¢j)@ . jH"HaT(T X T) +v]ax(T x N)
do dt dr dt = [ v]an(T x N)
M = —sin gi + cos j [v>al =] v]an]TxN]=]v]ax
= cos| ¢ + (7/2) i + sin[¢ + (7/2)]j So, ay |vxal
and is rotated counterclockwise through an angle of 7/2 ) V]
from T. 75. ||la)*=a-a

If dg/dt > 0, then the curve bends to the left and M

v

(arT + axN) - (arT + ayN)
has the same direction as T".

— 2072 21\ 112
So, M has the same = ar’|T[* + 2araxT - N + ay*[N]|
direction as T = a;* + ay?
’ 2 _ 2 2
N = ‘% 0 ay* =|al’~ ay
M

Because ay > 0, we have ay = \/|a]’~ ar’.
which is toward the / x
concave side of the curve. 76. F = ma = (DQ _dv Force
If d¢/dt < 0, then the curve bends to the right and M dr dt
has the opposite direction ~ * x = at + bt* + cf?
as T’ Thus,

T v=?=a+2bt+3ct2

N = t

d

= 2b + 6t
again points to the dt
concave side of the curve. x F2 = 4p + 24bet + 36282

73. r(t) = x(0)i + (0)i 4b* +12¢ + (2bt + 3ct?)

(1) = m(x(t)) + b, m and b are constants.
)

4p% + 12¢ + (v— a)

r(t) = x(t)i + [m(x(t)) + b}j F = f(v) =tV 4b* — 12ac + 12¢v

The sign of the radical is the sign of 2b + 6c¢t, which

v(?) = X(0)i + mx'(2)j Lhe i of e
[v@)]= \/ X +[m()] =
V(t) = M constant
KON

So. T/(t) = 0.

x'(t)‘ 1+ m?

T(t) =

Section 12.5 Arc Length and Curvature

1. The curve bends more sharply at Q than at P. 2. tis the arc length parameter if

r'(t)H =1
3. r(r) = 34 - 4,[0,3] ¥

dx dy dz T
Zo3Z o =20
dt dt dt 0.0

$ = I; mdf = [\/ﬁt}z =3J10 | ©.-3)

—6—4
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1216 Chapter 12 Vector-Valued Functions

4. r(t) = 4 + £7j,]0, 4]
dx - dy _ 2 dz

T b , —/— = 0 N
dt dt dt
¢
s = J:mdt !
4 X
- %pm +In|2r + mu = %[8«/65 +In(8 +/65)] = 16819 0.0
0
5. x(t) = £+ 2,01
& d kg -
dt *dt > dt
s = ' \/mdt = ! mt dt 1
0 0
_ ij‘l(9t2 + 4)1/2(181‘) dt = L (9t2 + 4)3/2 1 B L(l33/2 _ 8) ~ 14397 00 ; ¥
- 18% 27 o 27 -
6. x(0) = - 4. [0.9 E
é:ZtQ=_4é=0 (0.(}))1(},,‘31‘0‘
dt > dt > dt .

5
jj 4% +16 dr = [4 1n(\/12 + 4+ z) + P+ 4} -6
0 -3 (5.~4v3)

(41n(v/29 + 5) + 53/29) - (41n 2) = 33515 o

)
I

7. x(t) = acos’ fi + asin’ 4, [0, 27]

& = —3acos’tsint, b = 3asin®tcost
dt dt
_ /2 2 . 2 . 5 2
s = 4[0 \/[—351 cos” ¢ sin t} + [3(1 sin” ¢ cos t] dt .
/2, 2 . /2
= IZaI sintcostdt = 3a.[ 2sin 2t dt = [—3a cos 2t] = 6a -
0 0 0 a
8. r(t) = acos i + asin 4, [0, 27] y

dx . dy
— = —asint,— = acost
dt d

s = J;” \/a2 sin®t + a’cos?tdt = J;”adt = [at]é” = 27a \J“ '

9. r(1) = 50524 + 3 + 50520 - 166
v(6) = 5020 + (5072 - 321)j
3+ 5082t — 162 = 0 = t = 4.4614

s 5 oo 0 T o -
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Section 12.5 Arc Length and Curvature

10. (a) x(r) = 40/3d +[4 + 40t — 1617 j

11.

12.

13.

14.

15.

v(t) = 40/3i + (40 — 320)j

40—32t=0:>t=%

) s =] \/(40\/5)2 + (40 = 32¢)" dr =~ 190.15 ft

r(r) = —i + 44 + 31k, [0,1]

d_ b,

b = 3
dt dt dt

s=J;\/1+16+9dt=[\/%t1 - J2%

r(r) =i+ °j + 'k, [0,2]

b _ b, b
dt dt dt

s = _[02 NITE
32 2 1 1
= j N4 + 92t dt = (4 +9¢) l) = 5(403/2 - 47 = 2—7[80\/5 - 8]

= 342

r(r) = <4t, —cos ¢, sin t>, [0, 37”}

dx = 4,9 = sint,£ = cost
dt dt dt

s:I;ﬂ/z\/l6+sinzt+cos2tdt=j \/—dt [\/—t} :%Jﬁ

r(t) = (2sin,5¢,2 cos 1), [0, 7]

ﬁ = 2cost,d— =5, % = -2sin¢
dt dt dt

s=J.0”\/4coszt+25+4sin2tdt—J. 29 dt = /297

r(f) = acos i + asin tj + bik, [0, 27]

dx

= —asint,ﬂ = acost,£ =b
dt dt dt

2z .
s=_|‘ \/a251n2t+azcos2t+b2dt
0

T 27
= joz Ja? +b? dr = [\/a2 + bﬂ = 22Ja? + b2
0

y

1217
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1218 Chapter 12 Vector-Valued Functions

16. r(t) = <cos t+tsint,sint — tcost, t2>, [0, %}

& = tcost, & = tsint,£ =2t
dt dt dt

s = I:/z \/(t cos t)2 + (¢sin t)2 + (21‘)2 dt

. 2772 2
_ J-O/z /Stz di = \/gtz} _ NE 3
0

8

17. x(t) = d + (4 - 22)j + £k, [0, 2]
(@) r(0) = (0,4,0),r(2) = (2,0,8)
distance = /22 + 42 + 8% = /84

24/21 = 9.165
(b) r(0) = (0,4,0)

(
r(0.5) = (0.5,3.75,0.125)
r(l) = (1,3,1)
r(1.5) = (1.5,1.75,3.375)
r(2) = (2,0,8)

distance ~ \/(0.5)2 +(0.25)> + (0.125)

)
0.5)° + (1.25)
+ J(05) + (1.75)" + (4.625)’
~ 0.5728 + 1.2562 + 2.7300 + 4.9702
~ 9.529

(c) Increase the number of line segments.
(d) Using a graphing utility, you obtain 9.57057.

18. r(t) = (2cost,2sint, 1)

(@ s = L; \/[x'(u)]z + [y'(u)]2 + [z’(u)]2 du = J.;\/(—Z sin u)2 + (2 cos u)2 + (1)2 du = L; J3du = [\/gu}; = /5t

®) ==

4

S N

R o
r(s) = 2 cos(%ji +2 sin(%jj + %k

(c) When s = 50 x = 2cos1 = 1.081 When s = 4 x = 2005i = —0.433
. NG
y = 2sinl = 1.683 4
2 =1 y=25inle.953
(1.081,1.683,1.000) 4
z = —= = 1.789
5

(0.433,1.953,1.789)
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19.

20.

21.

22.

Section 12.5 Arc Length and Curvature 1219

- [ e J O,
, V2, \/— 11

r(s)=7 ()Hz 5+E:1
s) = r(s) =r(s

T(5) = 0 = o)

T(s)=0= K = T'(s)H = 0 (The curve is a line.)

r(s) =B +s)i+]j

r’(s) = iand H H =1

T(s) = r'(s)

T(s) =0 =K H (The curve is a line.)

S . \/5 . s
r(s) = COS(EJI + =i + sm(ajk
r'(s) = —% sin(%ji + ?] + %cos(gjk, '(S)H =1
(s 1 (s). B
T(s) = r'(s)H =3 sm[g} ta cos(fjk
1

K =|T(s)] = \/116 cosz[;) * 16 sm{%j = %
r(s) = cos si + sin sj + 5k

r’(s) = —sin si + cos sj, r'(s)H =1

T(s) = —sin si + cos sj

T(s) = —cos si — sin sj

=‘T

s)H: Jeos? s +sin’s =1

jzz

() (G5 (55

i+l =1
5 5
23 r(t) = 4d — 26,1 =1

v(t) = 4i - 2j

T() = (i)
(1) = 0
LU

(The curve is a line.)

24, r(t) =i+ jt =2
v(r) = 24
T(s) =i
() = 0
o)
e~
25. r(t) = d + %j,t =
1,
V() =i - 1
vil) =i—j
2.,
a(t) = t3'l
a(l) = 2j
_ - j
T = 4 +1
N@:ijm+m
N(1) = %(i )
a-N _ \/5
Ivl* 2
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1220 Chapter 12 Vector-Valued Functions
R
26. r(t) = ti Tkt = 2
V() =i+ lt2j
3

v(2) =i+ %j,

/ 16 5

a(t) = =4
4
2) = —j
a(2) = Ji
N U
—t C 2
T(t)=l+3J=3‘+’21
4 4
\/l+t N
9
1(2) = A4
5
—4i + 3j
N(2) = — 2
(2) = =

a-N _ 4/5 36

Iv[]> 259 125

27. r(t) = (t,sinf),t =

NI

r'(t) = (1, cos ),

r(%] = (1,0),

Il
—
4
(@]
@]
7}

[\e]
~

(s

r/
5

IS
N , =

Il
—_

T(¢) = ! 1, cos 1)
1 + cos® ¢

ng = (1,0)

N %J = (0,1)

KefF ==

28. r(t) = (5cost,4sint),t = %

x(t) = Scost, y(t) = 4sin¢

K = Lyxm
|:(x/)2 + (y/)2i|

‘(—5 sin #)(—4 sin r) — (4 cos £)(—5 cos t)‘
[25 sin ¢ + 16 cos? IT/Z

~ 20

[25 sin? ¢ + 16 cos? t]m

7\ 20 _160~/91
K[gj ~[25(3/4) + 164y ] 8281

29. r(f) = 4cos 2z + 4sin 27
(1) = =87 sin 27ti + 87 cos 27tj
T(¢) = —sin 2 7ti + cos 2¢j

T'(t) = —27 cos 27l — 27 sin 271t

30. r(¢) = 2 cos 7w + sin 7
() = =27 sin 7 + 7 cos 7t

r'(t)H = 7~/ 4sin® xt + cos® mt

T (t) -2 sin zzfi + cos 7tj

J4sin? 7t + cos® at

T(0) = —27 cos zti — 4 sin 1t

(4 sin? 7t + cos? 7n)3/2

2
X = ‘ T'(I)H _ 4 sin? 7t + cos® 7t
r’(t)H 72'\/4 sin® 7t + cos® it

2

(4 sin® 7t + cos? 7n‘)3/2

31. r(¢) = acos wh + asin wij
r'(¢t) = —awsin @i + aw cos wij
T(¢) = —sin wti + cos Wt

T'(¢) = —wcos wfi — wsin wtj

(1) | o _ 1
v(t)] aw  a

.|
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Section 12.5 Arc Length and Curvature 1221

32. r(¢) = acos(wt)i + bsin(wt)j 34 r(f) = 2% + 6 + lt2k
2

r'(t) = —awsin(wr)i + bw cos(wr)j 0= 44+
r(t) = 44 + j
() —a sin(@t)i + b cos(wr)j A
- i+ j+k
\/az sin’(wr) + b* cos’(wr) T(t) = lrijl:z
N1+ 17t
() = —ab*w cos(wt)i — a*bw sin(wt)j AT+ K
[a2 sin®(wt) + b cosz(a)t)T/2 Th) = (ﬁ
1+17¢%)
aba) ’
T t N,
‘ T/(I)H a’ sin*(wt) + b* cos?*(wt) K = | ,( H 2892 + ‘/2
K=ron~ r'(1) (1+172)
r (f)H a)\/a2 sin’(wt) + b cos*(wt)
ab _ N7
[az sin’(wt) + b* usosz((¢)t)]3/2 (l + 17t )

2 35. r(t) = 4ti + 3costj + 3sintk
33. r(t) = ti+t2j+%k r(7) cosj + 3sin

r’(r) = 4i — 3sintj + 3costk
() =i+ 26+ 1k |
T(s) = g[4i — 3sin#j + 3 cos k]

Ty < L2tk
N1+ 542
1
L. T(¢) = —[-3 costj — 3 sin K]
) <= 32 ;Zk 5
(1 + 51‘2) ‘- ‘T/(I)H ﬁ ~ i
J5 o) 525
‘- T (t+s?) s

Ol Viese (e se)”

36. r(r) = i+ e costj + * sintk

r(f) = 2¢"i + (262’ cost — e* sin t)j + (262’ sin t + e cos t)k = eZ’[Zi + (2cost —sin¢)j + (2sint + cos t)k:l

12

r'(t)H = 22’[4 + (4 cos’t — 4costsint + sin? t) + (4 sin t + 4sintcost + cos? t)] = 62’[9]1/2 = 3%

T(s) = r,(t) = 2i + [2 cost — lsin tjj + (2 sint + lcos tjk
‘@ 33 3 3 3

2

T(s) = —fsint—lcost j+ zcost—lsintk
3 3 3 3

12
‘T(t)H: (ﬂsin2t+lc0s2t+ﬂsintc0st)+(ﬂcos2t+lsin2t—fcostsint) zﬁ
9 9 9 9 9 9 3
4 \/g
P
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1222 Chapter 12 Vector-Valued Functions

37. v(r) = 34 + 287, P(-3,2) = 1 = -1 38. r(c) = ¢i + 44, P(1,0) = 1 = 0
x=3,x=3,x"=0 x=e, ¥ =¢é,x"=¢
y=20, ) =4, ) =4 y=4t,y =4,y =0
B Xy - yx” B ‘3(4)—0‘ K = X" = _ ‘0—4‘ _ 4
= [ () + (yﬂs/z - [9 R (‘”)ZT/Z [(x,)z . (y,)zT/2 (1+16)77 17
Att=—1,K=L= 12

(9 +16)7 125
t3
39. r(t) = d + 2+ Zk’ P(2,4,2) >t =2
’ . . 3 2
r'(7) =l+2t]+ztk

)] = V36

r'(2) = i + 4

r’(¢) = 2j + %rk

r’(2) = 2j + 3k

r(2) x r(2) =

o ot —

k
3|=6i —3j+ 2k
3

J

4

2
r'(2) x r'(2)] = /49 =
' xr” 7 7/26

r Xr _ _
3T 262 676

’

r

40. r(t) = ¢ costi + ¢'sinfj + €'k, P(1,0,1) = ¢ =0

r'(r) = (e’ cost — €' sin t)i + (e’ sint + €' cos t)j + e’k

r(t)H = e’\/(cos2 t — 2costsint + sin? t) + (sin2 t + 2sintcost + cos> t) +1 = /3¢

\/_[cost—s1nt1+(smt+costj+k]

1) = %[(—sint — cost)i + (cos ¢ — sin t)j]

r'(0) 0)| =
, 1 V2
T/(0) = ﬁ(—l +j) = T(0)] = NG
o0l _vas Vi
r'(0)] V3 3

41. y = 6x,x =3

This is a line, so the curvature is 0.

K =0, 1 is undefined.
K
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42.y:x—ix:2
x

43.

46.

8

x3

’

=1 4 L
y = +?,y——

At x =2,y =2and y” = 1.

y” 1 1
K = = = — = (0.0894
32 32 32
oy [+ 2]
i 53/2
y=5"+7x=-1
¥ =10x,y” =10
At x = —1,) = —10and y” = 10.
" 10 10
K = Y 5 = 5 3/2 = 1013/2
[1+(y')} [1+107]
1 _ 1017
K 10
y=e" x=8
1
/o S x4 767.75/4
y 4 )Y 16
At x =8,y = ——e?and )" = ie’2
» Y y 16
‘- y” / _ %672 _ 1 /
32 ~ 32
|:1 + (y/)2:| |:1 + 1166 4:| 1662[1 + 1614:|
32
1 =161+ 14
K 16e
y=xx=2

¥y =3x% )" = 6x

Atx=2,y=8 31y =12, )" =12
12 12
K = =
32 32
(12" (49)
1 1454/145
K 12

Section 12.5 Arc Length and Curvature

4. y =2/9 - x*,x =0

y = -2x ) = —-18
Vo-xT (9-x)”
’ 4 2
At x =0,y =0and y =—§.
2
K:44L4721:2
n2 /2 1 3
[1+(y)}
.3
K 2
. V4
. =sin2x, x = —
7 4

¥y = 2cos2x,y” = —4sin 2x

At x ==,) =0and y” = —4.

&N

”

48. y=x",x=1,n2=>2

y = nmx"!

¥ = nln — o=
Atx=Ly=1y =ny =
n(n - 1)

[1+ nzf/z

n(n - 1)

1223
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1224 Chapter 12 Vector-Valued Functions

49. y = (x =17 +3, ) =2(x-1), ) =2

K- 2 _ 2

(1 +[2(x - 1)]2)3/2 ) [1 +4(x - 1)2}3/2

dK -24(x - 1)

dx [1 +4(x - 1)2}5/2

(a) Kis maximum when x = 1or at the vertex (1, 3).

(b) limK =0

X—>o0

50. y =x% ) =3x% ) = 6x

6x

K =|—"*
(1 + 9)64)3/2

dK -6(45x* — 1)

. . 1 1 -1 -1
a) K is maximum at ) s ) .
@ [#45-V4§] EU45'U4§]

(b) imK =0

X—o0

0o _ 2 3o 2

51.y=x,y=§x’,y=—§x’
(=2/9)x~? 6
K= PP | | 023 302
[l + (4/9)x /] xY (9x/ + 4)

dk =89 +1)

dx x4/3(9x2/ 34 4)5/2

(a) K — oas x — 0.No maximum

(b) lim K = 0
X—o0
52. y = l Y o=- 12, Y = %.Assume x > 0.
X X X
PP i I S B

IR T T

dK 6x2(1 - x4)

dx (x4 + 1)5/2

(a) K hasamaximumat x = 1
(and x = —1by symmetry).

(b) imK =0

X—o0

3.y =Inx =1,y = -1
x x
—l/x2 X
K = | T T, 32
IR

dK 22X +1
de ()"

. 1
(a) K has a maximum when x = —.
V2
(b) im K =0
X—>o0
54. y=e€', y =y =¢"
K _ I/‘ ex

A (14 )"

(a) 1-2e% =0 = ¥ =l:>x=llnl =—l
2 2 \2
K has maximum curvature at x = —% In 2.
(b) 1im K =0

55. y =1-x% ) = —4x°, )" = —12x?

2
k=—12 o=

[1 + (—4x3)2T/2

Curvature is 0 at (0, 1).
56. y = (x —2)° +3x
¥ =6(x-2) +3
¥ = 30(x - 2)*
30(x - 2)*
[+ (7]

Curvature is 0 at (2, 6).
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58.

61.

Section 12.5 Arc Length and Curvature 1225
4 1 4 1 = cx 4 = X “ = 2 X
y=cos£,y=—fsmf,y = ——cos =~ 0. y=ey =cey ce
2 272 42 )
X = c’e”
‘—% cos % B a2
K T = 0= cos— =0 [1 + (ce“) }
N2
0] -
At x = O, K = 73/2
2
So,§=%+nﬂ3x=7z+2nﬁ [14'0}
c(2 -2
Curvature is 0 at (7 + 2n7, 0). ax _ (75/)2
de (02 + l)
y =sinx, ) = cosx, 7 = —sinx
) K is a maximum at ¢ = +~/2.
Kz%zomrx:nﬂ. .
(l + cos? x) 60. K — Ed

Curvature is 0 for x = nz: (n7, 0)

[1 + (J/)ZT/2

At the smooth relative extremum )’ = 0,s0 K =|y”|.
Yes, for example, y = x* has a curvature of 0 at its
relative minimum (0, 0). The curvature is positive at any

other point on the curve.

f (x) =xt - X
@ K 26x? — 1|
a =
‘16):6 —16x* + 4x* + 1‘3/2
(b) For x = 0, K = 2. f(0) = 0. At (0,0), the circle of curvature has radius % Using the symmetry of the graph of f,you
o 1y 1
obtain x> + |y + —| = —
2 4
For x = 1,K = (2\/3)/5 f(1) = 0.At (1,0), the circle of curvature has radius ? = %
Using the graph of f, you see that the center of curvature is (O, %J So,
2
f
WA . Ty
xX° + y - 5 = Z 3 3
To graph these circles, use
—2
1 1 1 5
=——+ [——x*and y = = £, [= — x%.
PTG YT,
(c) The curvature tends to be greatest near the extrema of f, and K decreases as x — =. f and K, however, do not have the

same critical numbers.

Critical numbers of f: °

NG

Critical numbers of K:
x = 0, +0.7647, +0.4082 >
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1226

62.

63.

Chapter 12 Vector-Valued Functions

r(t) = 1i + 1]

(a)@—lﬂzm

e~ dt

[
Il

2
[IN1+ 4 ar = %L}z\/l F AP () di(u = 21) = L %[2:«1 + 4+ In| 20+ T a8 H (Theorem 8.2)
0

2

i[«/ﬁ +In[4 + \/ﬁu ~ 4.647

(b) Let y = x%, y' = 2x, y" =2
Att=0,x=0,y=0) =0,)"=2

2
[1+0]
Att=1Lx=1,y=1y)y =2 31y"=2
K=#=120.179

[1 + (2)2}3/2 5

Att=2,x=2y=4,)y =4)y"=2
[l +16] 17
(c) Astchanges from 0 to 2, the curvature decreases.
X
x+2

nh = ax(b - x)s V2 =
You observe that (0, 0) is a solution point to both equations. So, the point P is origin.

w=ax(b-x), y =alb-2x),y" =-2a

X y/_ 2 y//_ —4
x+2 7 2 (x4 2)

V2 =

AtP, y/(0) = aband y, (0) = (052)2 - %

Because the curves have a common tangent at P, 1,'(0) = »,(0) or ab = — So, 3/(0) = —.

Because the curves have the same curvature at P, K,(0) = K,(0).

K,(0) = yl”(O) vz |~ 2 32
[1 + (yl(O))2:|/ 1+ (1/2)2}/

Kz(O) = yz”(O) 2|~ 2 32
[1 + (yz(O))q [1 + (1/2)2}

1 1 . .
So, 2a = *—or a = iz. In order that the curves intersect at only one point, the parabola

must be concave downward. So,

azlandbzizz
4 2a

X
x+2

y = ix(Z - x)and y, =
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Section 12.5 Arc Length and Curvature 1227

64. From the shape of the ellipse, you see that the curvature is greatest at the endpoints
of the major axis, (+2, 0), and least at the endpoints of the minor axis, (0, +1).

65. (a) Imagine dropping the circle x> + (v - k)2 =16

into the parabola y = x?. The circle will drop to the point where the tangents
to the circle and parabola are equal.

y=x2andx2+(y—k)2=16:>x2+(x2—k)2=16

Taking derivatives, 2x + 2(y — k)y’ = 0and )" = 2x.So,(y — k)y' = —x = )/ = A
y -
y_—xk =2x=>-x=2x(y-k)=>-1= 2(x2 —k)=>x"—k

So,

1
>

2
So, x* + (x2 - k)2 =x*+ (—3 =16 = x* = 15.75.

VI A
Finally, k£ = x* + 5 = 16.25, and the center of the circle is 16.25 units from the vertex of the parabola. Because the

radius of the circle is 4, the circle is 12.25 units from the vertex.

(b) In 2-space, the parabola z = y? (or z = xz) has a curvature of K = 2at (0, 0). The radius of the largest sphere that will
touch the vertex has radius = 1/K = l

66. 5 = —°

2x
(14 )"
When x = . K —L
' V2
C —_—
JIYN2
30
30=Q/Ec:>c=—
2

= 0.201

2¢

At x = K 3

1+ @16))”

\ =[gj= c 3042
2

3
>

= 56.27 mi/h
75 VK /
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1228 Chapter 12 Vector-Valued Functions

67. P(xy, yo) pointon curve y = f(x). Let (e, f) be the center of curvature. The radius of curvature is %

-1

fl(xo)'
(x = x)

¥ = f'(x).Slope of normal line at (xy, o) is

b
£(x)

(e, B) is on the normal line: —f"(xo)(8 — ») = & — X, Equation 1

Equation of normal line: y — y, =

s (1 . f'( )2)3/2 2
X

(0> ¥o) lies on the circle: (x, — a)z + (3 - ﬂ)z = [i] = ”70 Equation 2
K f (xo)‘

Substituting Equation 1 into Equation 2:

[F(x)B = w)] + (o - B) = (1j2 ,\

K
2 2 (1 + f/(x0)2)3
(B=y) +|1+ fl(x) | =5
[ } (f”(xo))
, [+ f’(xo)zT
B-n) =—F——— N
f (xo)
When [”(x)) > 0, B -y, > 0,andif f”(x,) < O,then S — y, < 0.
1+ f'(xo)2
So B -y = ——F—~—
opf - 7lw)
_ 1+ (%) _ .
B=y+ 7f"(x0) Yo t+

Similarly, & = x, — f'(x)z.
68. (a) y = f(x) =¢', f(x) = /(x) = €,(0,1)
LSO

/70)
(a.B) =(0-21+2) =(-2,3)

2, 1
(b) y= Y =ny = 1,(1, 2]
. 1+f,(l)2 ~ 2
f”(l)
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Section 12.5 Arc Length and Curvature 1229

() = rcos6i + rsin8j = f(6)cos 6i + f(6)sin 6j

X(6) = £(8)cos 0

¥(6) = £(8)sin 6

X(6) = —f(8)sin @ + f/(6) cos @

¥(6) = f(6)cos & + £/(6)sin @

X(6) = —f(6) cos 8 — f(6)sin @ — f(6)sin @ + f7(6)cos @ = —f(6) cos 6 — 2f(6) sin & + f”(6)cos &
V'(6) = —£(6)sin 6 + f(8)cos @ + f(6)cos@ + f7(8)sin@ = —f(6)sin @ + 2f(6) cos 6 + f”(6)sin @
-] PO 1@7@) A6 | - 20|

(@ + 0] [70)+ ( f’(e))zT/2 ) [+ (]

70. (a) r =1+ sin@

¥ = cos @

" = —sin @

‘2(/)2 B rz‘ ‘2 cos® @ — (1 + sin 8)(—sin 8) + (1 + sin 9)2‘ 3(1 + sin ) 3

[(/)2 * FZT/Z _ \/[Cos2 6 + (1 + sin 9)2}3 _ \/8(1 + sin 9)3 ) 2\/2(1 +sin6)

by r=26
r=1
=0

(¢) r =asin@

¥ = acos@

r = —asiné

n2 7 2 . .
X ‘2(7) - +V‘ ‘2a200529+a2s1n29+a2s1n29‘ 242 2

ORI T 7
[(r) +r2} \/[a2 cos® 6 + a* sin’ 9}
d r=é°
¥o=é
r//=eg
K_‘Z(r) —rr”+r2‘_ 2626 1

(a) As @ > o, K —> 0.

¥ = ae (b) Asa > o, K - 0.
¥ = a*e"
n2 ” 2
. ‘2(,,) -+ ‘ ‘zazezaa — g2e20 4 p2a8 1
= - -
R R
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1230 Chapter 12 Vector-Valued Functions

72. At the pole, r = 0.

‘2(}")2 -+ ’,2‘ ‘2(}")2

2

K= |:(r,)2 N rzT/z - EE = ‘7‘ () = %tz,y'(t) =t)y"(t) =1
73. r = 45in 20 x |3 - o)
. r = Sin = 2—23/2
¥’ = 8cos 20 [(3t2) + (1) :l
e 2 2 1 _ 31 _ 3
Aol K0 T8 T 2](o + 1) [ef(or + 1)
74. r = cos 360 K — 0as ¢t — foo
¥ = ~3sin 36 -
At the pole,
0=~ (gj -3, . 0 .
and 5 5 71. x(6) = a(6 —sinB) y(6) = a(l — cos §)
K= o) 3 X(6) = a(l - cos6) (6) = asin
x(6) = asin @ Y’(6) = acos 8
= 0y = el _I+0y°(0) - ee)
sy _ % 40 [x’(e')2 + y'(&)z}
g _dx_%_f'(t) ‘a(l—cosﬁ)cos&—a sin 0‘
5 32
4 g'(t) a l—cos¢9 + a® sin 9}
. dt{f’(t)} _1_feoso-1]
o= dx 0[2—20039]3/2
dt 1 1 —cos@ - >0
700 - g0 170) RPN TR (1 - cos > 0)
_ 0] _ S0g"0) - 00 ) | 1 (e
1) [f’(f)]3  2a. /2 —2cos @  4a [5)
S (g (e) - g'()f (1) Minimum: ﬁ (6 =)
K= \y"\z 7T [f (t)] TG Maximum: none (K — oo as § — 0)
[1 +(5) } . [ g'(t)J
1) 78. () () = 3% + (3t - £)j
S0 - 00 v(0) = 6+ (3= 30
_ ()] | f»(t)g,,(;)— g'(t)fz”g/fz)‘ &)= 31+ tz)’LZ; e
J {[f’(t)]z + [g'(n]z}‘ [T +[T) Z d
o) -2
3(1+¢%)
ar = d—zs = 6t
dr?
. fds : _ 2 . 2?2 _
ax —K[dtj _73(1”)2 o+7) =6
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Section 12.5 Arc Length and Curvature 1231

. .1
(®) (1) = i+ 2 + 'k 79. F = may = mK(@j
t
v(f) =i+ 2+ k
_ 5500 1b 30 5280 ft — 332751b
ds _|ve)]= 3 A1 32 fi/sec® | 100 ft 3600 sec
d72s B 5¢ 80. F = may = mK(%j
dt 502 + 5
. _ [ 64001b 1 35(5280) ft
alt) = 2j + k ~ (32 ft/sec? | 250 ft \ 3600 sec
v(1) x r'() = v(r) x a(t) - % = 2108.11b
i j k
=1 2t ¢|=—j+2k 81, 3 = coshx = &1
0 2 1 2
Hr'(t) X r”(t)H J5 y = ¢ ¢ _ Gnhx
= 3 32 2
H (52 +1) -
7= € e oshx
g oA st g 2
Todr T [ v K- |cosh x| _ coshx 1 1
o= (8] - Ly s o
dt (52 + l)/
_ N5
NS5+
82. () K =|T(s)] = H ‘ dT  dt| ' the Chain Rule
ds
_eamya| _|TO) _|T0)]
e |~ 01~ 70
vl _ )
b) T(z) =
® T() r'(t)H ds/dt
-
¢() = ()
” dzs dS
= | == |1(s t
0 = (220 + 110
, , ds\( d’s dsY ,
Y() x (1) = (dtj( 2 J[T(t) X T(1)] + [E] [1(0) x T(1)]
Because T(¢) x T(r) = 0 and % =|r (t)H, you have:
Y() x (e) = YO T(0) x T(0)]
r’(t)xr”(t) =[FO)?[ @) x T =[O TO[| T )] = [ OO (@) from (2)
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1232 Chapter 12 Vector-Valued Functions

r'(t) X r”(t)H H V(1) x a(t)H

_Ir (,) ro) H _ MOl _ a@) N
(C) K = H 2 = r/(t)Hz - /(t)Hz
83. False. See Exploration on page 855. 85. True
84. True 86. True

ds
o (dt)
87. Let r = x(t)i + y(¢)j + z()k. Then r = |r[ = \/ ()] + [0 + [2()] and # = *(e)i + ¥/(1)j + £/(1)k. Then,

(%) = VBT + DT + BT 30T +DF + F0T] - @00 + 200010 + 2:00<00)|
KX + () + 00) = 7 ¥

88. F=ma:>ma=_Gr:er
r
GM
a=-—
P

Because r is a constant multiple of a, they are parallel. Because a = r” is parallel to r, r X r” = 0. Also,
d s /7 2 . .

[;)(r Xr)=r'xr+rxr’”=0+0=0. So, r xrisaconstant vector which we will denote by L.
t

89. Let r = xi + yj + zk where x, y, and z are function of ¢, and » = HrH

d H L r[’(; v)r]

dt - r

r

rr’ = (r-r)r
=—(

using Exercise 105)
-

(xz + 97+ zz)(x'i +Vi+ ZKk) — (o + '+ zZ)(xi + yj + zK)
3

-
= %[(x'yz + Xz — xpy) — xzz')i + (xzy' + 2%y — 'y — zz'y)j + (xzz' + 322 — xx'z - yy'z)k}
r
1 i j K 1
== yZ =z —(x - xz) x-xy|= F{[r X 1] x r}
x ¥ z

90. i{ r XL—E}=&[r"x0+r”xL]—}%{[rxr']xr}

a0+ (8 el ] - i)

, 1
=—r%><[r><r] r{rxr x r}

:r—l}{[rxr']xr—[rxr']xr}zﬂ

So, ( r ] XL - (Ej is a constant vector which we will denote by e.
GM r
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91.

92.

93.

94.

Section 12.5 Arc Length and Curvature 1233

From Exercise 88, you have concluded that planetary motion is planar. Assume that the planet moves in the
xy-plane with the sum at the origin. From Exercise 90, you have

rxL = GM(£+ej.
r

Because r’ x L and r are both perpendicular to L, so is e.
So, e lies in the xy-plane. Situate the coordinate system so that e lies along the positive x-axis and @ is the angle between e
and r.Let e = HeH.Then r-e= HrHHeHcosH = recos 6. Also,

IL|* =L L
(rxr’)-L
r-(rxL)

Planet
r- {GM[e + rﬂ Sun
r / r
GM [r -e + r r} 0

B
= GM[recos 8 + r].

|L]?/om _
1+ ecos@

So,

and the planetary motion is a conic section. Because the planet returns to its initial position periodically, the conic is an ellipse.
’

[Lf =[]

Let: r = r(cos 6i + sin 6j)

r’ = r(-sin 6i + cos 6j) — do (dr _dr dé?j

dr \dt — do dt
i i k
Then: rxx’ =| ¢80 i€ O icand L] = x| = 22

—r sin Hﬁ 7 COS Hﬁ 0
dt dt

a=1"a0
2Ja

So,
d7A dA 6 _ 1 2d9 *H H
dt  dodr

and r sweeps out area at a constant rate.
Let P denote the period. Then
P
- [ ﬁdt - fHLHP.

Also, the area of an ellipse is 7ab where 2a and 25 are the lengths of the major and minor axes.

nab = YL P
2
_ 27wab
L]
P 47r2a2( 2 ) 4r’a® (1~ &) = 47z2a4(ﬂj _ Arled 5 _ 4”2(HLH2/GM)Q3 _ 4—”2413 - kg

TPl T e [LP GM
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1234 Chapter 12 Vector-Valued Functions

Review Exercises for Chapter 12

Lor() = tanti +j+ 1k 3. 1(f) = NP =9 —j+ In(r - )k
(a) Domain: ¢ # %+ nr, n an integer @ #-920=1>29=t<-3,1t>3

t-1>0=1¢>1

(b) Continuous for all ¢ # % + nz, n an integer Domain: [3, o)

(b) Continuous forall # > 3

2. r(t) = ~Jti + 14j+k

t

4. r(t) = (2 +1)i+ 7 j+ 1k
(a) Domain: [0, 4) and (4, =)

D in: (—oo, oo
(b) Continuous exceptat t = 4 (2) Domain ( )
(b) Continuous for all ¢

5.r(t) = (2t +1)i+2j-~1r+2k

© rlc-1)=Q2c-Di+(-1)7j-e+lk

(

(b) r(-2) = -3i + 4j
(

(d) r(

-
—
+
>
<

N2

|
-

—
—

=

Il

(200 + Ar) + 1]i + (1+ A1) j = /3 + Ak = (3 + j — </3K)
= 200 + (A% +2M1)j - (N3 + A -3

k

N

6. (a) r(0) = 3i + j
) r %) - —%k

() r(s—m) =3cos(s — z)i+ (1 —sin(s — 7))j— (s — 7)k
(

(d) r(z + Af) — r(r) = 3cos(z + At)i + (1 — sin(z + Ar))j — (7 + A)k) — (-3i + j — 7k)
= (-3 cos Ar + 3)i + sin Ar — Atk

7. P(3,0,5),0(2,-2,3) 9. r(r) = (mcost, wsint)
V=FQ=<—1,—2,—2> X = mcost,y = msint
rt) =B -1i-2+(5-20)k,0<¢<1 X2+ y? = 72, circle
x=3-t,y=-2t,z=5-2t,0<¢t <1 y

(Answers may vary)

8. P(-2,-3,8),0(51,-2) ‘ ﬁ\\ ‘

v =PQ = (7, 4,-10)
r(t) = (-2+7t)i+ (-3+4)j+ (8- 10)k,0< ¢ <1
x=-2+Tt,y=-3+4t,z=8-10t,0<t <1

(Answers may vary)
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Review Exercises for Chapter 12 1235

10. r(t):<t+2,t2—l> 13. 3x +4y —-12=0
xX=t+2=>t=x-2 Letx:t,theny:12;3t_
yztz—lz(x—Z)z—l,parabola TR

N r(t) =+
' 4
¢ Alternate solution: x = 4¢,y = 3 — 3t
3
2 r(1) = 4d + (3 = 3¢)j
1

_li,zgu‘ 14. y = 9 — x?
Let x = ¢,theny = 9 — ¢2.

1L r(r) = (¢ + )i + (3 — 1)j + 2k r(t) = 4+ (9 = )i

x=t+Ly=3-1Lz=2¢ 15 z=x + 4,y =

This is a line passing through the points (1, -1, 0) and s =44

(2.2,2) xX=ty=2z=
A

¥ 16. x» + 22 =4,x-y =0,t = x

x=ty=tz==xJ4-1

r()) =ti+1j+N4-rk

12. r(f) = 2 cosdi + tj + 2sin tk r(f) =ti+tj—-~4-1k

x =2cost,y =t,z=2sint

2 2 _ . .
x° 4+ z© = 4, Circular helix 17. lin;( /3 —4i + In i - lkj =1In3j- %k
£ t— ¢
4 .
18. lim [Smt =T 4kj = 2i + j+ 4k
t—

(Note: Jim 302 _ i 2 c‘is 2 2}

t—0 t t—0

19. r(t) = (2 + 41)i — 3%
(@ r(r) = (2 + 4)i - 6
(b) r’(¢) = 2i - 6j

(© r(t) r’(r) = (2t + 4)(2) + (-6t)(-6)
40t + 8

20. r(f) = Scos i + 2 sin fj
(@ r'(t) = -5sindi + 2 cos tj
(b) r”(r) = —5cosfi — 2sin fj

© r()-r(r)

(=5 sin £)(—5 cos 1) + (2 cos £)(—2 sin 7)

21 sint cos t
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1236 Chapter 12 Vector-Valued Functions

21 r(f) = 26 + 44 — 1k 23 r(e) = (6 = 'i + (¢ = 1)*]
(@ r(r) = 6% + 4j - 2tk () = 30— 1)+ 40— 1)’
(b) r’(r) =124 - 2k Not smooth at ¢ = 1.
© r(0)-r() = 62(12t) + (~2¢)(-2) Smooth on (==, 1) and (1, =)
=728 + 4t ;

ik 24.r(t)=t_2i+tj+\/1+tk,12—l,t¢2
@ r()xr’(e) = |67 4 -2 ) _ |

126 0 -2 r(’):(t_z)zHHz\/mk

-8i — (1267 + 2417 )j + (-481)k
= —8i — 1212 — 48k

Smooth on (-1, 2) and (2, )

22, r(r) = (4 + 3)i + 22 + (217 + 4)k
(@ r'(r) = 4i + 26 + 4k
(b) r(t) = 2j + 4k
(© r'(e) - () = (20)(2) + (41)(4)
4t + 161 = 20t
i j ok
@ rO)xr"()=|4 2t 4
02 4
= (8t — 8t)i — (16 — 0)j + (8 — O)k
= —16j + 8k

25. r(t) = 3d + (t = Dj,u(r) = d + 2 + 2k
r(f) =3i+ ju(¢) =i+ 2+ 2%k

(@ r(f) =3i+]j

®) %[u(z) — 2r(1)] = w(e) - 2¢°()

(i + 24 + 20°K) - 2(3i + )
(1 - 6)i + (21 — 2)j + 26’k
=5i+ (2t - 2)j + 2%k

© %(&)r(r) = (30)r(1) + 3r (1)
= (3)(3i + j) + 3[3d + (t - 1)j]
94 + 3tj + 91 + (3¢ — 3)j
= 184 + (61 — 3)j
(d) 4 r(2) - u(t)] = r(e) - w'(e) + () - u(e)
[G00) + (= 1)) + (©)27) ] + [3)e) + (1)) + )(2¢)]

(3t + 2% - 2t) + (3t + t2)

4t + 3¢
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Review Exercises for Chapter 12 1237

© “LLr(0) x u(] = r(0) x w(t) + r(2) x u(2)

[(2t3 —20%)i - 6% + (6% — 1 + l)kJ + Eﬂi -2 + (3¢ - z)k}

= (30 -2 )i - 80 + (92 — 2 + 1)k

2u’(27)

(f) %[u(%)]

2+ 2(20)j + 2(20)k |

= 2i + 84 + 161k

26. r(s) = sinti + cosj + tk,u(¢) = sin si + cos ¢j + %k
r’(¢) = cos i — sinj + k, u’(¢) = cos ¢i — sin 7j — %k
t

(@ r'(t) = costi —sintj + k

d

(b) —[u(r) - 2r(t)] = w'(t) - 2r'(s)

dt

PR | . o
= (cos ti —sin tj — t—zkj — 2(cos i — sin tj + k)

TR 1).
—cos ti + sintj — 2+t—2]

© L[Gor(] = Gor() + 3()

= (3¢)(cos #i — sin ¢j + k) + 3(sin #i + cos ¢j + tk)

= (3tcost + 3sint)i + (3cost — 3tsins)j + 61k

(d) % r(2) - u(e)] = r(r) - () + r(¢) - u(r)
= {(sin t)(cos t) + (cos t)(—sin 7) + (t)(—tlzﬂ + {(cos t)(sin #) + (—sin #)(cos t) + (I)CH
= sin ¢ cos ¢ — sin ¢ cos ¢ —1+ sin ¢ cos ¢t — sin ¢ cos ¢ +1
t t
=0
© % r(f) x u(t)] = £(t) x w(e) + (1) x u(t)

1. . .
cost + tsin t] - [——2 sint + ¢ cos tjj + (—sm2 t — cos? t)k}
t

l 1 . .
—sin ¢ — cos t] (— cos t — sin t]j + (0052 t + sin? t)k}
t t

(1) 1 . (1 ). |
=||t—-pint— |1+ —costfi—||-—t]cost — |1+ —sint|j
L t t t t
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1238 Chapter 12 Vector-Valued Functions

) %[u(zz)] 2u'(2t)

2| cos(2¢)i — sin(27)j — Lk

(20)°

2 cos(2t)i — 2 sin(2f)j — 217k

£ 5
27. (% + 5t + 8°k) df = —i + =%j + 2t*j + C
f( j ) Si+ i+ 2

28. [(6i - 26+ In t K)dr = 66 — % + (tInt - )k + C
29. I(S\/;i + %j + det = 2070 + 2Infe|j + &k + C
30. I(sin Ho+j+ ez’k) dt = —costi + tj+ %ez’k +C

3 [ 2= e dr = {zi N

) 1
32 [ (i + ~/ij + k) dr = {tzl + %P/zj + 2t2k} - %i +2/3j + 18k

3
0
0

33.

w

j;(e’/zi -3 - K)dt = [2¢7i - £ - tk]z = (2¢ - 2)i - 8j - 2k

34. j:”(z cos ti + sin ¢j + 3k) dt = [2sin fi — cos 7 + 3zk]g/3 = [\/Ei - %j + ﬂkJ — (=) = 3i+ %j + 7k

35. r(t) = [ (2i+e'j+ e K)dt = Pi+e'j-e'k+C 38. r(t) = ri + 56+ 2%k, = 4
r(0) = j-k+C=i+3j-5k = C=i+2j-4k ) 1
@ v()=r() = i+ 5j + 4tk
r(t) = (2 + )i + (¢ + 2)j - (¢ + 4)k N
[1
Speed =||v(t)| = ,[— + 25 + 16¢2
36. r(t) = J’(seczi + tan £j + £°k) dt peed = v(7)] 4t
1
3 - 4 — _ 3
= Insec + tan i — In|cos #]j + %k +C a(t) = r'() = et 4K
r(0) = C =3k (b) v(4) = ii + 5§ + 16k
. . (7
r(t) = Infsec + tan 4i — Infcos |j + (3 + 3Jk a(4) = el ak

37. x(r) = 4i + £j -kt =1

(@ v()=r()=4i+3%-k

Speed = |v(r)| = V16 + 9* + 1 = /17 + or*
a(t) = r’(¢) = 6tj
(®) v(1) = 4i +3j -k
a(l) = 6
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Review Exercises for Chapter 12 1239

39. r(r) = <cos3 t,sin’ ¢, 3t>,t =r
(b) v(z) =(0,0,3)

(@ v(t) =r(r) = <—3 cos’ ¢ sin ¢, 3 sin? ¢ cos ¢, 3>
(3,0,0)

a(7)

Speed = Hv(t)H = \/9 cos* tsin? ¢ + 9sin* £ cos® ¢t + 9

3\/0052 t sin® z(cos2 t + sin? t) +1

= 3./cos? tsin® ¢ + 1

a(t) = <—6 cos t(—sin2 t) + (—3 cos? t) cos 1, 6 sin £ cos® ¢ + 3sin® #(—sin ¢), O>

= <3 cos t(2 sin? ¢ — cos? t), 3 sin t(2 cos® t — sin? t), 0>
40. r(t) = <t,—tan t, e’>,t =0
(@ v()=r()= <1, —sec? ¢, e’> (b) v(0) = (1,-1,1)

Speed = [ V(1) = /1 + sec* £ + ¢ a(0) = (0,0.1)

at) = <O, —2sec’ttan ¢, e’>

41. r(t) = (v cos O)ti + [h + (v sin B)t — 16t2J]
= (120 cos 30°)i + (3.5 + (120 sin 30°) — 16°)]

= 60~/3ti + (3.5 + 60 — 161%)j

r(t) = v(t) = 60</3i + (60 — 32¢)j

Find the maximum height

y'(t)=60—32t=0:>t=@=E=1.875
32 8

2
y[%sj =35+ 60(%} - 16(%] = 59.75 ft, Maximum height

375 = 60/3t = ¢ = 375 25 _ 253 ~ 3.608

03 43 12
y(zsﬁ

12
The baseball clears the 8-foot fence.

] = 11.67 ft

42. r(t) = (vq cos O)i + {h + (vo sin @)t — %gtz}j
= (400 cos 60°)ti + [6 + (400 sin 60°)¢ — 16¢* ]
r(r) = 200i +[200/3 - 32 ]k

Range: 6 + 400 sin 60° — 161> = 0 = ¢ = 21.668 sec
(400 cos 60°)(21.668) = 4333.6 ft

Maximum height: 200\/5 -32t=0=1t¢= 2025/5 = 10.825 sec
2
6 + (400 sin 60°){20(3);/§J - 16(20;);/5] ~ 1881 ft
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1240 Chapter 12 Vector-Valued Functions

43. r(t) = 6 — 17,1 = 2
() = 6i — 24
r'(2) = 6i - 4j,
r(2)|= /36 +16 = 24/13

1

T(2) = 3i — 2j

()= (i -2
o . r

44, r(t) = 2sinti + 4cos tj, t = o

45. r(1) = ei + cos fj — sin 3k, P(1, 1, 0)
r'(¢) = 2¢*i — sin 4j — 3 cos 3tk
At P(1,1,0),7 = 0.
r(0) =i+ j
r'(O) =2i -3k

r(0))= V4 +9 =13

1
T(0) = 2i — 3k
(0) = 52 - 3)
Direction numbers: a = 2,6 = 0,¢ = =3
Parametric equations: x = 1+ 21,y =1,z = =3¢

46. r(1) = di + 2j+ 3Kk, P(z 4, ?j

r(t) =i+ 2tj + 2k

2a tP(Z 4, 16)
3

~
1l

r'(2) =i+ 4j + 8k
(2

():r() i+4j+8k l+fj+§k
2)| 9 9 9" 9

Direction numbers: @ = 1,b = 4,¢ = 8
Parametric equations:

X=t+2,y=4+4z=8+12
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47. r(t) = 26 + 3%, 1 =1

(1) = 2i + 61, (1) = 2i + 6j

r(0)|= V4 + 3622 | (1)| = V40 = 24/10
(1) 2i + 6] [P

= = = +3

0" =0 et Y

N(1) is orthogonal to T(1) and points towards the

concave side. Hence,

MU=7%Gﬁ+n

48. r(r)=ti+1Insjr =2

’ . 1. ’ . 1,
= —_ 2 = J—
r'(¢) 1+tj,r() l+2_]
r())= )1 +tl2 = 1\/1‘2 +1,[|[r(2)] = %\/E

F@ 21y 2
0 <~ VAl 31 5

N(2) is orthogonal to T(2) and points towards the

concave side. Hence,

N = Lo 2y o5y s
NN R R

49, r(f) = 3cos24i + 3sin 2t j + 3k, ¢ = %
r'(t) = —65sin 2¢i + 6 cos 2¢ j, ||r'(¢ )H =6
T(r) = —sin 2¢i + cos 2¢ j, T(/4) = -
T(r) = =2 cos 2¢i — 2sin 27 j, | T'(¢ )H =2
N(r) = —cos 2ti — sin 2¢ j
N(z/4) =

. 2
50. r(r) =4costi+ 4sintj+k, = Tﬁ

r’(r) = —4sind + 4cost j, r’(r)H =4

T(¢) = —sinti + cos 7j, T(zlj - —ﬁi _ lj
3 2 2

T(f) = —costi — sin ¢}, T(z)H =1

N(f) = —cos ti — sin ¢ j, N(zij L ﬁj
3 2 2
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52.

Review Exercises for Chapter 12 1241

r(t) ==i—6tjt =3

3. . s
v(r) = —5i- 6j, v(3) = —=i — 6]
a(r) = gi, a(3) = 2i

3. .
() = Y0 [7)‘_6’ _ 36
e A N YT
\/F+36

-3i-545  -i-18j 0 I3, 18\/13j

T(3) = =
) 31+ 324 325 65 65

N(3) is orthogonal to T(3), and points in the direction the curve is bending. Hence,

NG) = 18i —j 18\/Ei RVIER
/325 65 65

2 24/13
ap =a-T = - =
9/325 585
4 4J/13
ay =a-N=—— =¥ °
325 65

r(¢) = 3cos 2ti + 3sin 2¢j, 1 = %
v(t) = —65sin 2ti + 6 cos2 t], v(%) = —3/3i + 3j

a(t) = —12 cos 2¢i —12 sin 2tj, a(%j = —6i — 6:/3]

[v(e)]| = /36 sin? 21 + 36 cos® 2 = 6
T(?) = ‘78 = %(—6 sin 2¢i + 6 cos24j)
A4

—sin 2ti + cos2 tj

NEANRNEFR
£) )

6 2 2
T(r) = -2 cos 2¢i —2 sin 2¢], T'(Z)H =2
T/
N(t) — ,(t) = —cos 2ti — sin 2tj
[70)]
N(E) = _li - ﬁ]
6 2 2

aT=a-T=(—6i—6\/§j)~[—\f'+;j]=3\/§—3\/§=0

aN:a.Nz(_6i_6\/§j).[_;i_\fjj=3+9=12
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1242 Chapter 12 Vector-Valued Functions

53. r(t) = sind — 3tj + cos &k, t = %

r'(¢) = v(f) = cos fi — 3j — sin fk

r”(¢) = a(¢) = —sin i — cos tk

W IE I PR T S _ L3,
6 2 s

Q

5

I

[

|

‘P—‘

|

| —

|

B

~
e
7~ N\

B

|

(98]

|

| —

=
N

|

(e}

ay = [l - ai =Ja]=1
t3
54. r(t) = ?i -6t + 1’k, 1 = 2
r'(t) = i - 6j + 2tk
(i) = 24 + 2k
r(2) = 4i — 6j + 4k, r"(2) = 4i + 2k

r(2)] = V16 + 36 + 16 = /68 = 2417

T(2) = —— (2 - 3j + 2K)

V17
aT=a-T=ﬁ(4i+2k)-(2i—3j+2k)
1 12
=—8+4)=—
VAT
Iy 144 1417
an = HaH —a% = 20—? = 17

55. r(r) = 2ti — 3¢j, [0, 5]
r'(t) = 2i - 3j

s = '[: r'()] dr = j;\/4+9dz = [Vi3¢] =513

5
0

ettt x

u (10,-15)
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Review Exercises for Chapter 12 1243

56. r(r) = £*i + 2¢k, [0, 3] 59. r(r) = =3ti + 2¢j + 4tk, [0, 3]
r'(¢) = 24 + 2k r'(f) = -3i + 2j + 4k
(1) ar = I;Mdt (0)] ar = I;m dt
= [ln‘\/m + t‘ + t\/m}z J.j\@ dt = 3/29
= In(~/10 + 3) + 33/10 = 11.3053

60. r(t) = ti + £7j + 2tk, [0 2]

v(t) =i+ 2 0= 5+ 4
s = [ @) a =J2\/5 + 4% dt
. = J— I+31n5 - 31n(~/105 - 4/5) = 6.2638

57. r(t) = 2sind + j, E 71'}
r'(f) = 2 cosdi
r'(t)H = .J/4cos’t = 2cost

4
s =J. 2 costdt
/2

= [2sin t]z/2

T
=[O—(—2)J:2 61. r(t) = (8 cost,8sint, 1), [05}
r'(t) = (-8sin,8 cos 1, 1), H—
N
= [ = e - ”f
(0, 1) (2, 1)
| @—e

58. r(r) = 10cos ¢i + 10sin ¢}, [0, 27]

r'(f) = —10sin ¢i + 10 cos 7§
r'(t)H =10 62. r(r) = <2(sint —tcost),2(cost + tsint), t>,(0, %)

2
s = J.O 10dt = 207 r'(t) = <2ts1nt 2t cost, 1
j: (1) ar = joﬂ/ Va4 v 1d
%m(\/;zz 1+ 7[) + %\/7[2 +1 = 3.055

H— 4% +1

N
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1244 Chapter 12 Vector-Valued Functions

63. r(t) = 3ri + 24j
Line
K =0

64. r(r) = 2/ri + 3tj

, 1, o 1 /l + 9¢
’” 1 -3/2 s
)= —=t
r’(7) 5 i
i j ok
/ 4 1 3 — /7 U4
¥xr’ = 7 3 O:Et”k;rxr T
_lf3/2 0 0
2
@y zaer 3
()] (1+9)7 /£ 21+ 9)
65. r(r) = 2ri + %ﬂj + 1’k
r'(t) = 2i + tj + 2tk,|r'| = /517 + 4
(1) = j+ 2k
i j k
r'xr” =2 t 2 =-4j+2k,[[r xr”|= /20
0o 1 2
K - Ixv’| 20 25

Il 2+ 4™ (a4 52)"

66. r(s) = 2¢i + 5costj + 5sink

r'(¢1) = 2i — 5sin¢j + Scos kK,

()] = ~/29
r”(¢) = 5costj — 5sinrk

i j k
rxr’” =12 -5sint Scost

0 —5cost —5sint

25i + 10sin ¢j — 10 cos tk

r xr’|= <725
r xr”’
K = =

29

’

725 _N25.29 5
(297 2929

r

67. r(t) = %tzi +tj+ %Pk,PG,l,%} =t=1

68.

69.

70.

rf)=ti+j+2kr(1)=i+j+k
(1) = i+ 2k, (1) = i + 2k

i ok
rxr’ =11 1|=2i-j-k
1 0 2
KzHr'xr”Hzx/4+1+1=\/g=£
ERNG RV

r(t) = 4costi+3sintj+tk, P(-4,0,7)=>t=7x
r’(r) = —4sinti+3costj+ Kk, r'(7) = 3j+k

r”(¢) = -4 costi —3sintj, r"(7) = 4i

i j K
xr” =0 -3 1] =4j+12k
4.0 0
g x| Vie+144 2
C TSI

1,
=—x"+x,x=4
7 2

Yy =x+1
y,/:l
k=11 !

[l + (y’)zT/2 ) (1+ x2)3/2

_ _ 1 iz
Atx =4, K = 2673/22111(1}’ = 267" = 26~/26.

y=e x=0

B DR P
1
, 2 -x/2
P A
NSEL ) 32
[l"'(y)} {1+fe_x}
4
ArcOKo V4 2 _ 2 2
(s s s 25
L5
=
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Problem Solving for Chapter 12 1245

71. y =1 =1
yE ey 72. y=tanx,x=%

, 1
y = — 7 2
x Yy = sec? x
Y = _iz y” = 2sec’ x tan x
X
” 2 ” 2sec? x tan x
P R 1 P _ |
INSEE 732 INSEE NREE
[+ ey [+ 7] [ sects]
1 1 2 z 4 N 55
Atx =LK = — = —= = —andr = 2</2. Atx=—K=—+=—+== andr = ——.
g =gz e =2 TR T TS5 s YT T
2
73. F = may = mk(dsj
dt
~ [ 7200 Ib j[ 1 j 25(5280)ft )’
32 fi/sec’ \150 ft | 3600 sec
= 2016.67 Ib
Problem Solving for Chapter 12
2 2 2. 23 03 _ o3
1. x() = J‘t cos(m‘] du, y(r) :_[ tsin[m‘j du oy a
0 2 0 2 2 s 2y
=X+ =y "y =0
, ) | 7? 3 3
X(t) = cos| — |, y'(¢) = sin| = , oyl
2 2 Y= =5 Slope at P(x,y).
_ a 70 N\2 70 N2 _ a _ _ 3 . s 3.
(a) s—jo K@) + (o) 0lz‘—j.0 dt = a r(¢) = cos’ ti + sin’ 7
r'(t) = =3 cos” tsinti + 3sin® 7 cos £

2

(b) x"(¢) = m‘sm[z),y(t)—m‘cos(z]

r'(?) Hl = ‘3 cos ¢ sin t‘

(1) o
7t o m? T(¢) = =7 = —cos ti + sin ¢
7t cos? e sin’ 3 r'(7)]
K = N = 7t T(¢) = sin i + cos ¢
Att = a,K = 7a. 0(0, 0, 0) origin
(¢) K = ma = r (length) P = (cos3 t,sin ¢, 0) on curve.
i j Kk

POXT =|cos’t sin’t 0|= (cos3tsint —sin3tc0st)k
—cost sint 0

|Pox 1] .
="———" = |cossin
ey
PO LU
r'(t)H ‘SCostsint‘

. 1 . .
So, the radius of curvature, e is three times the

distance from the origin to the tangent line.
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1246 Chapter 12 Vector-Valued Functions

3. Bomb: rj(t) = (5000 — 400¢,3200 — 16¢) 5. X(6) = 1-cos 8, y(6) =sin6,0 < 6 <2r
Projectile: 1, (¢) = ((v, cos )z, (v, sin 8)¢t — 16¢>

! 2(1) <( 0 ) (v ) > \/x'(H)zy'(H)z = \/(1 — cos 9)2 + sin?@
At 1600 ft: Bomb: 9
-/ _ - 26
3200 — 162 = 1600 = ¢ = 10 seconds. = /220050 = [4sin" T
Projectile will travel 5 seconds: , P o7 ;
5(vo sin 6) — 16(25) = 1600 s(r) = J. 2 sin — dé =[—4 cos —} = —4cos—
0 = ) 2], 2

v sin @ = 400.

x"(6) = sin 8, y”(6) = cos @
Horizontal position:
‘(1 — cos B)cos & —sin @ sin 9‘

Att = 10, bomb is at 5000 — 400(10) = 1000. K= 3
Att = 5, projectile is at 5v, cos 6. [2 sin EJ
So, v, cos & = 200. _|cos 6 -1
Combining, 8 sin? [4
Hsind 400 he =2 = 0 = 6343, _ 1
vocos @ 200 )
4 s1n5
Vo = 200 = 447.2 ft/sec ) ;
cos So,p = — = 4sin—and
K 2

4. Bomb: r;(t) = (5000 + 400z, 3200 — 16¢?) RN 160082(% . 16Sin2(£j 16
2 2 ’
Projectile: r,(r) = <(v0 cos O)t, (vO sin 9)t - 16t2>

6. r =1-cosé
At 1600 ft: Bomb:

3200 — 16¢2 = 1600 = ¢ = 10 = sin6
Projectile will travel 5 seconds: s(f) = J;\/(l —cosf)’ +sin®>6d6 =I; 2 -2cos6do
5(v, sin 6) — 16(25) = 1600 L ot ,

vo sin 6 = 400, = J”2sin5d6 :[—4c055}” = —4c0s5

Horizontal position:

‘2(/)2 -+ rz‘
Att = 10, bomb is at 5000 + 400(10) = 9000. K =

N2 32
o )+ 2]
Att = 5, projectile is at (vO cos 6)5.
So ‘2 sin® @ — (1 — cos )(cos 6) + (1 — cos 6’)2‘
5vy cos @ = 9000 8 sin? 4
Vo c0s @ = 1800. 92
Combining, 3-3c0s6| 3 sin? 5 3
vosing _ 400 o2 0~ 125e gsin’ 2 46 4sin?
vocos @ 1800 9 2 2 2
1800 4 sin 4
v = ~ 1843.9 ft/sec p= 1 _ 2
cos @ K 3

=16

s +9p? = 16coszg + 16sin2§

7. Hr(t)H2= (1) - r(2)

SIl) = 25 r 0= )0 + v 0) - x(0) = S r(0)] - r(’)r(:)(’)
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Problem Solving for Chapter 12 1247

8.( r

r = rcos @i + rsin ]

dr _ ﬂcos@—rsinaﬁ i+ ﬂsin9+rcos‘9ﬁj
dt dt dt

xi + yj position vector

dr |dt
2 2 2 2
azd—;= d—;cosg—@sinaﬁ—@sineﬁ—rcosgﬁ —rsin&d—fi
dt dt dt dt dt dt dt dt

2 2 257
+ d—:siné’+ﬂcost9ﬁ+ﬂcosl9ﬁ—rsinl9ﬁ +rcosl9ﬁ
dt dt dt dt dt dt di

a, =a-u, =a-(cosbi+ sin 6j)

5 -

2 2
= d—zrcoszﬁ—2£sin9cos€ﬁ—rcos29(ﬁ] —rcosasinﬂd—f
dt dt dt dt dt

2 2 2 2 2
+ d—;sin20+2ﬂsin0cosﬂﬁ—rsin20(ﬁj +rcosl9sin6’ﬁ _dr_r(dﬁj
dt dt dt dt

| ar \dr
drdod  d*
=a- =a - (-sin i + Qi) = 2——— + r——
ag Uy (—sin i + cos 6j) o T
a=(a-uju +(a-uyu = dzr—r(dg)z u, + 2ﬂﬁ+rd—2€u
i o ar ) | " dedr ar |’
(b) r = 42,000 cos(@ji + 42,000sin (@j f
12 12
2
r= 42000, = 0,47 _ g
dt dt
d6 _ z d’0 _
dt 12’ df?

2
So.a = —42,0000 % | u, = -3 424
12 3
2

Radial component: —8% V4

Angular component: 0

9. r(t) = 4costi + 4sintj+ 3rk,t =

r'(¢)

(SIS

r'(t) = —4sinsi + 4 costj + 3Kk,

=5
r’(t) = -4 cos ti — 4sintj

T = —%sinti+icostj+§k

, 4 L4
T =—7cost1—§smt]

N = —costi — sin¢j

B=TxN = ésinti—écostj+ﬂk
5 5 5

Atr = Z, T(£]=—fi+§k
2 2 55
T
NZ|=-j
(2) !
B(Ej:§i+ik
2) 5 s
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1248 Chapter 12 Vector-Valued Functions

10. r(t) =costi+sintj—Kk, ¢ =

r'(o)

r’(¢) = —sin ri + cos ¢,
T = —sin ¢ti + cos ¢
T = —cos ti — sin ¢j

N = —cos ti —sin ¢

B=TxN=k
Atr = % T(ﬂj:—ﬁi+\/—j
4 4 2 2
m\_ N2, 2. 32
Nl —|=-——Fi-—i . 120 1 (89)
4 2 2 At the point (4,1),K = o r=_= =7.
x (89) K 120
o(3)-
13. r(1) = (tcosm, tsin7w),0 < t < 2
11. (a) |B| =T x N| = 1constant length = i’—B 1B (@) 2
s
_ P}
B T N) = (TxN) + (T'x N) ’ ’
ds ds
T-?:T-(TXN’)+T-(T’XN) ~
s
’ 2 ,
=(TxT)-N+T- [T’ X :'J =0 (b) Length= IO Hr(t)H dt
_ (2 [2.2
B B B =[N+ 1ar
So,— L Band— 1L T => — = 1N
s ds ds =~ 6.766 (graphing utility)
for some scalar 7. 7z’(7r2t2 + 2)
(b) B = T x N. Using Section 11.4, exercise 58, (©) =

B [ﬂztz + IT/Z
BxN=(TxN)xN=-Nx(TxN)

= [(N-N)T-(N-T)N] K(0) = 27
=-T K(l) = M = 1.04
BXT=(TxN)xT=-Tx(TxN) (= +1)
={(T-N)T—(T - T)N] K(2) = 051
=N. @ s
llaT| T(s) . . _ dT
Now, KN _HE ‘T,(S)H = T(s) =
Finally, 0 5
N(s) = %(B xT) = (BxT)+ (B xT) © limk - 0

(B x KN) + (—zN x T)

f) Ast — oo, the graph spirals outward and the
—KT + 7B. ) Eraph sp

curvature decreases.
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Problem Solving for Chapter 12 1249

14. (a) Eliminate the parameter to see that the Ferris wheel has a radius of 15 meters and is centered at16j. At ¢t = 0,
the friend is located at r; (0) = j, which is the low point on the Ferris wheel.
(b) If a revolution takes A¢ seconds, then

7(t + At) _T
10 10

and so At = 20 seconds. The Ferris wheel makes three revolutions per minute.

(¢) The initial velocity is 75(¢) = —8.03i + 11.47j. The speed is\/8.03% + 11.47> =~ 14 meters per second. The angle of

e 11.47
inclination is arctan
8.03

j =~ (.96 radians or 55°.

(d) Although you may start with other values, #, = 0 is a fine choice. The graph at
the right shows two points of intersection. At¢ = 3.15 sec the friend is near the

vertex of the parabola, which the object reaches when

11.47 = 1.17 seconds. 2
2(—4.9)

L=ty = —

So, after the friend reaches the low point on the Ferris wheel, waitz, = 2 seconds

before throwing the object in order to allow it to be within reach.

(e) The approximate time is 3.15 seconds after starting to rise from the low point on 0

the Ferris wheel. The friend has a constant speed of H ri(?) H = 15 meters per second. The speed

of the object at that time is

r;(3.15)] = \/ 8.03 + [11.47 - 9.8(3.15 - 2)]” = 8.03 meters per second.
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Explorations 1635

Chapter 2, Section 1, page 69

225-1 125
P(1,1)and Q(1.5, £(1.5)): m = == =25
(1 1)and Q(1.5, 7(1.5)): m 15-1 05

121-1 _ 021
P(1,1)and O(1.1, £(1.1)): m = === -2
(1 )and Qy(1.1 7(1.1)): m 1L1-1 01

1.0201 -1 _ 0.0201

P(1,1)and 04(1.01, £(1.01)): m = =

(1 1)and 0101, £(1.01) 1.01 - 1 0.01

~1.002001 _ 0.002001
1.001 -1 0.001

1.00020001  0.00020001
P(1,1)and O5(1.0001, £(1.0001)): m = = = 2.0001
(1 1)and O5( /1 ) 1.0001 — 1 0.0001

= 2.01

P(1,1)and Q4(1.001, f(1.001)): m = 2.001

4

UL

s ;

m=2

Chapter 2, Section 1, page 70

. L1
The width of each rectangle is 3

The area of the inscribed set of rectangles is:

b b A )L )

1 1 4 9 16
=0+ =+ =+ =+ =

5 25 25 25 25
EE

5125
=£=0.24.

25

The area of the circumscribed set of rectangles is:

1 1 1 2 1 3 1 4 1
RN R S K S R R E R S
1[1 4 9 16 }
=——=+—+—+—+1
5125 25 25 25
1]
5025
11

= — = 0.44.
25

16 11 17
The area of the region is approximately —| — + — | = — = 0.34.
2125 25 50
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1636 Explorations

Chapter 2, Section 2, page 72

X 1.75 1 1.9 | 1.99 | 1.999 | 2 | 2.001 | 2.01 2.1 2.25

f(x) 1075109 ]099]|099 | 1 | 1.001 | 1.01 1.1 1.25

2 —
The graph of f(x) = Lx;—z agrees with the graph of g(x) = x — L at all points but one, where x = 2. If you trace
X —
along f getting closer and closer to x = 2, the value of y will get closer and closer to 1.

Chapter 2, Section 4, page 94

NN 4

-10

-10

» = x* + 1looks continuous on (-3, 3). y = does not look continuous on (-3, 3).
Y-
c. 5 d. 10
—a T -3 3
_:—'_'_'_'_'_'_'_'—
-5 -10
sin x . x> — 4 .
y = looks continuous on (-7, 7). y = 5 looks continuous on (-3, 3).
x X+

You cannot trust the results you obtain graphically. In these examples, only part a. is continuous. Part b. is discontinuous at
x = 2; part c. is discontinuous at x = 0; part d. is discontinuous at x = —2.

Chapter 2, Section 5, page 108

c =3 lim f(x) = +e0; lim f(x) = +oo c=-2 lim f(x) = - lim f(x) = —o
x—3"
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SECTION PROJECTS

Chapter 2, Section 5, page 114 Graphs and Limits of Trigonometric Functions

2

(a) On the graph of , it appears that the y-coordinates of points lie
as close to 1 as desired as long as you consider only those points
with an x-coordinate near to but not equal to 0. r .

-2

(b) Use a table of values of x and f (x) that includes several values of x near 0. Check to see if the corresponding values of f (x)

are close to 1. In this case, because f'is an even function, only positive values of x are needed.

X 0.5 0.1 0.01 0.001

f(x) | 0.9589 | 0.9983 | 1.0000 | 1.0000

(c) The slope of the sine function at the origin appears to be 1.
(It is necessary to use radian measure and have the same unit
of length on both axes.)

; inx —0
(d) In the notation of Section 2.1, ¢ = Oand ¢ + Ax = x.Thus, my, = smxio
X —
This formula has a value of 0.998334 if x = 0.1; my,, = 0.999983if x = 0.01.
The exact slope of the tangent line to g at (0, 0) is lim m,, = lim MY _ .
x—0 x—=0 x
(e) The slope of the tangent line to the cosine function at the point ¥
(0,1) is 0. The analytical proof is as follows: st
2L
’ g cos(0 + Ax) =1 i I - cos(Ax) 0
parlg Msee = M Ax = Ty Ax e \ /\ Ly

(f) The slope of the tangent line to the graph of the tangent function at (0, 0) is:

tan(0 + Ax) — 0 in(A
lim mg, = lim —an( *) = lim LH( ¥) . =1- 1 =1.
Ax—>oo Ax—>0 Ax Ax—0  Ax cos Ax 1

Chapter 3, Section 5, page 177 Optical Illusions

(@ x*+y*=C? (b) xy=C
2x + 2y =0 X +y=0
4 'x /’
y == y =2
¥ x
3 at the point (1, 4), ' = —4

at the point (3, 4), )’ = -
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