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CHAPTER 2
Analytic Trigonometry

Section 2.1 Using Fundamental Identities

1. tanu . 3 .
9. sinf = —Z, cos @ > 0 = @isin Quadrant IV.
2. cscu >
cos 0 = 1——é = 1—2=ﬁ
3. cotu 4 16 4
3
4. cscu tana—sma—_z——i——3ﬁ
cos @ ﬁ 7 7
5.1 4
6. —sinu sec 0 = 1 _ 1 :i:4\/7
cos @ ﬁ 7 7
7. sec > tan x < 0 = x is in Quadrant II 4
. X = -, X x is in Quadrant II.
2 cot @ = ! = L = —ﬁ
1 1 2 tan 6 _i 3
Cos X = =—=-=
secx S 5 | 1\/7 A
2 csc @ = o = 73 = —5
3 sin 3
sinx = 1—(—2) = 1_i:£ 4
5 25 5 )
/21 10. cos @ = 3 sin @ < 0 = @ is in Quadrant IV.
tan x = sinx 5 21 .
cos x _2 2 sin@ = — 1—z =—[1—ﬁ=—£
5 3 9 3
ox o L5 _ 52l 5
sinx /21 21 tan @ = sin 6 __ 2 _ _ﬁ
cos @ 2 2
cot x = 1 2 _ 2+/21 3
tan x V21 21 1 1 3
secf = == ==
; cos® 2 2
8. cscx = o tan x > 0 = xis in Quadrant III. 3
ot = ! 12 2S5
sinx = ! =L=_§ tan ¢ _ﬁ NG 3
cscx 7 7 2
6 wego Lo 3 35
cosx = —, (1 - —éz—— l—ﬁ——i sin 0 N3 Vs >
7 49 7 3
sin x g 6 6~/13
tan x = = = =
cOoS X _\/13 13 13
7
1 1 7 713
secx = = = =
cosx /I3 V13 13
7
1 1 V13
cotx = = =
tan x 6 6
V13
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214 Chapter 2 Analytic Trigonometry

11.

12.

13.

14.

2
tan x = —, cos
3

1

tan x

cotx =

ol
secx = ,(/1+|—=
3 9
2
cscx = 1+(gj = 1+2:
2 4
1

x > 0 = xisin Quadrant I.

_.
N | w

2
3

(O8] N

—_ (O8]
4‘ wS‘Né\ é\
W w

. 1 2
sin x = = = =
csc x 13 13
2
cos x = r_ . _ 3 _ 1
sec x V13 V13 13
3
1 1 3
cotx = =_ ==
tanx 2 2
3
7 . .
cot x = 7 sin x < 0 = x is in Quadrant III.
1 1 4
tan x = = — = _
cotx 1 7
4
2 —
secx:—1+i :_1+&__ 65
7 49 7
7V 49 65
cscx =—, (1+|—=| =—- 1+ = =-—""2T
4 16 4
sinx = I 1 _ 4 465
csc X N 65 65 65
4
1 1 7 765
cos x = = = =
sec x 65 /65 65
7

S€C X COS X = (

Il
—_

Matches (c).

cot? x — csc? x

Matches (b).

= (csc2 X - 1) — csc? x
-

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

cos x(l + tan? x) = cos x(sec2 x)

1
= COS X| 3
cos” x

1
CoS x
= secx
Matches (f).
CoS X 1 1
cot xsecx = — : = — =
sinx cosx  sinx
Matches (a).
sec’x —1 tan’x _ sin’ x 1
sin® x sin? x cos® x sin® x
Matches (e).
2 . .
cos”| (7/2) — x sin?x  sinx .
[( / ) ] = = sin x
CoS X COSX  COSX
Matches (d).
1
tan 6
tan fcot tan 6
sec @ 1
cos @
1
T
cos 6
= cos @

T .
COS(E - x] S€C X = sIn x S€C X

= sin x !
Cos x

= tan x

tan® x — tan” x sin®> x = tan? x(l — sin®
= tan? x cos? x
-2
sin? x )

= - COS™ X

cos? x
= sin® x

CSC X

= SCC2 X

= tan x sin x

x)

sin? x sec? x — sin® x = sin? x(sec2 X - 1)

= sin? x tan® x

sec’ x —1 _ (secx + I)(sec x — 1)
secx—1 secx — 1
=secx +1
cosx —2 cosx — 2
cos’x —4  (cosx + 2)(cos x — 2)
1
 cosx +2
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25.

27.

28.

29.

30.

31.

32.

33.

34.

35s.

36.

37.

= (1 — cos? x)z
(sin2 x)2

sin* x

1 — 2cos? x + cos* x

= cot? x(cot x + 1) + (cot x + 1)
= (cot x + 1)(cot2 X+ 1)

cot’ x + cot® x + cotx + 1

= (cot x + 1)esc” x

sec® x — sec’ x —secx + 1

= sec’ x(secx — 1) — (secx — 1)
(sec2 X — 1)(sec x—1)

tan® x(sec x — 1)

3sin?x — Ssinx — 2 = (3sinx + 1)(sin x — 2)
6 cos’ x + 5cosx — 6 = (3cosx — 2)(2 cosx + 3)

cot’ x + csc x — 1 (cchx—1)+cscx—l

csc> x + cscx — 2
(escx = 1)(csc x + 2)

sin?x +3cosx + 3 (l—coszx)+3005x+3

—cos>x +3cosx + 4

—(cos2 X —3cosx — 4)

—(cos x + 1)(cos x — 4)

sin49_ 1 1
cos@ sinéd cos @

tan @ csc @ = = sec @

tan(—x) cos x = —tan x cos x
sin x

- COS X
Cos x

= —sin x

sin g(csc ¢ — sin @) = (sin @) ng —sin? ¢
sin

=1-sin’ ¢ = cos’ ¢

— COs Xj

(sin ) sin
cos
sin? . cos? B
cos B cosf
sin? B + cos’f3
cos S
1
cos 3
sec

1
cos x(sec x — cos x) = cos x[
cos x

1 —cos?x

sin® x

+ cos

sin S tan § + cos S

Section 2.1

Using Fundamental Identities

215

26. sec* x — tan* x = (sec2 X + tan? x)(se02 x — tan® x)

38.

39.

40.

41.

42.

43.

44,

. cos u
cotusmu +tanu cosu =

1 —sin’x _ cos’x

csc’x —1  cot’x

cos’y _ l1-—sin’y

(sec2 X + tan? x)(l)

sec? x + tan? x

s u

sin u
nu)+
cos u

=cosu +sinu

= cos’x tan’x

1 —siny 1 —siny

(1 + sin y)(1 - sin y)

= (COS x)

= sin’x

=1+siny

1 —-siny

(sin x + cos x)z

=1+ 2sinxcosx

(2escx + 2)(2cscx — 2) = 4esc’ x — 4

= 4(csc2 X - 1)

= 4cot? x

l—-cosx+1+cosx

l+cosx 1-—cosx

1 1

(1 + cos x)(1 — cos x)
2
1 —cos? x
2
sin? x

2 csc? x

secx —1— (secx + 1)

(cos u)

sin®x

cos?x

sin? x + 2sin x cos x + cos’ x

(sin2 x + cos? x) + 2sin x cos x

secx+1 secx —1

(sec x + 1)(sec x — 1)
secx —1—secx — 1

sec?x — 1
-2
tan? x

1
-2
[tan2 x]

—2cot? x
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216 Chapter 2 Analytic Trigonometry

45, 0S¥ _ cosx _ cos x(1 = sin x) — cos x(1 + sin x)
"l+sinx 1-sinx (1 + sin x)(1 — sin x)

COS X — Sin X COS X — COS X — Sin X oS x
(1 + sin x)(1 — sin x)

—2sin x cos x
1 —sin® x
—2sin x cos x
cos? x
—2sin x
cos X
= —2tan x

46 sin x N sinx _ sin x(1 = cos x) + sin x(I + cos x)
"l+cosx l-cosx (1 + cos x)(1 — cos x)

sin x — sin x cos x + sin x + sin x cos x
(1 + cos x)(1 — cos x)

2sin x
1 — cos® x

2sin x

sin? x
2

sin x

= 2cscx

sec> x  tan® x — sec® x 5 tan x — sec x _ S(tan x — sec x)
47. tan x — = 50. . 5 >
tan x tan x tan x + secx tan x — sec x tan® x — sec” x

-1 5(tan x — sec x)
= = —cot x = V— -
tan x -1

= 5(sec x — tan x)

cos x l+sinx cos’x+(1+sin x)2
48. + =

1+ sin x cos x cos x(1 + sin x) 51

. 1 = —(sinx cotx + cosx)

. cos x
sin x| — + cos x
sin x

(cos x + cos x)

cos? x + 1+ 2sin x + sin? x

cos x(1 + sin x) =

2+ 2sin x
cos x(1 + sin x) =

D= = =

2(1 + sin x) — cosx
cos x(1 + sin x) 2

2

- sl A
NS

COS X

= 2secx

22 1 - 2
49, sin”y cos” y
1—-—cosy 1 —--cosy

_ (1 + cos y)(1 — cos y) — 1+ cos y

1 —cosy
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Section 2.1

= secx cscx — tanx
52. N 53.
1 1 sin x
cos x \ sin x cos x
_ 1 sin? x
cosx sinx  cosx sinx
1 - sin? x
cos x sin x
_ cos’x
COos x sin x
_ cosx
sin x
= cotx
6
| |
\ k Ik
27 - - 2r
1 1
‘WI \ \I w -2
U U
-6
1
54. y, = — —cos x| = tan x
sin x| cos x
1 1 1 cos x
- —cosx|=— —
sin x| cos x sin x cos x  sin x
1 - cos? x sin? x sin x
= — = — = = tan x
sin X cos X  sin Xxcosx  COS X
55. Let x = 3cos 6.

V9 - x* = /9 — (3 cos 0)2

56. Let x

V49 — x? =

=./9 -9cos? @

= 9(1—00529)
= ./9sin> @ = 3sin &
= 7 sin 6.

49 — (7sin 6)°
= /49 — 49sin’ 6
= J49(1 - sin® 6)

/49 cos? 6

7 cos 6

tan x + 1

secx + csc x
sin x
— +1

cos X

+ —
cosx  sinx
sin x + cos x

cos X
sin x + cos x

sin x cos x

1 1

Using Fundamental Identities

COos x

_ (sinx + cos x

= sin x

2

sin x cos x
sin x + cos x

I

L

2m

57. Let x = 2secé.

= 4(sec2 6 - 1)

= /4 tan’ 6

58. Let 3x = 5tan 6.

Vox? + 25 =

2 tan @

(3x)* + 25

= 4/(5 tan 6)2 + 25

= /25tan® 0 + 25

= 25(tan2 0 + 1)

= /25sec’ 6

5sec @

217
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218 Chapter 2 Analytic Trigonometry

59. Let x = 2sin 6.

Nrer B
4-(2sin6) =2
4—4sin’> 6 =2
4(1 - sin> 6) = V2
4cos? 6 =2
2c0s 6 =~/2
cos@z%
2
sin @ = \/1—cos? 6 = 1—[\25] =iTZ
60. Let x = 2 cos 6. 61. x = 6sin @
Ji6 - 43 = 242 3=1/36 -

J16 = 4(2 cos 6)” = 24/2 = /36 — (6sin 6)°
J16 = 16 cos? @ = 2+/2 = /36(1 - sin® 6)

16(1 — cos? 9) =22 = /36 cos’ @
W:Zﬁ = 6cos b
4sin 6 = £2/2 cosﬁzgzl

2

6
sin @ = J_rT sin @ = £./1 — cos® 8
Cosgqu—sinzg =+ 1_(1j2
2

| =
1]

I+
TN

NG

!
2 —
N2 2

2 62. x=10cos®
53 = /100 — x?
53 = /100 = (10 cos )’
53/3 = /100(1 - cos 6)
53 = /100 sin? @

Il
I+
w

53 = 10sin 6
. 53 3
sinf = —— = —
10 2
2
cos @ = /1 —sin? @ = 1—(?} :%
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63.

64.

65.

66.

sin @ = /1 — cos® @
Let y, = sinx and y, = /1 — cos® x,0 < x < 27.

y =y for 0 < x <

So, sin @ = /1 —cos? @ for 0 < 6 < .

2

Yo

hdl

cos @ = —/1 —sin® @

Let y, = cosx and ¥, = —+/1 —sin? x,0 < x < 2.

V.4 3z
= for — < x < —.
i V2 5 5

So, cos @ = —+/1 —sin? @ for% <0< 37”

2

-2

sec@ = /1 + tan? @
Let y, = and y, = /1 + tan” x,0 < x < 27.
Cos x

T kY4
y =y for0<x<=and — < x <27

2 2
So, sec @ = /1 + tan” @ for 0 < 9<§ and
3—ﬂ'< 0 < 2rm. 4
2

AN

0 on

myl

-4

csc @ = /1 + cot® @

! and y, = /1 + cot> x,0 < x < 27.
x

Let y, =
sin

v=yfor0<x<m

So, csc @ = /1 + cot’ @ for 0 < 0 < 7.

2

Section 2.1

67.

68.

69.

70.

71.

72.

73.

74.

Using Fundamental Identities 219

MW cos @ = W sin 8

W sin @
U =———=tan @
W cos 8
. 1 sin x .
sec x tan x — sin x = . — sin x
COS X COS X
sin x .
= S— —sinx

cos” x

sin x — sin x cos? x

cos? x

sin x(l — cos? x)

cos? x
. .
_ sin xsin” x
cos? x
= sin x tan® x
True.
sin u
tanu =
cos u
cos u
cotu = —
sin u
1
secu =
cos u
1
cscu = —
sin u
False. A cofunction identity can be used to transform a

tangent function so that it can be represented by a
cotangent function.

V4
As x - ——, tan x — o and cot x — 0.

As x = 7¥,sinx — 0 and csc x = — —oo,

sin x
cos(—8) # —cos 6
cos(—6) = cos 6

sin @ sin @

The correct identity is =
4 cos(—6)

cos 6

= tan @

Let u = atan 6, then

a> +u? =./a’ + (atan 9)2

= Ja* + a*tan’* 6

= a2(1 + tan? 6)

= Ja%sec’ 6

= asec 0.
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220 Chapter 2 Analytic Trigonometry

75. Because sin? @ + cos® @ = 1, then cos> @ = 1 — sin? .
cos @ = £~/1 — sin 6

sin @ sin @

tan @ = =

cos & ++/1—sin? @
cot @ = 0 0  +J1-sin’ @

sin @ sin 6

1 1

sec 6 = =

cos & i\/l —sin’® @
csc @ = .1

sin @

L, ) . a b
76. To derive sin” 6 + cos® @ = 1, let sin & = ———and cos 8 =

Na? + b a? + b

2 2
b a’ b?
So, sin?> @ + cos? 6 = a4 + = +
(\/ a’ + b? Ja? + b? a’ +b*  a’ + b’
a® + b?
a® + b?
1.

N

To derive 1 + tan® 8 = sec’ 8, let tan @ = %and sec 0 =

b
2 2 2 2
So,1+tan29=1+[gJ :1+iz_b¥
b b b
2 2
_ \/a2+b2 3 Jat + b
b? b
= sec? 6.

2. 12
To derive 1 + cot> 8 = csc’ 8, let cot 8 = b and csc 6 = ai-i_b.
a a

2
So, 1+cot29—1+(bj =1+—

_a +b2 [ a+b2J
2
[ a+b]—csc9

Answers will vary.
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1
— 1
sec (1 + tan & ( ](
7. ( ): cos 6

Section 2

sin 9)
+ -
cos 6
sec 6 + csc 6 1 + 1
cos & sin @
cos @ + sin 6
cos’ 6
sin @ + cos 6
sin @ cos @

[sin 6 + cos 0}[ sin @ cos 6 j
cos® 6 sin @ + cos @

sin @

cos 6

Section 2.2 Verifying Trigonometric Identities

.2 Verifying Trigonometric Identities 221

1. ldentlty 16 COS[(”/2) — x:l _ Sin X ot x
2. conditional equation Sin[(”/ 2) - x] cos x
3. tanu
. T . . 1
17. sin ¢t csc(— - t] = sintsect = sin t[ ]
4. cotu 2 cos ¢
. sin ¢
5. sinu = = tan ¢
cos t
6. cot’u
2 2 & 2 2
18. sec y—cot[——yj:sec y—tan®y =1
7. —cscu 2
8. secu 1 1 cot x + tan x
19. + =
. tan x cot x tan x cot x
st cost
9. tanfcott = — - — =1 cot x + tan x
cost sint = - =
1
tan x cot x 1 = tan x + cot x
10. = = secx
cos x cos x
1 1 csc x — sin x
20. — - = —
11. (1 +sin@)(l - sine@) =1 - sin* & = cos’> & s x  CSC X SN X €SC X
_cscx —sinx
12. cos* B —sin? B = cos® B — (1 — cos? ﬂ) B 1
= 2cos? B -1 = csc x — sin x
13. cos’ f —sin® f§ = (1 — sin® ﬁ) —sin® g 21 1+ sin @ cosf (1+sin 9)2 + cos® 6
—1-2sin’ 3 " cosf  1+sin@ cos 6(1 + sin 6)

14.

15.

sin? o — sin* o = sin® a(l — sin? a)
= (1 — cos? 0!)(c0s2 a)

= cos? a — cos*

tan(ﬁ - j tan €
2

cot @ tan 6

=[ ! ]tanﬁ
tan €

1

1+ 2sin @ + sin? @ + cos? @

cos 6(1 + sin 6)
2+ 2sin 8
cos 6(1 + sin )
2(1 + sin 6)
cos 6(1 + sin 6)

2
cos @

2 sec 8
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222 Chapter 2 Analytic Trigonometry

cos & cot 6 cos @ cot @ — (1 — sin 6)
22. - -1= - 25. sec ycos y = cosy =1
1 —sin @ 1 —sin @ cos y
cos @ .
08 H[Sin 9) —1+sind sin @ 26. cot’ y(5602 y - 1) =cot? ytan® y = 1
B 1 —sin @ sin 6
) .
. . sin @/cos @)tan 6
_ cos® 6 — sin 6 + sin® 6 27. tan” 6 _ ( / ) = sin & tan @
sin 6(1 — sin 6) sec 6 Veos
__l-sn® 28 cot’ t _ cot t cot’t
sin (1 — sin ) " oso f sC ¢
1
= — cot t(csc2 t - 1)
sin & =
csct
= csc @
cos t
A—(csc2 t— 1)
23 1 + 1 _cosx—1+cosx +1 :smz—
“cosx+1 cosx—1 (cosx +1)(cosx — 1) .1
sin ¢
2 cos x fsin ¢
= — cos ¢ sin
cos?x —1 = ,7(csc2 t - 1)
sin ¢
_ 2cosx 5
—sin? x = cos t(csc t - 1)
1 cos X
=2 — = 1 1 + tan?
sinx sin x 29. + tan B = I+ tan f
tan S tan S
= —2.c¢sc x cot x
_ sec’
cOs X cos x(1 — tan x) — cos x tan 4
24. cos x — = ( )
1 — tan x 1 — tan x
_ —Cos x tan x
1 — tan x
~ —cos x(sin x/cos x) cos x
1 — (sin x/cos x)  cos x
_ —sin x cos x
Ccos X — sin x
_ sinxcosx
sin x — CoS X
secd — 1 secd — 1 sec 0 sec f(sec @ — 1
30. = . = ( ) = sec @
1-cosd 1-(secd) sec sec 6 — 1
2 2 /2 2 w2
- cot” t _ cos t/sm t_ co‘s t_1 lsm t 33, sec x — cos x = ~ cosx
csct 1/sin ¢ sin ¢ sin ¢ CO8 X
1 -cos? x
. . sin x -
32. cos x + sin x tan x = cos x + sin x( ] cos x
cos x -
_sin x
_ cos® x + sin” x T oS x
cos X . sin x
= sin x -
_ 1! cos x
cos x = sin x tan x
= sec x
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Section 2.2 Verifying Trigonometric Identities 223

cosx sinx
34. cotx —tanx = — -
sinx  cosx

cos? x — sin? x

sin x cos x
1 — sin? x — sin® x
sin x cos x
1 — 2sin® x

sin x cos x

1 (1-2sin*x
cos X sin x

_ 1(1 _2sin2x]

cos xksin X sin x

= sec x(csc x — 2 sinx)

cotx _ cosx/sinx cos’x 1-sin®x 1 sin® x .
3s. = = — = - = — - — = cscCx — sin x
sec x 1/cos x sin x sin x sinx  sinx

cse(—x) _ 1/sin(=x)
36. sec(—x) 1/cos(—x)

cos(—x)

sin(—x)
cos X

—sin x
= —cot x

37. sin”? x cos x — sin¥? x cos x = sin”? x cos x(l — sin® x) = sin"? x cos x - cos? x = cos’ x+/sin x

38. sec® x(sec x tan x) — sec* x(sec x tan x) = sec* x(sec x tan x)(sec2 X - 1) = sec’ x(sec x tan x) tan® x = sec’ x tan® x

39. (1 + sin y)[l + sin(—y)] = (1 + sin y)(1 — sin y) 41 l+sing  [1+sind 1+siné
=1-sin?y “\/1-siné@ 1-sin@ 1+ siné
= cos? y _[(1 +sin 9)2
A 1-sin2e
1 . 1 1 —sin” @
40, fanxttany _ cotx coty cot x cot y (1 + sin 9)2
" l-tanxtany b 1 cotxcoty = cos’ @

cotx coty

cot y + cot x =M

cotxcoty — 1 [cos 6]

42.

cosx —cosy sinx —siny  (cosx — cos y)(cos x + cos y) + (sin x — sin y)(sin x + sin y)
sinx +siny  cosx + cosy (sin x + sin y)(cos x + cos y)

cos® x — cos® y + sin? x — sin’ y

(sin x + sin y)(cos x + cos )

(0052 x + sin? x) - (0052 y + sin? y)

(sin x + sin y)(cos x + cos y)

=0
43. cot(—x) # cot x 44. The first line claims that sec(—6) = —sec 8 and
The correct substitution is cot(-x) = —cot x. sin(-¢) = sin 6. The correct substitutions are
4 cot(~x) = cot x — cot x = 0 sec(—6) = sec 6 and sin(-6) = —sin 6.

tan x
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224 Chapter 2 Analytic Trigonometry

45. (a) 8 (b)
-27 2m
-1 Identity
Identity
1
(c) (1 + cot? x)(cos2 x) = csc? xcos’ x = —— - cos” x = cot’ x
sin? x
3
46. (a) (b) [ 1™ Ve
U U U U ECE| coziy | Girid
-2 1.z208F | 1005
-1 ihizr | Lhizx
0 EEEOR | ERROR
i dhdex | Lule:
z 12088 | 12085
—27 2m E Eoely | Foziy
=3
1 .
Identity
Identity
. sin x — cos x 2 . Cos X
(c) cscx(escx —sinx) + ————— + cotx = csc’ x —cscxsinx +1 — —— + cotx
sin x sin x

=csc?x—141—cotx + cotx

= csc’ x
5
47. (a) (b) [-5.71E] :J B
v, srikE |0 o
Vs AERL |2 H
0 0 o
7 i1.5m0d | & k3
7 Tiids (0 ]
Y1 ey |2 E
o 2n = -4, P 1235009058
-1 Not an identity
Not an identity

() 2+ cos®x —3cos* x = (1 — cos? x)(2 + 3 cos? x) = sin? x(2 + 3 cos? x) # sin’ x(3 + 2 cos? x)

48. (a) 5 (b)

RN

VRN RN

-5 Not an identity

Not an identity
s 4 L2
sin® x  sin® x
(¢) tan*x + tan’ x -3 = ——+-——-3
cos*x  cos”x

L4
=71 (sm o +sin2xJ—3

cos? x| cos? x

1 (sin4 x + sin? x cos? x 3
cos? xk cos? x

-2
= ! (sm xJ(Sinz X + cos? x) -3

cos? x| cos? x

1 (sin®x
=5 a3
COS™ X\ COS™ Xx

=sec’ xtan® x — 3

# sec? x(4 tan® x — 3)
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49. (2) s

—27 27

Identity
(b)
EFE| -.0709 | -op0n
3 421 | m.BNEl
-1 1.8% -1.8%
[ EERKOR | ERROR
i 18308 | 18308
& 64208 | B4z208
K] 07081 | o081
A=z
Identity
© 1+cosx (14 cosx)(l— cosx)
C =
sin x sin x(1 — cos x)

1 —cos? x
sin? x
" sin x(1 — cos x)
sin x

1 —cosx

sin® x

Section 2.2 Verifying Trigonometric Identities 225

50. (a)

(b)

Not an identity

cot csca + 1

is the reciprocal of

csca + 1 cot

They will only be equivalent at isolated points in

their respective domains. So, not an identity.

51. tan® x sec’> x — tan® x = tan® x(sec2 X — 1)

= tan® x tan® x

= tan’ x

N sin* x\ 1

52. (tan2 x + tan* x) sec? x = 5
cos? x

sin® x +
cos* x

cos* x)cos2 x

sin* x
cos? x

cos? xL

1 (sin2 x cos? x + sin* x]

cos? x

1 (sin2 x(cos2 x + sin? x)

cos? xL cos? x
1 (sin®x
= — —-1 = sec* x - tan® x
cos* x| cos? x

53. (sin2 x — sin* x) cos x =
— win? 2
= sin? x cos® x cos x

= sin? x cos’® x

56. tan® 63° + cot? 16° — sec? 74° — csc? 27° =

sin? x(l — sin® x) cos x

54. sin* x + cos* x = sin? xsin® x + cos* x

(l — cos? x)(l — cos? x) + cos* x

1 —2cos? x + cos* x + cos* x

1 —2cos? x + 2cos* x

55. sin® 25° + sin” 65° = sin® 25° + cos?(90° — 65°)

= sin? 25° + cos? 25°
=1

tan? 63° + cot® 16° — csc?(90° — 74°) — sec?(90° — 27°)

tan? 63° + cot? 16° — csc? 16° — sec? 63°

(tan2 63° — sec? 63°) + (cot2 16° — csc? 16°)

-1+ (-1)

-2
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226 Chapter 2 Analytic Trigonometry

. . +1 +1
57.Let @ =sin'x = sinf = x = % 60. Let 6 = cos’le = cosf = x2 .
1 . 2
: Va-(x+1)?
A O A N
/1= x2 x+1
From the diagram, From the diagram,
X 2
tan(sin”! x) = tan @ = ——. +1 4—(x+1
( x) 1 — 22 tan| cos™ T~ | = tan 6 = 7( ) .
2 x+1
58.Let0=sin’1x35in9=x=£. 1 cosx
1 61. cosx —cscxcotx =cosx — —— ——
sin x sin x

=cos x|l — —
| sin® x

= cos x(l — csc? x)

A = —cos x(csc2 X - 1)

1-22 = —cos x cot? x

From the diagram,
&r hsin(90° — 6) K cos @

1= 52 62. (a) - - = hcotd
cos(sin’l x) =cos @ = — 1 - x2. sin 6 sin 6
() 0 15° 30° | 45° | 60° | 75° | 90°
g x—1 . _x-1
59. Let 6 = sin” —— = sin = ——. s | 18.66 | 866 | 5 |2.89| 134 | 0
(c) Maximum: 15°
.y Minimum: 90°
! (d) Noon
A | 63. False. tan x* = tan(x - x) and
V16— @—1)? tan® x = (tan x)(tan x), tan x* # tan® x.
From the diagram, o .
. 64. True. Cosine is an even function,
tan| sin™! x=1) tan = ——2 - . .
4 16 — (x — 1)° 005[6’ - —] = cos —(— - 9)
2 2

5]
cos| — —

2

= sin 6.

65. False. For the equation to be an identity, it must be true
for all values of € in the domain.
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66. If sin 8 = ﬁ, sec @ = E, and

C

b

a> +b* =% = a® = ¢* - b%, then

sec? @ — 1

i) -

sec’ @

sin? 6.

67. Because sin? 8 = 1 — cos? 8, then

sin @ = +./1 — cos? @; sin @ # /1 — cos® @ if 8

lies in Quadrant IIT or I'V.

4

One such angle is 6 = e
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68.

69.

70.

Section 2.3 Solving Trigonometric Equations

1. isolate
2. general
3. quadratic

4. extraneous

5. tanx—\/§=0

T
(a) x—g

tan%—\/—=\/——\/§=o

4r

(b) x ==

3

m%_fzf_ﬁzo

6.

tan @ = /sec? 6 — 1
True identity: tan 8 = +./sec’* 8 — 1

tan @ = /sec’ @ — 1 isnottrue for 7/2 < 8 < 7

or 37/2 < @ < 27. So, the equation is not true for
6 = 3rx/4.

1 —-cos@ = sin 8
(1 - cos 9)2 = (sin 9)2
1 —2cos @ + cos’ § = sin”
1-2cos@ +cos’@ =1~ cos’ @
2c0s’@ —2cosf =0
2cosB(cos @ —1) = 0

The equation is not an identity because it is only true
when cos @ = 0 or cos & = 1. So, one angle for which

. . T
the equation is not true is —5.

1+ tan @ = sec 8
(1 + tan 9)2 = (sec 9)2
1+ 2tan @ + tan? 6 = sec” 6
l+2tan @ + tan> § = 1 + tan” @

2tan 8 = 0
tan @ = 0

This equation is not an identity because it is only true
when tan € = 0. So, one angle for which the equation

. .
18 not true 1s g

secx—2=0

V4
a) x = —
(@) 3
sec£—2=¥—2
3 cos(7/3)
:L—2:2—2:0
1/2
hY/4
b) x = —
(b) 3
secs—”—2=¥—2
3 cos(57/3)
:L—2:2—2:0
1/2
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228 Chapter 2 Analytic Trigonometry

7. 3tan? 2x -1 =0

10. csc* x —4cesc?x =0

V3
a) x = —
(@) B
z\T T
3tan2(—] —1=3tan>= -1
12 6
2
1
3 — 1
(\/EJ
=0
hY/4
b) x = —
(b) D
Ltk 5
3tan2(—”) ~1=3tn? % 1
12 6
2
1
L
(\/5]
=0
8. 2cos?4x—-1=0
V3
a) x = —
(a) T
2cos?[ 4 Bl —1=2co* T —1
16 4
2
4]
:26}—1:1—1:0
3z
b) x = —
(b) T

200s243—” —1=200s23—7[—1
16 4

9. 2sin®x —sinx—-1=0

V1
(a) X_E

25in2%—sin§—1=2(1)2—1—1

T
a) x = —
(@) 5
4 T ) T 1 4
csc” — — 4 csct — = -
6 6 sin*(z/6) sin®(7/6)
_ 14
2" 2y
=16-16 =0
hY/4
b) x = —
(b) o
csc45—”—4cscs—7[— ! - 4
6 6  sin*(57/6)  sin?(57/6)
1 4
- T 2
(12)" (1/2)
=16-16=0
1. f3escx—2 =0
\/gcscx=2
cscx—i
V3
x=£+2n/r
3
orx:21+2mr
3
12. tanx + /3 = 0
tanxz—\/§
2
xX=—+nr
3
13. cosx+1= —cosx
2cosx+1=0
1
cos x = ——
2
2r T
x = 3 + 2nworx = — + 2nrw
14. 3sinx + 1 = sin x
2sinx+1=0
. 1
sinx = ——
2
x:7—”+2n7[0r
6
x=M+2n7Z
6
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Section 2.3 Solving Trigonometric Equations 229

15. 3sec’x -4 =0 20. (2 sinzx—l)(tanzx—3) =0
2 4 . 2
sec ng 2sin“x—-1=0 or tan“x =3
1
2 in2x =— =+
secx = £ sin” x 3 tan x = +~/3
3
T sinx—+L x—£+n7r
x:€+nﬂ' "2
. 2 2
orx:%[+nﬂ' smxziT x=7ﬂ-+nﬂ'
x =—+2nmw
16. 3cot’x —1=10
RV 4
1 - 2*
cot’ x = — x—4+2n7z
3
Sr
1 - 2r
cotx = +—— x = 4+2n7[
3
¥
T X =—+2nrx
X =—=+nr 4
3
2r 3 _
orx = — + nxw 21. cos"x—cosx =0
3
cos x(coszx—l)zo
2 — =
17. 4cos"x—1=10 cosx =0 orcos’x—-1=0
c052x=l V4 cosx = *1
4 X ==+nr
2 X =nrw
1
cosx = +— i
2 Both of these answers can be represented as x = B
X=—+nT Oor X=—+nxw
22. sec’x—-1=0
18. 2 — 4sin x = 0 sec’ x =1
. 1 sec x = *1
sin® x = —
2 X = nxw
. 1 2
=+ =+=
simx == 5 T 2 23. 3tan® x = tan x
n 3tanx —tanx = 0
X =—+2nx
4 tan x(3 tanzx—1)=0
3
=—+2
g " tanx = 0 or3tan’x —1=0
5 =
x=22 4 on r=n tanx:+£
4 E
r 5
X=T+2I’lﬂ' x:§+nﬂ',—”+nﬂ'
6 6
T onr
These answers can be represented as x = 7 + ER 24. Sec X csc x = 2 CSC X
secxcscx —2cscx =0
19. sin x(sinx + 1) = 0 csc x(sec x — 2) = 0

Il
|
—_

simx =0 or sinx cscx =0 orsecx—-2=20

3z : -
niw x = = + 2nr No solution secx = 2

X

X £+2n7r,5—”+2n7r
3 3
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230 Chapter 2 Analytic Trigonometry

25. 2cos’x+cosx—1=0
(2cosx — I)(cos x + 1) = 0
2cosx —1=0 or cosx+1=0
1 cosx = —1
CoOs X = —
2 X =7+ 2nr
x=£+2nlz,5—ﬁ+2nlz
3 3

26. 2sin® x + 3sinx + 1

(2sin x + 1)(sin x + 1)

2sinx +1 =0 or sinx+1=20
. 1 sin x = —1
sin x = ——
2 3z
. x:7+2n7r
x = — + 2nr, + 2nrm
6
27. sec2x —secx = 2

sec2x —secx —2 =0

(secx — 2)(secx + 1) = 0

secx —2=0 or secx+1=0
secx = 2 secx = —1
V.4 hY/4 X =7+ 2w
X =—+2nw,— + 2nrw
3 3
28. csc? x +cscx =2
csc?x+cscx —2 =
(cscx + 2)(cscx = 1) =0
cscx+2=0 or cscx—1=0
cscx = =2 cscx =1
i 11z T
X = — + 2nm,— + 2nw x ==+ 2nrx
6 6 2
29, sinx —2 =cosx — 2 30. cosx +sinxtanx = 2
sin x = cos x i sin x
. CcoS X + sin x =2
sinx _ cos X
cos x coszx+sin2x_2
tan x =1 cos x B
x = tan'1 1
=2
T 5w cos X
X == —
4 4 1
cos x = —
2
T 5w
x == —
373
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31. 2 sin?
2 — 2 cos?

2 cos? x + cos

X

X

X

=2+ cosx
=2+ cosx

=0

cos x(2cosx +1) = 0

cosx =0 or 2cosx+1=0
x_gzz 2cosx = -1
272 1
CcoS X = ——
2
2w 4Ar
X =— —
373
32. tan® x = sec x — 1
sec?x —1 =secx — 1
sec’x —secx =0
sec x(secx —1) = 0
secx =0 or secx—1=0
No Solutions secx =1
x=0
33. sin? x = 3 cos? x
sin?x —3cos’?x =0
sin2x—3(1—sin2 x):O
4sin>x =3
sinx:i£
2
72w dnsn
3737373
34. 2sec’x +tan’x -3 =0
2(tan2x+1)+tan2x—3=0
Jtan’x -1 =0
tanx:iﬁ
3
Lom ST Il
66 6’
35. 2sinx +cscx =0
. 1
2sin x + — =0
sin x
2sinx+1=0
sin? x = —% = No solution

o|5
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36. 3secx —4cosx =0
3
—4cosx =0
COoS X
3 — 4 cos?
3-dcos’x _ o
cos x
3—4cos’x=0
3
cos’ x = =
4
3
cos x = ii
2
c=Z Sk Tx 1z
666" 6
37. cscx +cotx =1
(csc x + cot x)2 =1?
csc> x + 2cscxcotx + cot’? x =1
cot>? x + 1+ 2cscxcot x + cot’ x = 1
2cot’ x + 2cscxcotx = 0
2 cot x(cot x + csc x) = 0
2cotx =0 or cotx+cscx =0
< =Z 3z COS X 1
2’2 sin x sin x
[37r . j cosx = —1
— 18 extraneous.
2 xX=7

38.

x = 7/2 is the only solution.

secx + tanx =1

1 .
+smx:1

COS X COS X

1+ sinx = cos x

(1 + sin x)2 = cos® x

1 + 2sin x + sin? x = cos? x

(7 is extraneous.)

1+ 2sinx +sin?>x =1-sin?x

2sinx 4+ 2sinx =0

2sinx(sinx +1) =0

sinx =0 or sinx +1
x=0,7 sin x
(7 is extraneous.) .

x = 0 is the only solution.

3r.
715 extraneous.
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232  Chapter 2 Analytic Trigonometry

.2 2x —1=
39. 2 cos 2x 0 45.3tan§—\/§=0
1
cos 2x = —
* 2 X \/g
Lyt
2x=£+2niz or 2x=5—”+2nlz
3 3 x_ﬂ' _IZ
—=—+4+nmr = x =—+2nx
T 5 2 6 3
X =—+nx X =—+nr
6 6 .
46. tanf+\/§=0
40. 2sin 2x +/3 = 0 2
3 tan > = —/3
sin 2x = ——— 2
2 X T
4x S E=—+nﬂéx:—+2nﬂ
2x:?+2nﬂ' or 2x:7+2n7r
. 7TX
x=2i+nﬂ- x=5—”+n7z 47. y =sin— +1
3 2
. (7x
41 tan3x —1=0 51“(7j+1: 0
tan 3x =1
sin[ﬂjz—l
3x =L 4o 2
4
E=3—”+2nlz
x= DA 2 2
x=3+4n
42. sec4x -2 =0 For -2 < x < 4, the intercepts are —1 and 3.
sec 4x = 2
! 48. y = sin 7x + cos x
cos 4x = 5 sin 7x + cos 7tx = 0
ju S sin Ix = —coS 7Ix
4x = —+ 2nw or 4x = — + 2nw P
3 3 X = ——+ nw
T nr St nrw 4
x = + — X ==+ —
12 2 12 2 X=—+n
X _ _ . 13 11
43‘2'3055_\/5_0 For —1 < x < 3, the intercepts are _,7,7177.
4 4 4 4
x 2
oS5 = 5 49. 5sinx+2=0
8
£=£+2nﬂ' or 7=7—”+2nﬂ'
2 4 4 /\
V4 1 0 i P
x =—+4nr x =—+ 4nr
-5
44.2smf=\/§=0 x = 3.553and x = 5.872
_x 3 50. 2tanx+7 =0
sin — = ——
2 2 15
x 4z x 5z /: |
—=—+2nr or —=—+42nw ! I
2 3 2 3 ! :/"
8z 107 of——i i
x=?+4n7z x =—+4nrw !|r 5|r

-5

x = 1.849and x = 4.991
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51. sinx —3cosx =0

5

2m

| 7N

x = 1.249and x

4.391
sinx +4cosx =0

5

o \\//
-5

x =~ 1.816and x

52.

4.957

53. cosx = x

4

-8

x = 0.739

54. tan x = csc x

L)

A

-10

x = 0.905and x

10

5.379

59, tan’x+tanx—-12=0
(tan x + 4)(tan x — 3) = 0
tanx + 4 =0 or
tan x = —4
x = arctan(—4) + nz
60. tan’x—tanx—-2=0
(tan x + I)(tan x — 2) =
tanx +1=0 or tanx — 2 =
tan x = —1 tan x =
kY4
X =—+nx x =
4

© 2018 Cengage Learning. All Rights Reserved
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5S.

56.

57.

58.

tanx —3 =0
tan x = 3
x = arctan 3 + nx
2

arctan 2 + nr

233

seclx-3=0

| PR
RN
-4
x = 0955 x = 2.186, x = 4.097 and x = 5.328
csclx-5=0
5
0 \\_\_'_'J/( -\\277

-5

x = 0464, x = 2.678,x = 3.605and x = 5.820

2 tan? x = 15

A

=)

N

zg

-18

x =122Lx = 1.921, x = 4.362and x = 5.062
6sin>x =5

6

0 l/-\\'\—/'Kﬂ"\ 2m

-18

x = 1.150, x = 1.991, x = 4292 and x = 5.133
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234 Chapter 2 Analytic Trigonometry

61. sec’x —6tanx = —4

Il
(==}

l+tan’x —6tanx + 4

tan’x —6tanx +5 =0

(tanx — I)(tanx — 5) = 0
tanx —1 =0 tanx —5 =0
tan x = 1 tan x =
X=%+nﬂ,’ X = arctan 5 + n7w
62. sec’x +tanx —3 =0
l+tan’x+tanx -3 =0
tan?x + tanx — 2 = 0
(tanx + 2)(tanx — 1) = 0
tanx +2 =0 tanx -1 =0
tan x = -2 tan x =1
x = arctan(-2) + n7 x = arctan(l) + n7
~ —1.1071 + nx :%+ nr
63. 2sin? x + 5Scosx = 4

2(1—coszx)+500sx—4 =0
—2cos’x+5¢cosx—-2=0
—(2cosx — I)(cosx —2) =0

2cosx —1 =0 or cosx—2=20
1
cosx = — cosx = 2
2
T b4 .
x = 3 + 2nr, 3 + 2nr No solution
64. 2cos’x+ 7Tsinx =5

2(1 - sin® x) + 7sinx =5 =0
—2sin®>x + 7sinx -3 =0

—(2sinx - 1)(sinx —3) =0

2sinx —1=0 or sinx—-3=0
. 1 .
sinx = — sinx =3
2
T hY/4 .
x = o + 2nr, o + 2nr No solution

65. cot>?’x -9 =10

cot?’ x = 9
1
5= tan? x
1
ig = tan x

X = arctan% + nrxw, arctan(—%) + nw
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66. cot’x —6cotx +5=0
(cot x = 5)(cotx — 1) = 0

cotx —5=0 or cotx—1=20
cotx =5 cotx =1
1
— = tan x 1 = tan x
5
1 T
X =arctan — + nrw X =—+nr
5 4

67. sec’x —4secx =0
0

sec x(sec x — 4)

secx =0 secx—4=0

No solution secx = 4

1
— = cosx
4

1 1
X = arccos Z + 2nm, —arccos Z + 2nr

68. sec’x +2secx—8=0
(sec x + 4)(secx —2) = 0
secx +4 =0 or secx—2=0
secx = —4 secx = 2
1 1
—— = COoS X — = CoS X
4 2
X = arccos —i + 2nm, —arccos —l + 2nm X = z + 2n7r,5—7[ + 2nrw
4 4 3 3
69. csc’x+3cscx—4=0
(cscx + 4)(cscx —1) =0
cscx+4=0 or cscx—1=0
cscx = —4 csCx =
1 . .
—— =sinx 1 =sinx
4
(1 . 1 T
x = arcsin| — | + 2nrm, arcsin| —— | + 2n7x X =—+2nrx
4 4 2

70. csc’>x —5¢cscx =0

cse x(csc x —5) = 0

cscx =0 or cscx—-5=0
No solution cscx =5

l _ .

<+ =sinx

5

x = arcsin(%) + 2nr, arcsin(—%) + 2nrw
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71.

72.

73.

74.

Chapter 2 Analytic Trigonometry

12sin? x —13sinx +3 =0 I

, ~(-13) £ \/(-13)" = 4(12)3) 13 +5

smm x = =

2(12) 24
0 2r
. 1 . 3
sSin X = — or sin x = — -10
3 4
x ~ 0.3398,2.8018  x =~ 0.8481,2.2935

The x-intercepts occur at x = 0.3398,
x = 0.8481, x = 2.2935, and x =~ 2.8018.

Il
(=]

3tan’ x + 4tan x — 4

tan x = = =-2=
2(3) 6 3
tan x = -2 tanx:g
3 50
2
x = arctan(-2) + nz X = arctan[gj + nrw
= —1.1071 + nxw = 0.5880 + nx 0 —| 2
The values of x in [0, 277) are 0.5880, 3.7296, 2.0344, 5.1760. o

tan?x +3tanx +1 =0

3+ P oal)l) 35

tan x = = 10
2(1) 2
3--/5 3+4/5
tanx:f or tanx:f 0 = t—rsif 27
x = 1.9357,5.0773 x = 2.7767,5.9183 -5

The x-intercepts occur at x = 1.9357, x = 2.7767,
x = 5.0773, and x = 5.9183.

Il
[e=)

4cos> x —4cosx — 1

42 aC) _axvm 123

Cos x = = =

2(4) 8 2
1-2 1+2
COS x = COS x = 7
2 2
x = arccos[l —2\/3 ] No solution A ,
0 ad
~ o
~ 1.7794 (1 +2\/5 > 1) -

Solutions in [0, 277) are arccos[ 1 —2\/5

2] and 27 — arccos[ ]: 1.7794, 4.5038.
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75. 3tan’ x + Stan x — 4 = 0,{—£,§}
22

3

|t/

T
2

[SIE

L

-7

x = —1.154,0.534

76. cos’ x —2cosx — 1 = 0,0, 7]

3

|

-3

x = 1.998

79. (a)

80. (a)

81. (a)

f(x) = sin® x + cos x
2

-2

Maximum: (1.0472, 1.25)
Maximum: (5.2360, 1.25)
Minimum: (0, 1)
Minimum: (3.1416, —1)

f(x) = cos® x — sin x

2

O‘UZZF

2
Maximum: (3.6652, 1.25)
Maximum: (5.7596, 1.25)
Minimum: (1.5708, —1)
Minimum: (4.7124, 1)

f(x) = sin x + cos x

3

O/_\\ 27

-3
Maximum: (0.7854,1.4142)
Minimum: (3.9270, —1.4142)

Section 2.3 Solving Trigonometric Equations

77. 4cos’ x — 2sinx + 1 =0,{_1 ﬁ}

6

2’2

N

ok

-2

x = 1.110

78. 2sec’ x + tanx — 6 = 0’[_f’§}
22

4

V)

(NIE

N

(SIE

-6

x = —1.035, 0.870

(b) 2sinxcosx —sinx =0

sinx(2cosx —1) =0

sinx =0 or 2cosx — 1
x=0,rx
COoS X
=~ 0,3.1416
x

(b) —2sinxcosx —cosx =0

—cos x(2sinx +1) =0

|
S

Wiy =

st
3
10472, 5.2360

>

N

—cosx =0 2sinx+1=0
cosx =0 sinx:—l
2

T 3r T 1lx

X =— — X =——

22 6 6

N

1.5708, 4.7124

(b) cosx —sinx =0

cos x = sin x

| = sin x
cos X
tan x = 1
VY4
X =— —
4 4

i

0.7854,3.9270

0

3.6652, 5.7596

237
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238 Chapter 2 Analytic Trigonometry

82. (a) f(x) = 2sinx + cos 2x (b) 2 cos x — 4sin x cos x

3 2 cos x(1 — 2 sin x)

/—\_,f”\ / 2cosx =0 l1-2sinx =
0

0

’ 3 ) 1
x === sinx = —

22 2

z

6

-3 Sr

6
0.5236,2.6180

0

1.5708, 4.7124 x =

s

Maximum: (0.5236, 1.5)
Maximum: (2.6180,1.5)
Minimum: (1.5708, 1.0)
Minimum: (4.7124, —3.0)

0

83. (a) f(x) = sin x cos x 84. (a) f(x) = secx + tan x — x

2 6

O&V&vzﬂ 0 2n

J/‘—_h——_

_2 8

Maximum: (0.7854, 0.5) Maximum: (3.1416, —4.1416)
Maximum: (3.9270, 0.5) Minimum: (0, 1)
Minimum: (2.3562, -0.5) (b) secxtanx +sec?x —1=0
Minimum: (5.4978, —0.5) 1 sin x N 1 L=o0
. 2 —_ =
) s x4+ cos’ x = 0 cos X cosx  cos’x
sin x + 1
—sin>x +1—-sin>x =0 ;o —1=0
cos? x
—2sin’x +1=0 sinx +1 cos®x
S = O
sin?x = L cos’x  cos’x
sinx +1—cos® x _ 0
— ==
sinx = £ lziﬁ oS
2 2 sinx+sin2x_0
R 3z Sz Im cos? x -
447 4° 4 sinx +sin>x =0
~ 0.7854, 2.3562, 3.9270, 5.4978 sin x(1 + sin x) = 0
sinx =0 or l+sinx =0
x=0,7 sin x = —1
= 0,3.1416 X = 37”

3z . L . ..
> is undefined in original function. So, it is not
a solution.

85. The graphs of y; = 2sinxand y,

3x + 1 appear to have one point of intersection. This implies there is one solution to the
equation 2 sinx = 3x + 1.

1

86. The graphs of y, = 2sinxand y, = 5

x + 1 appear to have three points of intersection. This implies there are three solutions

to the equation 2 sinx = %x + 1.
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sin x

87. f(x) =

X
(a) Domain: all real numbers except x = 0.
(b) The graph has y-axis symmetry.

(c) As x = 0, f(x) - 1.

sin x

(d) —— = 0 has four solutions in the interval [-8, 8].
x

sin x(ij =0
X

sinx =0

x =2r,-m, 7,27

88. f(x) = cosl
x

(a) Domain: all real numbers x except x = 0.

(b) The graph has y-axis symmetry and a horizontal
asymptote at y = 1.

(c) As x — 0, f(x) oscillates between —1 and 1.

(d) There are infinitely many solutions in the interval

[-1,1]. They occur at x = where 7 is

(211 + l)ﬂ'
any integer.

(e) The greatest solution appears to occur at
x = 0.6366.

89. y é(cos 8¢ — 3 sin 8¢)

é(cos 8 — 3sin8) = 0

cos 8 = 3sin 8¢

1 = tan 8¢
3
8 = 0.32175 + nr
t =004 +2
8

In the interval 0 < ¢ < 1,1 = 0.04,0.43, and 0.83.

Section 2.3 Solving Trigonometric Equations 239
90. Graph the following equations. 2
- Ls6? |
y = 1.56t7" cos 1.9t . '.\ ;f\ —
» =1
vy =-1

The rightmost point of intersection is at approximately

(1.91,-1).

The displacement does not exceed one foot from
equilibrium after # = 1.91 seconds.

91. Graph y, = 583 + 32 cos[%’j

v, = T75.
Left point of intersection: (1.95, 75)
Right point of intersection: (10.05, 75)

So, sales exceed 7500 in January, November,
and December.
S

100 1+
75
50T

251

Monthly sales
(in thousands of dollars)

x

2 4 6 8 10 12
Month (1 <> January)

92. Range = 300 feet

vy = 100 feet per second

r = 2v,? sin 20

32
£(100)° sin 26 = 300
sin 20 = 0.96
20 = arcsin(0.96) = 73.74°
0 = 36.9°
or
20 = 180° — arcsin(0.96) =~ 106.26°
6 = 53.1°
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240 Chapter 2 Analytic Trigonometry

93. (a)

(b)

(d)

(e)

and (c)

100

1l 12
0

The model fits the data well.
C =acos(bt —c)+d

a= %[high — low] = %[84.1 ~31.0] = 26.55

p = 2[high time — low time] = 2[7 — 1] = 12
_w_m_x
» 12 6

The maximum occurs at 7, so the left end point is

5:7:c=7(5):7—”

b 6) 6

d = %[high + low] = %[93.6 +62.3] = 57.55
C = 2655 cos(%t - %”j + 57.55

The constant term, d, gives the average maximum
temperature.

The average maximum temperature in Chicago is
57.55°F.

The average maximum temperature is above 72°F
from June through September. The average
maximum temperature is below 70°F from October
through May.

95, A=2xcosx,0<x<§

(@)

(b)

2

(S

-2

The maximum area of 4 = 1.12 occurs when x =

A=>1for 06 < x < 1.1

96. f(x) = 3sin(0.6x — 2)

(a) Zero: sin(0.6x —2) = 0
06x—-2=0
0.6x =2
2 10
X = — =
0.6 3

0.86.

4

94. h(t) = 53 + 50 sin[% - EJ

(@

(b)

2

h(t) = 53 when 50 sin[%t - E] = 0.

2
V4 V.4 V4 V4
—t-—==0 or —t—-—=7
16 2 16 2
V4 RY/4
== ==
16 2 16 2
t =28 t =24

A person on the Ferris wheel will be 53 feet
above ground at 8 seconds and at 24 seconds

The person will be at the top of the Ferris wheel
when

(T V4
sinf| —t ——| =1
(16 2)

z, T _=x
16 2 2
T
—t =7
16

t = 16.

The first time this occurs is after 16 seconds.

The period of this function is —— = 32
/16

During 160 seconds, 5 cycles will take place and
the person will be at the top of the ride 5 times,
spaced 32 seconds apart. The times are: 16 seconds,
48 seconds, 80 seconds, 112 seconds, and

144 seconds.

(b) g(x) = —-0.45x* + 5.52x — 13.70

il

f/
g

-4

For 3.5 < x < 6 the approximation appears to be good.
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97.

98.

99.

103.

(c) —0.45x* +5.52x —13.70 = 0

Section 2.3 Solving Trigonometric Equations 241

_Ss2 J(5:52)" - 4(-0.45)(-13.70)

2(-0.45)

x = 3.46,8.81

. . 10
The zero of g on [0, 6] is 3.46. The zero is close to the zero 3 = 3.33 of f.

X

f(x) = tan T

Because tan 7/4 = 1, x = 1 is the smallest nonnegative

fixed point.

Graph y = cos x and y = x on the same set of axes.

Their point of intersection gives the value of ¢ such that
flc)=c = cosc =c.

2 (0.739, 0.739)

-2

c = 0.739

True. The period of 2 sin 47 — 1 is % and the period of

2sint —1 is 2x.

In the interval [0, 27) the first equation has four cycles

whereas the second equation has only one cycle, so the
first equation has four times the x-intercepts (solutions)
as the second equation.

@ 2

-2

o

The graphs intersect when x = % and x = 7.

(b) s

-2

o

The x-intercepts are (%, Oj and (71', O).

100.

101.

102.

False.
sin x = 3.4 has no solution because 3.4 is outside the

range of sine.

cot x cos’x = 2 cot x
cos’x =2
cos x = i\/E
No solution

Because you solved this problem by first dividing by
cot x, you do not get the same solution as Example 3.

When solving equations, you do not want to divide each
side by a variable expression that will cancel out because
you may accidentally remove one of the solutions.

The equation 2 cosx — 1 = 0 is equivalent to

cosx = % So, the points of intersection of y = cos x
and y = % represent the solutions of the equation

2 cosx — 1 = 0.In the interval (-2, 27) the solutions

. St mwmorx hY/4
of the equation are x = —, ——, —, and —.

37 373 3

(c) Both methods produce the same x-values. Answers will vary on which method is preferred.
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242  Chapter 2 Analytic Trigonometry

Section 2.4 Sum and Difference Formulas

1. sinu cos v — cos u sin v T T T . T . T
7. (a) cos| — + — | = cos — cos — — sin — sin —
4 3 4 3 4 3
2. cosu cos Vv — sin u sin v
_N2 1 V2 3
3 tan u + tan v 2 2 2 2
" 1-tanutanv :\/5—\/g
4
4, sinu cosv + cosu sin v . . > 1 \/5+1
(b) cos—+cos—=—+ — =
. . 4 3 2 2 2
5. cosu cosv + sin u sin v
. (Tr . Swm . 1
tan u — tan v 8. (a) sinf— — —| =sin— =sin— = —
6. ——M— 6 3 6 6 2
1+ tan u tan v
. Iz 4 1 \/5 —1—\/§
(b) sm—-sin—=-—— - — = ———
6 3 2 2 2
9. (a) sin(135° — 30°) = sin 135° cos 30° — cos 135° sin 30°
(V23 _\/E[lj_ﬁ+\/§
2 2 2 N2 4
(b) sin 135° — cos 30° _V2 M3 V2o
2 2 2
10. (a) cos(120° + 45°) = cos 120° cos 45° — sin 120° sin 45°
_[_1j\/5 (M3YV2) L ~2-6
20 2 2 2 4
1 2 -1 2
(b) cos120°+cos45°=—7+£=+7\/_
2 2 2
. 1z . (37 & 1z 3r =&
11. sin — = sin| — + — tan — = tan| — + —
12 4 6 4 4 6
. 3 V4 Iz . ®w kY4 T
= SIn — COS — + COS — SsIn — tan — + tan —
4 6 46 -4 6
V2 \/§+( \/Ej1 l—tan%ztan%
2 2 2 )2
1+\/§
sy Ty
4 V3
1= (-1)
cos“—”—cos(3—”+£j 3
12 46 _3+~3 3-3
n V4 . 3r . & 3+/3 3-/3
= COS — COS — — sin — sin —
4 6 46 _—12+6\/§__2+\/§
6
SR E I TN
2 2 2 2
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Section 2.4 Sum and Difference Formulas 243

it rn Rz . (97  Sm
. ==+ . o 2T _ T
2 373 13. sin D sm(4 6]
in 7% = T+Z —sing—”coss—”—cosg—”sins—”
TR R 46 47 6
N N S S 1 V2 3 \/5(1)
= sin = cos — + sin = cos = . Tl B A U L
3 4 4 3 2 2 2 N2
_N3 V2 M2 J2
2 2 2 2 =—T(\/§+1)
V2
:T(\/E-H) cos 117 =cos[9—”—5—”j
12 4 6
4 T
COSEZCOS(§+ZJ =cos9—”cos5—”+sin9—”sin5—”
4 6 4 6
= cos Zcos & — sin Fsin _\/5 V3 V2(1
304 304 =15 |55
2 2 2 \2
L2 V32 N
2 2 22 :7(1_\/3)
V2 4
== 1-+3) 177 (9;[ sﬂ]
tan — = tan| — — —
12 6
¢ 77r_t 7z+7r
s TEMT Ty _ tan(977/4) — tan(57/6)
z . 1 + tan(97/4) tan(57/6)
tan = + tan —
B Ry 1= (~3/3)
- tan % tan © - 3
S 1+ (—353)
A3+ _3+\/§.3+\/§
1-/3 3-3 3+3
=2-/3 _2+63 L 5
6
r_r_r
12 4

T /4 T T T
= COS| — — — tan| —— tan| — — —
5% )= wls-5)

4

B

|
—_
]
N— ()Y

1l

“.
/—d'\

3 m‘.}\

|
A~y
N—

(o)

S

[72)

|
S|
Ne—

. . T T . T . T T T
= SIn — COS — — SIn — COS — = COS — CO0S — + SIn — SIn — tan — — tan —
6 4 6 4 -6 4
_1N2 N2 3 _V3 V2 12 I+ tan T tan 7
2 2 2 2 2 2 2 2 N
3
2 2 -1
=£(l—\/§) =£(\/§+1) 3
! 4 RV
1+ Y2
3
=2+/3
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244 Chapter 2 Analytic Trigonometry

15. sin 105°

cos 105°

tan 105°

= sin(60° + 45°)
= sin 60° cos 45° + cos 60° sin 45°
_V3 V2,1 V2
2 2 2 2

V2
= T(\/E +1)
= cos(60° + 45°)
= cos 60° cos 45° — sin 60° sin 45°
_LN2 V32

2 2 2 2

V2
= (1-+3)

= tan(60° + 45°)

tan 60° + tan 45°

1 — tan 60° tan 45°

S+l B+ 1+-/3
-3 1-B3 1+3
LR N RS

-2

16. 165° = 135° + 30°

sin 165°

cos 165°

= sin (135° + 30°)
= sin 135° cos 30° + sin 30° cos 135°

= sin 45° cos 30° — sin 30° cos 45°

N2 312
T2 2 2 2
J2

-3

= cos (135° + 30°)
= co0s 135° cos 30° — sin 135° sin 30°

= —cos 45° cos 30° — sin 45° cos 30°

N2 B2
T2 2 2 2
=—£(\/§+l)

4

= tan (135° + 30°)
tan 135° + tan 30°
1 — tan 135° tan 30°

—tan 45° + tan 30°
1 + tan 45° tan 30°

17. sin(-195°)

cos(—195°)

= sin(30° — 225°)
= sin 30° cos 225° — cos 30° sin 225°
= sin 30°(—cos 45°) — cos 30°(—sin 45°)

TRy

PARY 2 2
- _%(1 -/3)
- P -)

= cos(30° — 225°)
= cos 30° cos 225° + sin 30° sin 225°
= cos 30°(—cos 45°) + sin 30°(—45°)

)l

2

21 2 2

= \/5(\/3+1)

4
= tan(30° — 225°)
tan 30° — tan 225°
1 + tan 30° tan 225°
tan 30° — tan 45°
1 + tan 30° tan 45°

[ﬁ

3j_1_ﬁ—3,3—\/§
1+[\/§J_3+\/§ 3-U3

3

2+63 LA

6

18. 225° = 300° — 45°

sin 255° =

sin(300° - 45°)
sin 300° cos 45° — sin 45° cos 300°

—sin 60° cos 45° — sin 45° cos 60°

3 N2 V2o _ﬁ(\/gﬂ)
2 2 2 2 4

c0s(300° — 45°)

cos 300° cos 45° + sin 300° sin 45°

cos 60° cos 45° — sin 60° sin 45°

L2 B2 V2 g
2 2 2 2 4

tan(300° — 45°)

tan 300° — tan 45°

1 + tan 300° tan 45°

—tan 60° — tan 45°

1 — tan 60° tan 45°

3 -1

=2 -2+./3

1-/3
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Section 2.4 Sum and Difference Formulas 245

. 137 . (37r ﬂj 137 ir =«
sin — = sin| — + = tan — = tan| — + =
1 4 12 4 3

. 3x T 3 . & kY4 T
= SIn — COS — + COS — SIn — tan| — | + tan| —
4 3 4 3 4 3

L1212 i

J2 _ —-1+/3
= Tz(l - 3) - (-1)(+3)

137 iz
cos — = cos| — +
12 4

=cos37”cos£—sin3—ﬂsin§ __ﬂ

NG

_ﬁ_j:_ﬁ(lﬂ/g) =2-3

1
2 2 2 2 4

. hY/4 . Sm T
= sin — cos — + sin — cos —
3 4 4 3

=)

2

2

197 T St
cOs — = cos| — + —
12 3 4

2

2

=)

T hY/4
tan — + tan —
3 4

T b4
1 — tan — tan —
3 4

T T
tan — + tan —
3 4

V.4 T
l—tangtan—

_N341 1443
1-3 1+4/3
=4+22\/§=_2_\/§
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246 Chapter 2 Analytic Trigonometry

0, T 7
12 4 6
e
(S8 e
ol 3l Dt D
() (- e
tan| — | — tan —
T 7z ( ”) s
w52
L3
_ 3 _-3-\3
1+ (—1)[?) 3-43
_3-+3 3+3
3-3 3+4/3
- # - 23
» IF__Z_Z
12 3 4
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Section 2.4 Sum and Difference Formulas

23. 285° = 225° + 60°

24.

25.

sin 285° = sin(225° + 60°) = sin 225° cos 60° + cos 225° sin 60°

_ _ﬁ(lj _ ﬁ(ﬁj _ _ﬁ(ﬁ )

2 2 21 2 4

cos 285° = c0s(225° + 60°) = cos 225° cos 60° — sin 225° sin 60°

REONEA RV

2 2 22 ) 4

tan 225° + tan 60°

tan 285° = tan(225° + 60°) =
1 — tan 225° tan 60°
:1+\/§.1+\/§:4+2\/§:_ _\/32_(2+\/§)
1-3 1+-/3 -2
15° = 45° - 30°

sin 15° = sin(45° — 30°) = sin 45° cos 30° — cos 45° sin 30°

(S[9)-(- 221 o

2

2

2 2

2 4 4
cos 15° = cos(45° - 30°) = cos 45° cos 30° + sin 45° sin 30°

(L2 (BN -

22 ) L2 )2 4 4

o _ o
tan 15° = tan(45° — 30°) = a0 437 — tan 307
1 + tan 45° tan 30°

E] 3-3
B I 3 _3—\/5.3—\/5_12—6\/5_2_\/5
1+(1)[\/§]_3+\/§_3+\/§ 3i-J3 6
3 3

~165° = —(120° + 45°)

sin(~165°) = sin[—(120° + 45°)| = —sin(120° + 45°) = —[sin 120° cos 45° + cos 120° sin 45°]

_{\/5.\/5_ \/5}:_\/5(\/5_1)

1
2 2 2 2 4

cos(~165°) = cos[~(120° + 45°)| = cos(120° + 45°) = cos 120° cos 45° — sin 120° sin 45°

IR R ERN R TN

2 2 22 4
tan 120° + tan 45°
"1 — tan 120° tan 45°
3+ :_1—\/5.1—\/52_4—2\/522_\/5
1—(—\/3)(1) 1+3 1-/3 -2

tan(—165°)

tan[-(120° + 45°)| = —tan(120° + tan 45°) =

247

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Trigonometry 10th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337278461-solutions

248

Chapter 2 Analytic Trigonometry

26. —105 = 30° —135°
sin(30° — 135°) = sin 30° cos 135° — cos 30° sin 135° = sin 30°(—cos 45°) — cos 30° sin 45°

27.

28.

29.

30.

31.

32.

33.

34.

35.

2

Gl

(1++3)

cos(30° - 135°) = ¢0s 30° cos 135° + sin 30° sin 135° = cos 30°(—cos 45°) + sin 30° sin 45°

(2442

_ tan 30° — (—tan 45°)

tan(30° — 135°) = tan 30° — tan 135°

1-v3)

"1 + tan 30° tan 135°

NG

-

-3 —2+f3
1+[33](—1)

sin 3 cos 1.2 — cos 3sin 1.2 = sin(3 — 1.2) = sin 1.8

V4 V4 Y 2
COS — €0S — — sin —sin — =
7 5 7 5

|
(]
o
7

\
+

vy
NG

sin 60° cos 15° + cos 60° sin 15° = sin(60° + 15°)

= sin 75°

cos 130° cos 40° — sin 130° sin 40° = cos(130° + 40°)
cos 170°

tan (7/15) + tan(27/5)
1 - tan(7/15) tan(27/5)

= tan(7/15 + 27/5)
= tan(77/15)

tan 1.1 — tan 4.6

_ = tan(l.l - 4.6) = tan(—3.5)
1+ tan1.1tan 4.6

cos 3x cos 2y + sin 3x sin 2y = cos(3x — 2y)

sin x cos 2x + cos x sin 2x = sin(x + 2x) = sin(3x)

(T 7
sin| — + —
[12 4)

.
sin —
3

. V4 T .
sin — €0s — + €0s — sin —
12 4 12 4

1 + tan 30°(—tan 45°)

36.

37.

38.

39.

40.

T kY4 . T . 3w T kY4
CO0S — €08 — — sin — sin — = cos| — + —

16 16 16

16 16 1
r 2
= COS— = 7

cos 130° cos 10° + sin 130° sin 10° = cos(130° — 10°)

= cos 120°
1

2

sin 100° cos 40° — cos 100° sin 40° = sin(100° — 40°)

tan(97/8) — tan(7z/8)

1 + tan(97/8) tan(7/8)

tan 25° + tan 110°

1 — tan 25° tan 110°

= sin 60°
_3
2
(97[ ll'j
= tan| — — —
8 8
= tan 7w
=0

= tan(25° + 110°)

tan 135°
-1
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Section 2.4 Sum and Difference Formulas 249

For Exercises 41—46, you have:

sinu = —%,uin QuadrantIV = cosu = %, tanu = —%
=15 . : - 8 - 8
cos v 17> vin Quadrantl = sinv 17 tan v 15
y y
(15,8)
17
u
A x : A
\>
5
4,-3)
Figures for Exercises 41-46
41. sin(u + v) = sin u cos v + cos u sin v 1 1
( ) 44. csc(u —v) = =

- [_3(%} + Gj[%) ) sin(u — V)l sin u cos v — cos u sin v
2 T

85 1 8
=— =
42. Cos(u - v) = COS u COS V + sin u sin v —g 7

(L P S T

cos(v —u)  cosvcosu + sinvsinu
60  -24 36 | |

B IHOEESNGES

3
tanu + t 4" (E] LB
43. tan(u +v) = anuriany ~ 36 36
1 —tanutanv 3) 8 —
1-[-=2= 85
4 )15
s )
__ 60 _ (_E)(éj __13 46. tan(u + v) = tanu +tanv _ | 4 15
1+2 60 )\ 7 84 I -tanutany 3y 8
60 4 \15
13
__60 _ 13
7 84
5
cot(u+v)—;—i——%
tan(u +v) _13 13
84
For Exercises 47—52, you have:
P — _24 -
sinu = —5z, uin QuadrantIIl = cosu = T tanu = 34
cosy = —%,vin QuadrantIII = sinv = —%, tany = %

y y

LN . an
25

(-24,-7) 5
(-4,-3)

Figures for Exercises 47-52
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250 Chapter 2 Analytic Trigonometry

47. cos(u + v) = cosu cos v — sin u sin v S1. csc(u - v) = 1 _ 1
Y 7\ 3 ) sin(u —v)  sinu cosv — cosu sin v
(B - () |
g (e
25 5 25 5
48. sin(u + v) = sinu cos v + cos u sin v 1

- )+ 36 =

125
_ 28 .7 _ 100 _ 4
To125 T 125 T 125 T 5 __E
44
49. tan(u —v) = tanu - tany
1 + tan u tan v 1
52. sec(v —u) = ————
7 3 11 cos(v — u)
—_24 4 _ 24 __44 1
1+ 73 39 117 oS v cos u + sin v sin u
24 \ 4 32 1
) SENe
tan v — tan u 4 24 5 5 5N 25
50. tan(v — u) = = 1
1 + tan v tan u 1+ 3V 7 -
4 )24 17
1 125
_24_ 4 - 12
32
oy e Lo L _m
tan(v —u) 44 44
117
53. sin(arcsin x + arccos x) = sin(arcsin x) cos(arccos x) + sin(arccos x) cos(arcsin x)
=x-x+~1-x 1=
=x*+1-x?
=1 1 1
x 1-x2
AN\ O ya O
1-x2 .
6 = arcsin x 6 = arccos x

54. sin(arctan 2x — arccos x) = sin(arctan 2x — arccos x)

= sin(arctan 2x) cos(arccos x) — cos(arctan 2x) sin(arccos x)
2x 1
= (x) - (V1 - xz)
Jad + 1 ) Jax + 1"
2x% — /1 = x?

Vax? +1

NI 1 7

1 x

6 = arctan 2x 0 = arccos x
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Section 2.4 Sum and Difference Formulas 251

55. cos(arccos x + arcsin x) = cos(arccos x) cos(arcsin x) — sin(arccos x) sin(arcsin x)

=x-~Nl=-x* —~1-x* - x
=0

(Use the triangles in Exercise 53.)

56. cos(arccos x — arctan x) = cos(arccos x — arctan x)

cos(arccos x) cos(arctan x) + sin(arccos x) sin(arctan x)

oz bl

1

0 = arctan x

(7 . T . (7 . T .
57. sin| — — x| = sin — cos X — cOS — sin x 59. sin| — + x| = sin — cos x + cos — sin x
2 2 2 6 6 6
= — i 1 .
(1)(COS x) (0)(s1n x) = f(cos X + ~/3 sin x)
= CcOS X 2
hY/4 hY/4 . Sm .
(T . . T 60. cos|] — — x| = cos — cos x + sin — sin x
58. smz-kx :smzcosx+smxcosz 4 4 4

= (1)(cos x) + (sin x)(0)

= COS x

—Tz(cos x + sin x)

61 tan(9+7z): tan € + tan 7 _ tan @ + 0 :tangztanﬁ
l-tan@tanz 1- (tan 6)(0) 1

V4
tan — — tan @
62. tan(ﬁ - 9] = 4 pe = |- tan 6
4 1+tanztant9 1+ tan 6

63. cos(ir - 0) + sin[% + Hj cos 7f cos @ + sin 7z sin @ + sin % cos @ + cos % sin @

(—1)(cos 8) + (0)(sin ) + (1)(cos &) + (sin 6)(0)
—cos @ + cos @
0

64. cos(x + y)cos(x — y) = (cos x cos y — sin x sin y)(cos x cos y + sin x sin y)

= cos? x cos? y — sin? x sin? y

= cos’ x(l - sin? y) — sin? x sin? y

= cos® x — cos® xsin? y — sin® x sin” y
= cos? x — sin? y(cos2 x + sin? x)

= cos® x —sin? y
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252  Chapter 2 Analytic Trigonometry

tan 7 + tan @
65. cos 37 _ 6| = 0053—”005 0+ sin3—”sin 0 68. tan(z + ) = ———————
2 2 2 1 — tan 7 tan 6
= (0)(cos ) + (~1)(sin 6) _ _O+tan@
= —sin @ 1- (0) tan @
2 = tan @
1 1
cot(r + 6) = = = cot @
~2m 2 tan(7 + 0)  tan &
5
-2
The graphs appear to coincide, so -2 - 2
3
cos[—” - j = —sin 6.
2 -5

66. sin(7 + 6) = sin 7 cos & + cos 7 sin 8 The graphs appear to coincide, so cot(z + 8) = cot

= (0) cos & + (1) sin & 69. sin(x + 7) —sinx +1 =0
= —sin 6 sin xcosz + cosxsinz —sinx +1=0
; (sin x)(—1) + (cos x)(0) —sinx +1 = 0
—2sinx+1=0
—or 2m
. 1
sinx = —
2
-2
T Sw
The graphs appear to coincide, so X =——
. . 6 6
sin(z + 8) = —sin(6).
70. cos(x + ) —cosx —1 =0
67. sin[%[ + 9) = sin%rcosé? + cos%rsiné? cosxcoszm —sinxsinz —cosx —1=0
) (cos x)(—1) — (sin x)(0) — cos x —1 =0
= (~1)(cos 6) + (0)(sin )
—2cosx—1=0
= —cos @ {
CoS X = ——
050(3—” + 9) = ! = ! = —sec 6§ 2
2 sin(3 + §)  —cos @ 27 4rx
X =— —
3°3
5
27 2r

-5
The graphs appear to coincide, so

csc [37” + 9] = —sec 6.
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Section 2.4 Sum and Difference Formulas 253

71. cos(x + ﬁj - cos(x - Ej =1
4 4
T . . T
COS X COS — — sin x sin — — cosxcos— + sin x sin 1
4 4 [ 4 j
-2 sin x[ 2} =1
2sinx =1

. 1
sinx = ———=
V2
. V2
sinx = ———
2
St Tx
x == =
4 4
72. sin(x + ﬁ) — sin[x — 7—”] = ﬁ
6 6 2
T [ j NE
sin x cos = + cosxsmg — | sin x cos — — cos x sin — | = -
(sin x)( J + (cos x)(%j — (sin x)(—] + (cos x)(—fj = ?
\/3 sinx = ?

. 1
sinx = —
2
T 5w
x == —
6 6
73. tan(x + 7z) + 2sin(x + 7) = 0
t. + t . .
anxianﬂ+2(smxcos7r+cosxsm7z)=0
1 — tan x tan 7
tan x + 0 .
——— + 2|sin x(—1) + cos x(0)| = 0
1 — tan x(0) [ (1) ()]
tanx—Zsinx=0
1
Slnx=25inx
cos x
sin x = 2 sin x coS x
sin x(1 — 2 cos x) = 0
sinx =0 or cosle
2
x=0,r xzz,s—ﬂ
3°3
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254 Chapter 2 Analytic Trigonometry

74. sin(x + %] —coslx =0 76. tan(x + 7) — cos(x + %] =0
sinxcos§+cosxsin%—0032x=O x=0,7
4
(sin x)(0) + (cos x)(1) — cos® x = 0
cosx —cos’x =0 . .

cos x(1 — cos x) = 0

cosx =0 or 1—cosx =0
T 3r
X =— — cosx =1 7
22 77. sin[x+—j+coszx=0
x=0 2
T T 2
75. cos(x+—j+cos[x——j =1
4 4
Graph y, = cos(x+%)+cos(x—%) and y, = 1. 0 lw—clzﬂ
T Ir -1
x == —
4 4
) .4 3
X == 7T, —
2 2
Y Fall e

0
\\/ 78. cos(x - %] —sin®x=0

1 . 1
79. y = —sin 2t + —cos 2t
3 4

(@ a=

C = arctan — = arctan i = (0.6435
a 4

2 2
y = (1j + (1] sin(2f + 0.6435) = > sin(2f + 0.6435)
3 4 12

(b) Amplitude: % feet

1 B 2 1
(c) Frequency: — = — = — = — cycle per second
period 27 27 &
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80.

81.

83.

84.

8s.

86.

89.

90.

Section 2.4 Sum and Difference Formulas 255

» = Acos 275(

)

t X
= Acos2xm| —+ —
V2 (T ﬂj

ﬂ\N
A:\x

t t X
+ = Acos2n| ——— |+ Acos2x —
W+ (£-2] (£+3]

o+, = A[cos 27ri cos 27 + sin 27zi sin Zﬂi} + A{cos 271'% cos 271'% — sin 27[% sin Zﬂ%} = 24 cos 27r% cos 27[%

True. 82. False.

sin(u + v) = sinu cos v + cos u sin v cos(u + v) = cos u cos v — sin u sin v

sin(u — v) = sin u cos v — cos u sin v cos(u — v) = cos u cos v + sin u sin v

So, Sin(u + v) = sin u coS v * cos u sin v. So, cos(u + v) = COS # COS V F sin u sin v.
sin(r + B) = sinacos B+ sin feosaxr = 0

sin @ cos f + sin fcosax = 0
sin & cos f# = —sin S cos &
False. When « and [ are supplementary, sin & cos f§ = —cos & sin .

cos(4 + B) = cos(180° — C)

= ¢0s(180°) cos(C) + sin(180°) sin(C)

(—1) cos(C) + (0) sin(C)

—cos(C)

True. cos(4 + B) = —cos C. When 4, B and C form A4ABC, 4+ B + C = 180°s0 A + B = 180° — C.

The denominator should be 1 + tan x tan(7/4). 87. cos(nz + 6) = cos nx cos € — sin nr sin
t( . zj _ tan x - tan(z/4) = (~1)'(cos 6) - (0)(sin 6)
4 1 + tan x tan(7/4) n L
= (-1)"(cos 8), where n is an integer.
_tanx —1
1+ tan x 88. sin(nz + 8) = sin nxr cos 6 + sin 6 cos nx
(a) Using the graph, sin(u + v) = 0and = (0)(cos ) + (sin 6)(~1)"
sinu +sinv = 0.7 + 0.7 = 1.4. Because = (—])n(sin 0), where 7 is an integer.

0 # 1.4, sin(u + v) # sin u + sin v.

(b) Using the graph, sin(u — v) = —land
sinu —sinv = 0.7 — 0.7 = 0. Because
-1 # 0, sin(u —v) # sin u — sin .

b
C =arctan— = sinC = ———,cos C =

a Na Nat + b?
Na? + b sin(BO + C) = Na® +b2[sth9

- COS 89] = asin BO + b cos BO

a + b
\/a2+b2 \/az+b2

b
C—arctanfzsmC— ,cos C = ———
b N a? +b2 Ja? + b?

+ sin B -

> Y b a
a’ +b COSBa C a +b(00530-m \/mj

= b cos BO + asin BO = asin B + b cos BO
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256 Chapter 2 Analytic Trigonometry

91. sin @ + cos @
a=1L,b=1,B=1

94. sin 26 + cos 260
a=1b=1B=2

(a) C = arctan é = arctan 1 = z
a 4

sin @ + cos @ = ~/a® + b* sin(BO + C)

-2 sin(ﬂ + f)
4

(b) C = arctan 4 _ arctan 1 = z
b 4

sin @ + cos @ = \/a® + b* cos(BO - C)

=2 cos(@ - E]
4

92. 3sin 26 + 4 cos 26
a=3b=4B=2

(a) C = arctan b_ arctan(l) = z
a 4
sin 26 + cos 20 = ~/a® + b* sin(BO + C)
=2 sin(29 + fj
4
(b) C = arctan% = arctan(1) = %

sin 26 + cos 260 = ~/a® + b* cos(BE — C)

=2 COS(ZQ - E)
4

95.C=arctané=%sa=b,a>0,b>0

(a) C = arctan b = arctang = 0.9273 a
a

JF T s2manbena
3sin 260 + 4 cos 26 = ~Ja® + b* sin(B6 + C) B =1

~ 55in(20 + 0.9273)

2sin[9+%j=\/§sin6+\/§cosﬂ

(b) C = arctan% = arctan% = 0.6435

3sin 260 + 4 cos 26 = ~/a® + b* cos(BE - C)

96. C=arctané=%:>a=b,a>0,b>0
5 cos(26 — 0.6435)

a

i

Jat + b’ =5:a=b=—5\/E
93. 12sin 36 + 5 cos 36 2
a=12b=58=23 B =1
AN NOIS 572
(a) C = arctan b_ arctan S 0.3948 5 COS(B - *j ——sin @ + cos 0
a 12 4 2 2

12 sin 36 + 5 cos 36 = ~/a® + b* sin(BO + C) 97 ,

13 sin(30 + 0.3948)
(b) C = arctan% = arctan% ~ 1.1760

o
1)
12 sin 30 + 5 cos 30 = ~/a*> + b* cos(BI — C) P

13 cos(36 — 1.1760)

m, = tan o and m, = tan

B+I=90°=6=90°-p

a+0+06=9°= a+6+(9° -5
=90°=>60=fF-«

N

o

X

0

So, @ = arctan m, — arctan m,. For y = x and

y = \/Ex youhave m; =1 and m, = \/5
@ = arctan~/3 — arctan 1 = 60° — 45° = 15°
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101. (a) To prove the identity for sin(u + v) you first need to prove the identity for cos(u — v).

Section 2.4 Sum and Difference Formulas

98. For m, > m; > 0, the angle 6 between the lines is: 99. y, = cos(x + 2), y, = cos x + cos 2
2
6 = arctan| 2" ¥
1+ mym, z
, =
1

m, =
1 \/g

1—
@ = arctan
1+

100. y, = sin(x + 4), y, = sin x + sin 4

= arctan(z - \/E) = 15°

2

Y1

No, »; # y, because their graphs are different.

No, y; # y, because their graphs are different.

Assume 0 < v < u < 27 and locate u, v, and u — v on the unit circle.
The coordinates of the points on the circle are:

4 =(1,0),B = (cosv,sinv),C = (cos(u - v),sin(u — v)), and D = (cos u, sin u).
Because ZDOB = ZCOA, chords AC and BD are equal. By the Distance Formula:

\/[cos(u -v) - l]z + [sin(u -v) - 0}2 = \/(cos u — cos v)2 + (sinu — sin v)2

cos®(u — v) — 2 cos(u — v) + 1 + sin’

v

u—v

u— v)—cos u—2cosucosv+ cos>v+sin®u — 2sinusinv + sin? v

257

[cosz(u—v)+sin2(u—V)J+1—2005u v) = (cos u + sin? u)+(cos v + sin? v)—200suc0sv—2sinusinv

u—v)=2-2cosucosv—2sinusinv
—2cos(u — v) = =2(cos u cos v + sin u sin v)
u—v)=

Cos = COS u COS V + sin u sin v

(
(
2 — 2 cos(
(
(
)

Now, to prove the identity for sin(u + v), use cofunction identities.

sin(u + v) = cos{ﬁ - (u+ v)} = cos (E - uj —-v
2 2
T (7 )
cos| = — u|cosv + sin| = — u |sin v
(2 ] (2 j

= sinu# cos v + COS u sin v

(b) First, prove cos(u — v) = cos u cos v + sin u sin v using the figure containing points Y
A(1,0)
B(cos(u — v), sin(u — v))

C(cos v, sin v)

(
D(cos u, sin u)

on the unit circle.

Because chords 4B and CD are each subtended by angle u — v, their lengths are equal. Equating -1

[d (4, B] = [d (C, D] you have (cos(u — v) — 1) + sin*(u — v) = (cosu — cos v)2 + (sinu — sin v)z,

Simplifying and solving for cos(u — v), you have cos(u — v) = cosu cos v + sin u sin v.

Using sin 8 = cos(% - 9),

sin(u — v) = COSE —(u - v)} = COSK;’ - uj - (—v)} = cos[% - u) cos(—v) + smg - uj sin(—v)

= sinu cos v — cos u sin v

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Trigonometry 10th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337278461-solutions

258 Chapter 2 Analytic Trigonometry

102. (a) The domains of f and g are the same, all real numbers /4, except 2 = 0.

® |5 05 |02 o1 |005 |002 |001 | © ; (@) As h — 0%,
— 0.5 and
7(h) | 0267 | 0.410 | 0.456 | 0.478 | 0.491 | 0.496 Y e .
g — 0.5.
g(h) | 0267 | 0.410 | 0456 | 0.478 | 0.491 | 0.496

Section 2.5 Multiple-Angle and Product-to-Sum Formulas

1. 2sinucosu 8. sin 2x sin x = cos x

2sinxcosxsinx —cosx = 0

2. cos>u —sinu =2cos’u—1=1-2sin’u .
2

cosx(z sin” x —1) =0

1. ) _ ) _
3. 5[sm(u +v) + sin(u - v)] cos x = 0 or 2sin"x—-1=0
x=%41om sin2x:l
4. tan’ u 2 2
. V2
s1nx=i7
1—cosu
5. = # T nw
\ Xx==+—=
4 2
(u+v) . (u-—-v
6. 2 sm( 5 jsm( 5 ) 9. cos2x —cosx =0
cos 2x = COS X
7. sin 2x —sinx = 0 cos? x — sin? x = cos x
2sin x cos x —sin x = 0 coszx—(l—coszx)—cosx=0
sin x(2 cos x — 1) = )
2cos“x—cosx—1=0
sinx =0 or 2cosx—1=0 (Zcosx+1)(cosx—l)=0
1
X = nrw COSX:E 2cosx+1=0 or cosx —1=
1
x:£+2nﬂ',5—”+2nﬂ' COS)C:—E CoOS x =
3 3
2nr
X = X =
3
10. cos2x +sinx =0
1-2sin’>x+sinx =0
2sin?x —sinx—-1=0
(2sinx +1)(sinx —1) = 0
2sinx +1=0 or sinx—-1=20
. 1 .
sin x = —— sinx =1
2
x—7—ﬂ+2nﬂ',£+2nﬂ' x=£+2nﬂ'
6 6 2
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Section 2.5 Multiple Angle and Product-to-Sum Formulas

11. sin 4x = -2 sin 2x
sin4x + 2sin2x = 0
2sin 2x cos 2x + 2sin 2x = 0
2 sin 2x(cos 2x + 1) = 0
2sin2x =0 or cos2x+1=0
sin2x =0 cos 2x = —1
2x = nmw 2x = 7w + 2nw
X = gﬂ' x = % + nrw
12. (sin 2x + cos 2x)’ =1
sin? 2x + 2 sin 2x cos 2x + cos® 2x = 1
2 sin 2x cos 2x =
sin 4x =
4x = nw

13. tan 2x —cotx = 0
2 tan x
——— — =cotx
1 - tan” x

2tan x = cot x(l — tan? x)

2tan x = cot x — cot x tan® x

2tan x = cot x — tan x

3tan x = cot x

3tanx —cotx = 0

1
3tan x — =0
tan x
3tan® x — 1
an” x -0
tan x

- x(?a tan® x — 1) =0

cot x(3 tan® x — 1) =0

cotx =0 or 3tan?x —1
i 2
X =—+nr tan” x
2
tan x
X

W= O

I+

s

hY/4
—+n7r,?+nlz

259
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260 Chapter 2 Analytic Trigonometry

14. tan 2x — 2cosx = 0
2 t:
sz2cosx
1 — tan” x

2tan x = 2 cos x(l — tan? x)

2tan x = 2cos x — 2 cos x tan’ x

a2
sin” x
2tan x = 2cosx — 2 cos x >
cos” x
sin? x
2tan x = 2cosx — 2
coSs x
sin? x
tan x = cos x —
COos x
. .3
sin x sin® x
= cOS x —
cos X cOos x
sinx  sin?x
+ —cosx =0
COS X  COS X
sin x + sin® x — cos” x _ 0
coS X
[sin x + sin? x — (1 — sin? x)} =0
cos x
sec x[2 sin? x + sin x — IJ =0
sec x(2sinx — I)(sinx +1) = 0
secx =0 or 2sinx—-1=0 or sinx+1=20
No solution . 1 sin x = —1
sinx = —
2 L7
TS5 Ty
x == — 2
6 6
Also, values for which cos x = 0 need to be checked.
T 3r .
—, — are solutions.
2 2
T T Sr
X =—+2nx,— + nw,— + 2nrw
6 2 6
15. 6sin x cos x = 3(2 sin x cos x) 19. 4 — 8sin’ x = 4(1 — 2 sin? x)
= 3sin 2x = 4 cos 2x
16. sin x cos x = %(2 sin x cos x) 20. 10sin® x — 5 = 5(2 sin? x — 1)
N .
= 5 sin 2x = —5(1 — 2 sin? x)

= —5cos 2x

17. 6¢cos’> x — 3 = 3(2 cos? x — 1)

3 cos 2x

18. cos? x — % = %[2(0052 X - %ﬂ
= %(2 cos® x — 1)

1

= 5 cos 2x

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Trigonometry 10th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337278461-solutions

21. sinu=—§,3—”<u<27z
5 2
TN 4 N
NS
> -3
sin2u=25inucosu=2—é i =—%
S5NAS 25
cos2u=coszu—sin2u=E—i=l
25 25 25
2t 2(%) 3(16
tan 2u = SeiL A :—7(7):—

I—tan’u _ 9 2
16

Section 2.5

24

7

Multiple Angle and Product-to-Sum Formulas

22. cosu = — <u<nr

5

(NN
SR

sin2u = 2sinucosu = 2(5)(—i] = —ﬁ
25

5 5
cos 2u = cos® u — sin® u _e_ 9 _ 7
25 25 25
o3
2tanu 4 3(16]
tan 2u = = = 2| ==
I-tan’u | _ 9 2\ 7
16

2. tanu =20 <u<’”
5 2
y . . 3 5 15
sm2u:2s1nucosu:2(— — | = —
\/34)[\/34J 17
cos2u=coszu—sin2u=§—2=§
34 34 17
A, o3
U x 2 tan u 5 6(25 15
5 tan 2u = > - 2 = =
I-tan’u | _ 9 516 8
25
24. secu=—2,ﬂ<u<37”
ft sin 2u = 2 sinu cosu = 2[—?}(—;] =?
2
s L, 1 V3 1 3 1
cos 2u = cos” u — sin” u = =) I3 :Z_Z:_E
"(\u x [\/3]
27
1
/3 4 tan 2u = 2 tan u 22\/5 \/§

25. cos 4x = cos(2x + 2x)
= cos 2x cos 2x — sin 2x sin 2x
= cos’® 2x — sin?® 2x
= cos? 2x — (1 — cos? 2x)
=2 cos® 2x — 1
= 2(cos 2x)2 -1
2
= 2(2C052x—1) -1
= 2(4cos4x — 4 cosx + 1) -1

= 8cos*x —8cosx + 1

l—tanzu_l_[ﬁ]z -2

26. tan 3x = tan(2x + x)
tan 2x + tan x

1 — tan 2x tan x

2 tan x
4+ tanx

__l-—tan’x
1_[ 2 tan x

1 — tan? x)(tan %)

2 tan x + tan x — tan® x

1 — tan® x
1 —tan® x — 2 tan? x

1 — tan® x
3tanx — tan’ x
1 —3tan® x

261

24

7
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262 Chapter 2 Analytic Trigonometry

2
27. cos* x = (cos x){cos x) = (1 + cos 2xj(1 + cos 2xj _ 1+ 2cos 2x + cos’ 2x

2 2 4

1+200s2x+#

4
2+ 4cos2x + 1+ cosdx

8
3 + 4cos2x + cos 4x

8

%(3 + 4 cos 2x + cos 4x)

. . 2, 2
sin® x = (sm4 x)(sm4 x) = (sm2 x) (sm2 x)

1 — cos ZXJ (1 — cos ZxJ

_ [1 — 2cos2x + cos ZxJ(l — 2cos 2x + cos Zx]
1

— 208 2x + cos? 2x — 2cos 2x + 4cos? 2x — 2 cos® 2x + cos? 2x — 2 cos® 2x + cos* 2x

16
_1—4cos2x + 6 cos® 2x — 4 cos’ 2x + cos* 2x
16

1 — 4cos2x + 6¢cos? 2x — 4 cos® 2x + (Cos2 2x)2

- 16
2

1 — 4cos2x + 6[M] — 4cos’ 2x + [#)

- 16
2

1—4cos2x + 3 + 3cos4x — 4cos® 2x + [1 + 20084; + cos 4x]
- 16
_ 4 —-16cos2x + 12 + 12 cos 4x — 16 cos® 2x + 1 + 2 cos 4x + cos? 4x

64

17 = 16 cos 2x + 14 cos 4x — 16 cos’ 2x + (71 o 8)‘)
- 64
34 —32cos 2x + 28 cos 4x — 32cos’ 2x + 1 + cos 8x

128
35 -32cos 2x + 28 cos 4x — 32 cos® 2x + cos 8x
128
35 —32cos 2x + 28 cos 4x — 32 cos” 2x cos 2x + cos 8x
128

35 —32cos2x + 28 cos 4x — 32(%) cos 2x + cos 8x
- 128
35 —32cos2x + 28 cos 4x — 16 cos 2x — 16 cos 4x cos 2x + cos 8x

128
35— 48cos 2x + 28 cos 4x — 16 cos 4x cos 2x + cos 8x
128

= %(35 — 48 cos 2x + 28 cos 4x + cos 8x — 16 cos 2x cos 4x)
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Section 2.5 Multiple Angle and Product-to-Sum Formulas 263

29. sin* 2x = (sin2 2x)2 31. tan* 2x = (tan2 2x)2
_ 1—c0s4xj2 _ (1= cos4x ’
2 1+ cos 4x
= 1(1 — 2 cos 4x + cos> 4x) _1-2cosdx + cos? 4x
4 1 + 2 cos 4x + cos’ 4x
=ll—Zcos4x+w 1 + cos 8x
4 2 1 —2cos4x + —
=l—lcos4x+l+lc058x 1+2cos4x+M
4 2 8 2
3 1 1 1 2-4 4 1
=3 5cos4x+§cos8x 5( = 4cos 4x + 1 + cos 8x)
T
_ é(3 — 4 cos 4x + cos 8x) 5(2 + 4 cos 4x + 1 + cos 8x)
3 —4cos 4x + cos 8x
30. cos* 2x = (cos? Zx)z 3 + 4 cos 4x + cos 8x
2
1+ cos 4 _
= 7)6) 32. tan? 2x cos* 2x = 1 - cos 4x os? 2x
2 1+ cos 4x 4x
= l(1 + 2 cos 4x + cos’ 4x) 1 — cos 4x 1 + cos 4x
4 1+ cos 4x
1 1 + cos 8x
= Z[l + 2cos 4x + 7] (1 — cos 4x)(1 + cos 4x)(1 + cos 4x)
11 L1 4(1 + cos 4x)
:7+5c0s4x+§+§cos8x _(1—cos4x)(1+cos4x)
1 1 4
= — + —cos 4x + — cos 8x
2 8

i(l — cos? 4x)

B 1(1_1+cos 8x]
4 2

0| — 00|

(3 + 4 cos 4x + cos 8x)

33. sin? 2x cos? 2x

(1 — cos 4x](1 + cos 4xj
2 2

= l(l — cos? 4x)
4

a l(l 1 +cos8xj
4 2

= l—l—fcosiéx
4 8
1 1

= — — —cos 8x
8 8

= l(1—cos8x)
8
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264 Chapter 2 Analytic Trigonometry

34. sin* x cos? x = sin® x sin® x cos® x

_ (1 —cos2x)1—cos2x) 1+ cos2x
2 2 2

= %(1 — cos 2x)(1 — cos? Zx)

1
= g(l — cos 2x — cos? 2x + cos’ 2x)

1 1 + cos 4x 1 + cos 4x
=—1—-cos2x —|—— |+ cos 2x] ——
8 2 2

1
= E[Z — 2c0s 2x — 1 — cos 4x + cos 2x + cos 2x cos 4x]

= %[l — €08 2x — cos 4x + cos 2x cos 4x]

_ o /2
35. sin 75° = sin (% lsooj 1 — cos 150 \/7

-2+ 3
[1 ] 1+ c0s150° [1- /2
cos 75° = cos| — - 150
2
\/ -3
ran 750 — (l 500) sin 150° 1/2
2 I +cos150° 1 - (\/5/2)

1 2+3 _ 2+/3
T2-3 2+ 4-3

o /2
36. sin 165° = sm( 33()0) \/W \/7

=2+3

s / /2
cos G 30(,]: /1+cos330

SN

tan 165° = tan(% . 330°j =

I\)\»—

cos 165°

sin 330° -1/2

1+ cos330° 14 (\/5/2)

-1 2-+/3 -2++/3
T 2+3 2-B 4-3 =-2+3
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Section 2.5 Multiple Angle and Product-to-Sum Formulas 265

_ ° 1-(-~/2/2
37. sin112°30 = sin(l : 2250] = [Lzcos225® | (v272) _ Yy
2 2 2 2
5 1+ (-/2/2
cos 112°30" = cose : 2250] - °°25 25 _ ( . ) _

tan112°3o’=tan6~225°j— sin225° - 2 242 W22 V2

22 . L
Cl4cos225° 14 (-V2/2) 2-42 24420 2

- 5 1+ (/2/2
38. sin67°30’:sin[l-135°]: [L=cos135® | 2/ L+
2 2 2 2
5 1-(/2/2
;-135") /1+co;135 _ (2/):;r-ﬁ

;-135°j sin135° \2)2 s 3

5

N

N | —

cos 67°30" =

|
(e}
@}
7]
|

tan 67° 30" =

|
=y
5
\

1+ cos135° |- (v2/2)

39.

40.
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266 Chapter 2 Analytic Trigonometry

41. cosu =l,0<u<£
25 2

(a) Because u is in Quadrant I, % is also in Quadrant I.

(b) sinz— 1 - cosu _ i_g
2 25 5
cos X 1+ cosu 1+25 16 4
2 2 25 5
7

u 1l —cosu T o5 3

tan — = = ==

2 sin u ﬁ 4

43. tan u :—13,377[<u < 2r

(a) Because u is in Quadrant IV, % is in Quadrant II.

12
(b) sin X = [LzCosu _ ST |1 _ 26
2 2 2 26 26
1+12
COSE__H+cosu__ 13 _ (25 _ 5V26
2 2 2 26 26
1

12

44. cotu=3,7r<u<37”

(a) Because u is in Quadrant III, % is in Quadrant II.

42, sinu = i,ﬁ
13

2
[uj 1+ cosu
cos| —| = — =
2 2
3
tan[gj _ 1—.cosu _ V10 _ /10 -3
2 sin u 1
10

12
<u<7zm=cosu=——

13

(a) Because u is in Quadrant II, % is in Quadrant I.

12
o ft] - s
2 2 2 26
cos[gj _ [l+cosu _ 26
2 2 26

(X o sine 13 _
2 1+ cosu 12
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Section 2.5 Multiple Angle and Product-to-Sum Formulas 267

.X X .
45. sin— + cosx = 0 47. cos— —sinx =0
2 2
1—cosx 1+ cosx .
t,/[———— = —cosx +, [———— =sinx
2 2
1—cosx
1TCOSXY _ os? x Mzsmzx
2 2

_ 2 .
0=2cos"x+cosx—1 14 cosx = 2sin? x

(2 cos x — 1)(cos x + 1) 1+ cosx =2—2cos® x

cosx =L~ or cosx=-1 2cos’ x +cosx—1=0
2
(2cos x = )(cos x +1) = 0
vz EF -
33 2cosx—-1=0 or cosx+1=0
2 1
cos x = — cosx = —1
'—\\\ 2
0 27 VY1
X == — X=7
373
-2 V1 S5t
Iy
By checking these values in the original equation,
x = /3 and x = 57/3 are extraneous, and x = 7 /3, 7, and 57/3 are all solutions to the equation.
is the only solution. 2
X
46. h(x) = sin 5 + cosx —1 0 2m

I
(e}
|
N

X
smE+cosx—1

1 - cosx
t, [——— =1-
> COS X 48. g(x)

X .
tan — — sin x
2

1 — cos x 2
T=1—2005x+cosx tan > —sinx =0
2
1 —cosx =2-4cosx+ 2cos® x 1 — cos x
————— =sinx
2cos’x —3cosx+1=0 sin x
(2cosx = 1)(cosx —1) = 0 1 — cosx = sin® x
2cosx—1=0 or cosx—1=0 l—cosx =1—cos® x
1 cos’x —cosx =0
cos x = — cosx =1
2 cos x(cos x — 1) = 0
T 5w
*=33 x=0 cosx=0 or cosx—1=0
T 37
T b4 . . X =— — cosx =1
0, 3 and 3 are all solutions to the equation. 272
x=0
1
T 3 . .
0, > and — are all solutions to the equation
0 2m
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268 Chapter 2 Analytic Trigonometry
49. sin 56 sin 36 = L[ cos(56 — 36) — cos(56 + 36) | = L(cos 26 — cos 86)
50. 7 cos(-5/8) sin 38 = 7 - Y[ sin(=58 + 3f) — sin(-58 — 3f)| = L(sin(-2/3) — sin(-85))

51. cos 26 cos 460 = %[cos(Z& — 46) + cos(20 + 49)] = %[cos(—2t9) + cos 69]

. i . ~
52. sin(x + y)cos(x — y) = 2(sin 2x + sin 2y) 54, sin 36 + sin @ = 2 sin[sa + 6’) 003(302 0]
53. sin 50 — sin 30 = 2 COS(SH ; 39) sin[S‘9 g 39) = 2sin 26 cos &

= 2cos 4¢sin & 55. cos 6x + cos 2x = 2 cos(6x Z 2x] cos[6x ; 2x]

2 cos 4x cos 2x

56. cos x + cos 4x = 2 cos X+ 4x cos[x — 4x]
2 2
(5):) (—3)6)
= 2 cos| — | cos| —
2 2

o o o _ o
57. sin 75° + sin 15° = ZSin(75 ; 15 Jcos[75 15 J = 2 sin 45° cos 30° = [ﬁj(ﬁ] = ﬁ

2 2 2

58. cos 120° + cos 60° = 2 cos[120 2+ 60 jcos(lzo — 60 ] = 2 cos 90° cos 30° = 2(0{\/5] =0

2 2
3z, m) (3@ _*7
59. 0053—” - cosz = 2sin| 4 4 | sin| 4 41- sinﬁsinﬁ
4 4 2 2 2 4
cos3—”—cos£= —ﬁ—ﬁ =2
4 4 2 2
s, 3r) (st _3x
60. sins—” - sin3—” = 2 cos| -4 4| sin| 4 4 | - 2c057z'sin£
4 4 2 2 4

T V2 \/5__\/5

. Smo .
sin— —sin— = —— - — =
4 4 2 2

61. sin 6x + sin 2x = 0

) Sin[6x + 2x) C08(6}( - ZxJ -0
2 2

2(sin 4x) cos 2x = 0

sin4x =0 or cos2x =

: W WY

nr
X = — X =

4
In the interval [0, 27)
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Section 2.5 Multiple Angle and Product-to-Sum Formulas 269

62. h(x) = cos 2x — cos 6x
cos 2x — cos 6x = 0
-2 sin 4x sin(—2x) =0
2sin4xsin2x = 0
sin4x =0 or sin2x =0 2
4x = nr 2x = nrw m /\
0 2m
nrw nrw W W
X =— X =—
4 2
T x3r 5t 3r Ix T 3z
x=0,— - — 7, —,—,— x=0,—m—
4 2 4 4 2 4 2 2
63. — 52X 1 65. csc20 = —
sin 3x — sin x sin 26
cos 2x -1 _ 1
sin 3x — sin x 2 sin @ cos 6
cos 2x -1 - 1 ' 1
2 cos 2x sin x \ j sin@ 2cosé
0 27
2sinx =1 _ cscél
) 1 ST 2 cos @
sin x = — 2
2
T 51 66. cos* x — sin* x = (cos® x — sin’ x)(0052 X + sin” x)
x ===
6 6 = (cos 2x)(1)
64. f(x) = sin? 3x — sin* x = cos 2x
sin? 3x —sin?x = 0 . 2 . ) : 2
67. (sin x + cos x)” = sin® x + 2sin x cos x + cos” x
(sin 3x + sin x)(sin 3x — sinx) = 0 _ (sin2 T+ cos? x) 2 sin x cos x
(2 sin 2x cos x)(2 cos 2x sin x) = 0 .
=1+ sin 2x
sin2x:0:x:0,%,7z,3§ or | - cos
68. tan - = 714
T 3w 2 sin u
cosx =0=> x=—— or
22 _ 1 cosu
cos2x=0:>ng,?’iﬂ"siﬂ"lz or sinu  sinu
4 4 4 4 = cscu — cotu
sinx=0=x=0,7
+ _
: . . Zsin[x_y]cos[x"'y)
M {\ 69, S X tsiny _ 2 2
0 2r cosx +cosy cos(x + y) cos(x - yj
VW 2 2
+
- = tan(x — y)
2
V4 V4
T T £+x+ﬁ—x §+x—(§—xj
70. cos| — + x|+ cos| — — x =200s3 3 cos
3 3 2 2

2 cos@ cos(x)

2(11 COS X = COS X
2
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270 Chapter 2 Analytic Trigonometry

71. (a) sin(gj == [% = ﬁ
2 2
(i /1—0059] :(Lj
2 M
1

1 —cosé@ _ 1
2 M?
M?*(1 - cos @) =2
2
l—cosﬁzﬁ
—cos@:i—l
MZ
costl—%
M? -2
cos @ = IV
2 _
(b) When M = 2,cos 8 = 222 2 =%.So,0

72. 175 sin 26 = 130
32

130
sin 26 = ﬁ
752
130(32
6 = —sin™! (32)
752
6 = 23.85°
73 5 o d - Zr(ﬂj
2 2 2
= r(1 - cos )

So, x = 2r(1 — cos 6).

74. (a) Using the graph, sin 2u = 1and
2 sinu cosu = 2(0.7)(0.7) = 1.
Because 1 = 1, sin 2u = 2 sin u cos u.
(b) Using the graph, cos 2u = 0 and
cos® u — sin® u = (0.7)2 - (0.7)2 =0.

Because 0 = 0, cos 2u = cos®> u — sin? u.

Review Exercises for Chapter 2
1. cotx

2. sec x

(4.5 - 2
(4.5)°
cos 8 = 0.901235.
So, 8 = 0.4482 radian.

(c) When M = 4.5, cos 8 =

2, speed of object —

(d) When M
speed of sound

speed of object
760 mph

speed of object = 1520 mph.

=2

When M = 45 speed of object - M
speed of sound
speed of object

760 mph

speed of object = 3420 mph.

=45

75. True. Using the double angle formula and that sine is an

odd function and cosine is an even function,
sin(—2x) = sin[2(—x)]

= 2 sin(—x) cos(—x)

= 2(—sin x) cos x

= —2sin x cos x.
76. False. If 90° < u < 180°,

% is in the first quadrant and

. u 1—cosu
sin— = , [————.
2 2

77. Because ¢ and 6 are complementary angles,
sin ¢ = cos @ and cos ¢ = sin 6.

(a) sin(¢ — @) = sin ¢ cos & — sin & cos ¢
= (cos 8)(cos 6) — (sin 6)(sin )
= cos® 8 — sin” @
= cos 20
(b) cos(¢ — 8) = cos ¢ cos & + sin ¢ sin
(sin 8)(cos 6) + (cos 6)(sin 6)
2 sin @ cos 6
sin 26

3. cosx

4. \/cot2x+1 = \/csc2x =|csc x|

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Trigonometry 10th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337278461-solutions

Review Exercises for Chapter 2 271

5. cos @ = —%, tan @ > 0, @ is in Quadrant III.

10.

11.

12.

sec @ = ! = =3
cos @ 2
4 21 21
sin@ = —\/1-cos?’8 = -, [l - — = - | —= = -~
25 25 5
g L5 _ s/
sin 8 V21 21
_~vz2t
tan @ = sin_ _ 5 2\/21
cos 6 2 2
5
1 2 221
cotd = = =
tan@ /21 21
2 ..
cot x = —5, cos x < 0, x is in Quadrant II.
1 3
tan x = = ——
cot x 2
cscx = /1 + cot? x = /1+g = /% :7"313
e l_ 3 313
csC X 13 13
9 4 2 2-/13
cosx = —Jl—sin’x = —, [ - = =— [— = —= = -">"
13 13 V13 13
1 V13
sec x = =
cos X 2
2 2 2 — 2 2
1 — 1 — gin? x 13. cos® x + cos” x cot” x = cos x(l + cot x)
cot?’x +1  csc?x , ,
= cos x(csc x)
sin @ , 1
tan®  cos @ 1 =% i x
1-cos’8@ sin’?@  sin O cos @ 5
cos’ x
= csc @ sec @ =—
sin? x
— 2
tan? x(csc2 X - 1) = tan? x(cot2 x) = cot” x
= tan2 ){ 12 ] 14. (tan x + 1)2 cos x = (tan2 x + 2tan x + 1) oS X
tan” x
_ 1 = (seczx + 2 tan x) cos x
2 = sec? x cos x + Z{Sinxjcosx
cot? )c(sin2 x) = 0952 Y sin? x = cos? x cos X
sin? x )
=secx + 2sin x
T
cotl — —u
(2 ) tan u
= = tan u sec u
cos u cos u

sec’(—0) _ sec’ @  1/cos’ @ _ sin’ 6

tan’ @

csc2 @ csc? 6 1/sin? @  cos2 6
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272  Chapter 2 Analytic Trigonometry

Is. 1 B 1 _ (csc@ —1) — (csc 8 + 1) 6. tan? x _ sec? x — 1
csc@+1 cscd—1 (csc @ + 1)(csc 8 — 1) l+secx 1+ secx
3 -2 _ (sec x + I)(sec x — 1)
csc? 0 -1 sec x + 1
= 2 =secx —1
cot> @
= —2tan’ @

17. Let x = 5sin @, then
V25— = (25 - (5sin0)° = \[25 - 25sin? 6 = \[25(1 - sin” 6) = \/25 cos? 6 = 5 cos 6,
18. Let x = 4 sec 6, then

VP =16 = J(4sec 6)° — 16 = \[165¢c? 6 — 16 = [16(sec? 6 — 1) = \[16 tan> 6 = 4 tan 6.

19. cos x(tan2 X+ 1) = cos x sec’ x 25. sin® x cos? x = sin* x cos® x sin x
1 2 = (1 — cos? x)zcos2 X sin x
= sec? x
sec x

= (1 — 2 cos? x + cos* x) cos? x sin x
= sec x

= (cos2 x — 2 cos* x + cos® x) sin x
20. sec® x cot x — cot x = cot x(sec2 X - 1)

3 ) _ 2 )
= cot x tan? x 26. cos’ xsin” x = cos x cos” x sin” x

1 2
= tan” x = tan x
tan x

cos x(l — sin? x) sin? x

cos x(sin2 x — sin* x)

ju (sin2 x — sin* x) cos x
21. sin[5 - 6’) tan @ = cos 6 tan @

NG

cos @ sin x = Y2

(sin gj 27. sinx = \/5 —sin x

s 6

= sin @

x = z+2ﬂ'n,2—ﬂ.+27m
T 3 3
22. cot(z - 0] csc @ = tan @ csc @

28. 4cos@ =1+ 2cos @

= sin ¢ 1 2cosf =1
cos @ )\ sin 8

1 cos @ = %
"~ cos @ p
0 =—+2nr or — + 2nrw

= sec @ 3

3 1 1 ~ cos B 29. 33 tanu = 3

tanfcscd sinf 1 1

cos @ sin @ tanu = ﬁ
T
24, 1 : _ 1 _ 1 u = o + nrw
tan x csc x sin x 1 . tan x
(tan x)( . ](sm x)
sin x
= cot x
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Review Exercises for Chapter 2 273

30 lsecx—lzo 35. cos? x + sinx =1
2 1 l—sin®x +sinx—1=0
Esecx =1 —sin x(sinx — 1) = 0
secx = 2 sinx =0 sinx—-1=20
1 x=0,7x sinx =1
cos x = —
2 V4
XZE
x:§+2n7r or 5?”+2n7r
36. sin?x + 2cos x = 2
31. 3csclx =4 1 —cos?x+2cosx =2
csc2x=ﬂ 0 =cos’x—2cosx +1
3

0 = (cosx — 1)2

N3
2

sin x = cosx—1=0
) P 5 cosx =1
x:§+27m,?ﬂ+27m,—”+27m,—”+27m x=0
These can be combined as: 37. 2sin2x — /2 = 0
x=£+n7r orx=2—”+n7r Sinzxzﬁ
3 3 2
T
32. 4tan*u — 1 = tan’ u 2x:Z+27m,—+27m
3tanu —-1=0 T kY4
X = — + 7n, + 7n
tan? 1 8 8
u=—
3 T3 om lix
878 8" 8
tanuziizi£
3 3 .
38. 2cos—+1=0
u==+nr or —+nr 2
X 1
COSEz—E
33. sin® x = sin x
x 2m
sif x —sinx =0 573
sin x(sinzx—l) =0 4
X = —
sinx =0=x=0,7 3
sin? x =1
39. 3tan?( S |-1=0
. T 3x 3
sinx =%l => x = —, —
272 Q(x] 1
tan°| = | = —
3 3
34. 2cos’x +3cosx =0 . I
r_+ |2
cos x(2 cos x + 3) = tan3 Ve
cosx =0 or 2cosx+3=0 taniziﬁ
T 3w 3 3
x=5,7 2cos x = -3 x _7#ns5zin
3 6676
cosxz—é w St Ir
2 X = —
22 2

No solution st

¥4
> and B3 are greater than 27, so they are not

. .. T
solutions. The solution is x = e
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274 Chapter 2 Analytic Trigonometry

40. /3 tan3x = 0 43. tan’ x — 2tanx = 0
tan3x = 0 tan x(tan x — 2) = 0
3x = 0,7, 27,37, 47, 57 tanx = 0 or tanx —2 =0
x:(),f,zi,”,ﬂ[,sﬁ X = nw tanx = 2
33 3°3
x = arctan 2 + nzw
41. cos 4x(cosx —1) = 0 44. 2 tan? x — 3tanx = —1
cosdx =0 cosx—1=0 2tan’x —3tanx+1=0
4x:£+27m,3—”+27m cosx =1 (2tanx—1)(tanx—1):0
2 2 2tanx —1 =0 or tanx —-1=10
X ﬁ+£n3—7[+£n x=0 2t =1 t =1
P 2" > anx = anx =
1 V.4
n 3n Sr Tm 97 11z 137 157 tanx = — X =—+nw
x=03777’7’797’75757 2 4
8 8 8 8 8 8 8 8
X = arctan[lj + nw
42, 3csc? 5x = —4 2
csc? 5x = _4
3
cscSx = % —ﬂ
3
No real solution
45, tan? @ + tan @ — 6 =
(tan 6 + 3)(tan & — 2) = 0
tan @ +3 =0 or tand —2 =0
tan @ = -3 tan @ = 2
0 = arctan(-3) + nz 0 = arctan 2 + nr
46. SCCZ x+6tanx+4 =0 47. sin 75° = sin(120° - 450)
l+tan?x+6tanx+4 =0 = sin 120° cos 45° — cos 120° sin 45°
tan? x + 6tanx + 5 = 0 — (ﬁ](ﬁ] _ [_1J[\/5]
(tan x + 5)(tanx + 1) = 0 \/E 2 2A 2
2
tanx + 5 =0 or tanx +1 =10 =T(\/§+1)
tan ¥ = =5 tan x = —1 cos 75° = cos(120° - 45°)
x = arctan(=5) + nz ¥ = 3n I = c0s 120° cos 45° + sin 120° sin 45°
(02, (V32
20 2 2 2
2 NG
=—(3 -1
S V3=

o o o tan 120° — tan 45°
tan 75° = tan(120° — 45°) = 1 + tan 120° tan 45°

B B-1
L+ (-B)n)  1-+3
—~3-1 1443
1-3 143
et NN

-2
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48. sin(375°) = sin(135° + 240°)
= sin 135° cos 240° + cos 135° sin 240°

[l )

ﬁ(ﬁ -1)
4

c0s(375°) = cos(135° + 240°)

= cos 135° cos 240° — sin 135° sin 240°

22

SREING
4
tan(375°) = tan(135° + 240°)
tan 135° + tan 240°
1 — tan 135° tan 240°
_ —1+4/3
1-(-)(V/3)
:—1+\/§_1—\/§:—4+2\/§:2_\/§
1+/3 1--/3 1-3
. 257 .[117[ ﬂ) Cllr ox 1z .
49, sin — = sin|— + — | = sin —— cos — + c0S — sin —
12 6 4 6 4 4
:[_1j\6 (32 :\/5(\@_1)
2 2 2 2 4
257 (117[ ﬂj 117z r . 1z .
cos —— = cos| — + — | = cos —— cos — — sin —— sin —
12 6 4 6 4 4
_ NN _[_ljﬁ :\/E(\/g+l)
2 2 2 2 4
¢ 117z ¢ T
257 iz =« an - -+ tan o
e e P e F P
12 6 4 1 — tan — tan —
6 4
)
L3, A
J3
L

Review Exercises for Chapter 2 275
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276 Chapter 2 Analytic Trigonometry

. (197[] ) (1171' 71'] [197r] (llﬂ' ﬂj
50. sin| = sin| — — — cos| — | = cos| — — —
12 6 4 12 6 4
. V.4 1z . «w 11z T RV A 4
= sin —— ¢0s — — c0s —— sin — = C0S —— COS — + sin —— sin —
6 4 6 4 6 4 6 4
__ L N2 B A2 _ﬁ.ﬁ+(_l]ﬁ
2 2 2 2 2 2 2) 2
V2 V2 J2
= -Y21+3) = - XE(V3 +1 _N2( 3
4(+\/—) 4(\/—+) = 4(\/3 1)
( 97rj (117[ 7[]
tan = tan| — — —
12 6 4
tan — — ta z
_ 4
1+ tan—tanﬁ
6 4
N
_ T3 T 3-3 3+
3-V3 3 3
1+ [_\/gJ(l) V3 +/3
3
12 + 6/3
= 7( ) =2-/3
6
51. sin 60° cos 45° — cos 60° sin 45° = sin(60° — 45°)  _tan 68 —Otan 115 |~ tan(68° - 115°)
= sin 15° 1 + tan 68° tan 115
= tan(—47°)
P 3
L x -4 K\V X
4
_3 5

Figures for Exercises 53-56

53. sin(u + v) =sinucosv+cosusinv=%(—%)+§(—%):—%—‘5‘
3+3 3
+ 4 4 9 1 24
54. tan(u+v): tanu + tan v -4 4 zlzétjjzi
I-tanutany  _ 3(3 727 7
4a) 16

55. cos(u — v) = cosu cosv + sinusinv = %(—

; _ — g _ ; — 3(_4)\_ 4(_3) =
56. sin(u — v) = sinucosv — cosusinv = (5) 5( 5) 0

57. cos(x + %j = COS X cos% — sin x sin% = cos x(0) — sin x(1) = —sin x
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58.

59.

60.

62.

63.

64.

T T
tan| x — — | = —tan| — — x| = —cot x
( 2] (2 ]

tan 7 — tan x

tan(z — x) = = —tan x

1 — tan & tan x

sin(x — ) = sin x cos 7 — cos x sin 7
= sin x(~1) — cos x(0)

= —sin x

T T
Cos| X + —| — Ccos| x — —
[ 6) [ 6)

T . .
COSXCOSg—SIHXSIHg — | COS X COS

T . . T
— + sin x sin —
6 6

. .
—2 sin x sin —

—2 sin x(lj
2

sin x

X

. 4 kY4
sinu = ——, 7 <u < —=—
5 2
cosu = —m =
sin u 4
tanu = = —
cos u 3
sin2u = 2sinucosu = 2(—ﬂ](—§j =
5 5
2 2
cos2u = cos’u — sin>u = _3] _ (_i 7
5 5 25
2t 2@) 24
tan 2u = anu__ S ==
1 —tan® u . [4) 7
3
2 )
cosu = ——=,— < u < = sinu =—=and
J502
1
tanuy = ——
2
: . 1 2
sin2u = 2sinu cosu = 2(] —j
5 5
2 2
cos 2u = cos’u — sin>u = [—2j - (lj _3
5 NE 5
1
2[“
tan 2u = 2tanu 2 =_1

Review Exercises for Chapter 2
61. sinx+£ —sin[x—z =
4 4
2 cos x sin z_ 1
4
cosx = —
I
X == —
4 4
=1
=1
=1
=1
= -1
_
2
65. sin 4x = 2 sin 2x cos 2x
= 2[2 sin x cos x(0052 x — sin? xﬂ
= 4 sin x cos x(2 cos® x — 1)
= 8 cos® xsin x — 4 cos x sin x
2
s ﬂUﬁUﬂUH r\UﬂUnUﬂU .
—2
66 1 — cos 2x 1—(1—2sin2x)
"1+ cos2x 1+(2005x2 —1)
_ 2sin*x
2 cos® x
= tan’ x
4
-2m 2m
-1
1 — cos 6x
. il _
67. tan?3x = sm23x _ 2 _ 1 — cos 6x
cos?3x 1+ cosbx 1+ cos6x

2

277
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278 Chapter 2 Analytic Trigonometry

(1 — cos ZxJ(l + cos 2x]
2 2

68. sin® x cos® x

1 - cos? 2x

=
1_(1+cos4x]

_ 2

=

_ 1 —cos4x

N 8

69. sin(-75°) = -

COS

o 1-[ J
tan(—75°)=—(1_(305150]=—2 =—(2+\/§)=—2—\/§

sin 150°

kY4
cos—
70. sm =
sz V3
1+cos— 1+ Ty 23 1 7
cos = = = = /2 -S3
2 2 2

1 V3
1- cos Ty
tan = =2+/3
. Sw 1
sin — —
6 2
71. tanuzf,ﬂ'<u<3—” (b) sin & =
3 2
. u
3 /\ . COSs E = -
—4 5 = -
5
_ (_éj
(a) Because u is in Quadrant III, % is in Quadrant II. tan “ 1= cosu > -2

2: sin u B (_ﬂj
5
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72. sinu:§,0<u<£
5 2

y

u

=

(a) Because u is in Quadrant I, % is in Quadrant I.

(b) smf [1 —cosu

4
1+|—

u 1+ cosu 5 9 310
cos — | /— —
2 2 10
_ ﬂ

1—cosu 5 1
tan — = - = ==
2 sin u 3 3
5
73 cosu=—g,£<u<7r
72
.
3V5

=

u
b) sin— =
()sm2

Cos — =

Review Exercises for Chapter 2 279
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280 Chapter 2 Analytic Trigonometry

74. tanu = —i,z’—” <u<?2rx
2 2
e
N
s\ |-v2I

u
b) sin—
(b) sm2

u
COS —

75. cos 40sin 60 = 1sin(46 + 66) — sin(40 — 66) | = 1[sin 100 — sin(-26) ]

76. 2'sin 76 cos 36 = 2 - 1[sin(76 + 36) + sin(76 — 36)| = sin 106 + sin 40

77. cos 66 + cos 560 = 2 cos£69 Z 50} cos[&9 ; 56) = 2 cos % cosg

— 1 .
78. sin 3x — sin x = 2 cos| ¥+ x sin ¥~ x 79. r = —v,’ sin 26
2 2 32

= 2cos 2x sin x range = 100 feet

v, = 80 feet per second

r = 1(80)% sin 26 = 100
32
sin 20 = 0.5
20 = 30°
6 = 15°0r =
12

80. Volume V of the trough will be the area 4 of the isosceles triangle times the length / of the trough.
V=41

1
A = —bh
@ 5

cosg = e = h = O.SCOSQ
0.5 2

b
sing =2 é = 0.5sing
2 0.5 2 2

A = 0.5sin g 0.5 cos g = (0.5)2 sin g cos 9. 0.25 sin 4 cos 4 square meters

Not drawn to scale

<
Il

(0.25)(4) sin g cos g cubic meters = sin g cos g cubic meters
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(b) V = sin 9 cos 9 = 1 2 sin 9 cos 4 = 1 sin & cubic meters
2 2 2 2 2 2

Volume is maximum when @

81. False. If < 0 < &, then z < 4
2 4 2

Quadrant 1. cosg >0

82. True. cot x sin? x = (

83. True. 4 sin(—x)cos(—

N

x)

COS x

z
>

T

A

>

in x

= 4(-sin x) cos x
= —4sin x cos x
= —2(2 sin x cos x)

= —2sin 2x

Problem Solving for Chapter 2
1. sin @ = +./1 — cos* @

. 2
tanﬁzsmazi 1 —cos” @

cos 6 cos 6

1 1
cscl = — =+

sin 6 \/1—00529
secd = !

cos 6
cot O = 1 cos @

tanH \/l—cos 0

bl 20

os(
z

cos| nzr + =
( 2]

V4 . .
COS Nzt cos S — SIn n7t sin E

(£1)(0) - (0)(1)

0

20w + ﬂ'j
2

2n + 1
So, cos{(nz)”} = 0 for all integers n.

—, an

] sin? x = cos x sin x.

dgisin
2

84. True. It can be verified using a product-to-sum formula.

. I, . .
4sin 45° cos 15° = 4 - 5[sm 60° + sin 30°]

2{\/§+;}=\/§+1

2

85. Yes. Sample Answer. When the domain is all real

. . 1 V4
numbers, the solutions of sin x = Eare x = 3 + 2nr

5w . .
and x = o + 2nr, so there are infinitely many

solutions.

You also have the following relationships:

sin @ = cos[ﬁ - 9)
2

tan @ =

csc @ =

sec 8 =

cot @ =

cos[ (7/2)
cos @
1

cos[(lz/ 2) -6

1
cos 0

cos 6
cos[ 7/2)

- 4]

]

- 6]

sinF(lZnﬂ' + ﬂ')j|

= sin(Znﬂ' + E]
6

T
s — =
6

(o)}

12n + )
So, sm{(nG)} = % for all integers n.
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282 Chapter 2 Analytic Trigonometry

1
4. p(1) = E[pl(t) +30p,(r) + pa(t) + ps(t) + 30p4(1)] . .
(a) p1(t) = Sin(52472't) py(0) Y ﬂpjp(l:)ﬂ
A = 1 . 104872¢ —0.006I|' "/\l ’/\ [\l'l, 0.006 ~0.008 ITRYEY RYAYI U,l’ 0.006
- oo A

.4

pilt) = %sin(1572m)

1 14 14 14
ps(t) = —sin(26207¢)

5 A6 st Pt

1 . ~0.006 \Unuﬂvﬂuf‘l Un\.lllr‘:‘.lln".r‘l.l“' 0.006 ~0.006 "uﬂv" \lJ'\l"\lh\l‘h\l "'.‘ "\lh\l‘h\l L v.’lvl.l‘_ﬁ.vﬁ.l' 0.006 ~0.006 \ll\.ll‘ll \IJ\IJ\IA l.lJvh\.h lvl.vlv]vlvlwlvﬂ ;\vﬂ 0.006
pelt) = 5 sin(31447¢)

The graph of 14 14 “14
p(t) = %[sin(5247rt) + 15 sin(10487¢) + %sin(1572m) + %sin(26207n) +5 sin(31447rt)}
T

yields the graph shown in the text below.

(b) Function Period (c) 4 Mu
2r 1
n(t) Soan = 3gp ~ 00038 , .
2 1
t = ~ 0.0019 ’
Pa(1) 10487 524 By Y
2 1
Pi(t) s2r 786~ 00 Over one cycle, 0 < 7 < 21@’ you have five r-intercepts:
2r 1
20 2e20n -~ 3o = 00008 = 0,1 = 00009, ~ 0.00191,7 ~ 0.00285,
2 | t = 0.00382
po(?) z =~ 0.0006 . .
3144 1572 (d) The absolute maximum value of p over one cycle is

p = 1.1952, and the absolute minimum value

The graph of p appears to be periodic with a of p over one cycle is p ~ —1.1952.

period of L = 0.0038.
262
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Problem Solving for Chapter 2 283

5. From the figure, it appears that « + v = w. Assume that u, v, and w are all in Quadrant I.

From the figure:

K 1
tanuy = — = —
3s 3
s 1
tanyv = — = —
2s 2
tan w = 2o
K
an(u + v) = tan u + tan v 13+12  5/6

I—tanutanv 1-(13)12) 1-(1/6)

=1 = tan w.

So, tan(u + v) = tan w. Because u, v, and w are all in Quadrant I, you have

arctan[tan(u + v)} = arctan[tan wlu + v = w.

16

2
————x" + (tan @)x + Ay
vy cos’ @ ( )

6. y =-

Lethy = 0 and take half of the horizontal distance:

1/ 1 . 1 . 1 .
—{ =—vy” sin 20 | = —v,*(2 sin @ cos ) = —v,* sin 6 cos &
2\32 64 32

Substitute this expression for x in the model.

2 .
y = —%(LVOQ sin 8 cos 0] e o (LVOQ sin @ cos 0]
vy~ cos” 6\ 32 cos 8 \ 32
= _LV02 sin? @ + L\102 sin” @
64 32
= ivo2 sin? @
64
7. (a)

10,767 10
h
|
|<—%b—>|
b
1

—b
singzz— and cosgzi
2 10 2 10
b=205ing h=10cosg
2 2
A= lbh
2

= l[20 sin gj(lO cos gj
2 2 2

= 100 sin g cos Q
2 2

(b) 4= 50(2 sin o cos gj
2 2

aff)

50 sin 6

1 . . V4 . . . T
Because sin E = 1 is a maximum, 6 = 5 So, the area is a maximum at 4 = 50 sin 5 = 50 square meters.
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10.

Chapter 2 Analytic Trigonometry

The hypotenuse of the larger right triangle is:

V2(1 +cos )

sin 6

sin @ sin @

\/sin2¢9+(1+cos¢9)2 = \/sin20+1+20056+c0s2¢9

=./2+ 2cos b

= /2(1 + cos 6)

(6 ~ ' _
5111(5} - \/2(1 + cos ) - \/2(1 + cos 6) J1 - cos @ \/2(1 — cos? 9) V2 sin 6

l+cos@® (1 + cos 6)° ~

JI—cos@  sin O /1 —cos sin¢9\/l—cost9 _\/1—0059

2

(Hj sin
tan| — | = ———
2 1+ cos @

0.6 sin(6 + 90°)

. F
sin 12°
0.6W (sin @ cos 90° + cos 6 sin 90°)
(@ F = -
sin 12°

~0.6W[(sin 6)(0) + (cos 6)(1)]
B sin 12°
_ 0.6/ cos 8

sin 12°

7(t +0.2)
Seward: D = 12.2 — 6.4 cos] —=
182.6

z(t +0.2)
New Orleans: D = 12.2 — 1.9 cos| ———=
182.6

( a) 20

A

0

(b) The graphs intersect when ¢ = 91 and when

1+ cos @
2

0.6(185) cos x

b) Let =
®) N sin 12°

550

0

(c) The force is maximum (533.88 pounds) when 6 = 0°.

The force is minimum (0 pounds) when & = 90°.

11. d = 35 — 28 cos %t when ¢ = 0 corresponds to
12:00 A.M.
(a) The high tides occur when cos %z = —1. Solving
yields t = 6.2 or ¢t = 18.6.
These #-values correspond to 6:12 A.M. and 6:36 P.M.

The low tide occurs when cos 6—”21‘ = 1. Solving

yields + = 0 and ¢ = 12.4 which corresponds to
12:00 A.M. and 12:24 p.M.

(b) The water depth is never 3.5 feet. At low tide, the

t = 274. These values correspond to April 1 and depthis d = 35 — 28 = 7 feet.

October 1, the spring equinox and the fall equinox.

(c) Seward has the greater variation in the number of

daylight hours. This is determined by the
amplitudes, 6.4 and 1.9.

(d) Period: = 365.2 days

2w
7/182.6

(C) 70

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

Trigonometry 10th edition Larson Solutions Manual


https://ravanbooks.com/books/9781337278461-solutions

Problem Solving for Chapter 2 285

12. b = 3.75sin 733t + 7.5 . [9 aj
4 sm| — + —
h, = 3.75sin 733(t + —”j +75 1B (@) n=—=7=
3 sin —
(@)

{gof ) ool

1

(@)

(=}

w2
N\
D[R
N S

+

(@)

=}

—
N\
(SEISY
N—

w2

2,

=

\
N—

(b) The period for # and £, is % = 0.0086.

12 For o = 60° n = cos 30° + cot[gj sin 30°

0 21

5 733 (b) For glass, n = 1.50.
. . 31 o
The graphs intersect twice per cycle. 1.50 = BN + 5 cot] 5
1
There are = 116.66 cycles in the interval
27/733 2[1.50 - \/EJ - cotg)
[0,1], so the graphs intersect approximately
233.3 times. L tan[ﬁj
3-43 2
1
6 = 2tan™!
[ - \/Ej
0 = 76.5°

14. (a) sin(u + v+ w) = sin[(u +v) + w]
= sin(u + v) cos w + cos(u + v) sin w
= [sin u cos v + cos u sin v] cos w + [cos u cos v — sin u sin v] sin w

= sin u COS vV COS W + COS u# Sin Vv COS W + COS # COS v sin w — sin u sin v sin w

(b) tan(u + v + w)

tan[(u +v) + w]

tan(u + v) + tan w

1 — tan(u + v) tan w

tan u + tan v
1 — tan u tan v

tan u + tan v (1 — tan u tan v)
l—-|———|tanw
1 — tan u tan v

+ tan w
} (1 - tan u tan v)

tanu + tan v + (1 — tan u tan v) tan w

(1 — tan u tan v) — (tan u + tan v) tan w

tan ¥ + tan v + tan w — tan u tan v tan w

" l-—tanutanv — tan u tan w — tan v tan w
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286 Chapter 2 Analytic Trigonometry

15. (a) Let y; = sinx and y, = 0.5. (b) Let y, = cosx and y, = —0.5.
2 2
. % 2 0 # 2
-2 -2
sin x = 0.5 on the interval E, Sz . cos x < —0.5 on the interval 2—7[, 4z .

6 6 33
(c) Let y, = tan x and y, = sin x. (d) Let y, = cosx and y, = sin x.

2 2
2 -2
tan x < sin x on the intervals (g, ﬂj and (37”, 27[). cos x = sin x on the intervals [O, %} and [57”, 27[).

16. (a) f(x) = sin* x + cos* x

= (sin2 x)2 + (cos2 x)z

_ (1 — Cos 2x)2 + [1 + cos ZXJZ
2 2

(1 — 2 cos 2x + cos? 2x) + (1 + 2 cos 2x + cos? 2xﬂ

—1

(2 + 2 cos® Zx)
(l + cos? Zx)

1+

cos 4x)
2

—

3 + cos 4x)

N S e S e N e N e

(b) f(x) = sin* x + cos* x
.2 \2 4
= (sm x) + cos* x
2 \? 4
=(1—cos x) + cos™ x
=1—-2cos? 2x + cos* x + cos* x
=2cos*x —2cos*x +1
(¢) f(x) = sin* x + cos* x
= sin* x + 2 sin? x cos? x + cos* x — 2 sin? x cos® x
-2 2 \? -2 2
=(s1n x + cos x) — 2 sin” x cos” x

=1—2sin® x cos® x
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Problem Solving for Chapter 2 287

(d) f(x) =1-2sin® x cos® x
1> 1—c052x}(1+cos2x]
2 2
1 2
=1-—(1 - cos 2x)
2
1 1
= — + —cos® 2x
2 2
:l+l(1—sin22x)
2 2
1

1 — = sin? 2x
2

(e) No; there is often more than one way to rewrite a trigonometric expression, so your result and your friend’s result
could both be correct.
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288 Chapter 2 Analytic Trigonometry

Practice Test for Chapter 2

1. Find the value of the other five trigonometric functions, given tan x = 2%, sec x < 0.

1

2 2

. sec” x + csc” x
2. Simplify ———— v
csc x(l + tan x)

3. Rewrite as a single logarithm and simplify ln‘ tan 9‘ - ln‘ cot 9‘.

4. True or false:
T 1
cos| — — x| =
(2 J csc x

5. Factor and simplify: sin* x + (sin2 x) cos® x

6. Multiply and simplify: (csc x + 1)(csc x — 1)

7. Rationalize the denominator and simplify:
cos? x

1 —sinx

8. Verify:
1+ cos@ sin 6
sin @ 1+ cos @

=2cscl

9. Verify:

tan* x + 2 tan®> x + 1 = sec* x

10. Use the sum or difference formulas to determine:
(a) sin105°
(b) tan15°

11. Simplify: (sin 42°) cos 38° — (cos 42°) sin 38°

T

12. Verity tan(ﬁ + Z] _lt+no

1 — tan @
13. Write sin(arcsin x — arccos x) as an algebraic expression in x.

14. Use the double-angle formulas to determine:
(a) cos120°

(b) tan 300°

15. Use the half-angle formulas to determine:
(a) sin 22.5°

r
b) tan —
(b) an 1=

16. Given sin 8 = 4/5, 6 lies in Quadrant II, find cos(6/2).
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Practice Test for Chapter 2 289

Use the power-reducing identities to write (sin2 x) cos? x in terms of the first power of cosine.
Rewrite as a sum: 6(sin 56) cos 26.
Rewrite as a product: sin(x + 7) + sin(x — 7).

.. sSin9x + sin 5
Verify SIMIX T SMOY ot 2.
cos 9x — cos Sx

Verify:

(cos u)sinv = %[sin(u +v) — sin(u — v)]
Find all solutions in the interval [0, 27):
4sin® x =1

Find all solutions in the interval [0, 27):

tan20+(\/§—1)tan0—\/§=0

Find all solutions in the interval [0, 27):

sin 2x = cos x

Use the quadratic formula to find all solutions in the interval [0, 27):

tan’ x — 6tanx + 4 = 0
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m Recognize and write the fundamental
trigonometric identities.

m Use the fundamental trigonometric identities to
evaluate trigonometric functions, simplify
trigonometric expressions, and rewrite
trigonometric expressions.
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Introduction

You will learn how to use the fundamental identities to do
the following.

1. Evaluate trigonometric functions.
2. Simplify trigonometric expressions.
3. Develop additional trigonometric identities.

4. Solve trigonometric equations.
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Introduction

Reciprocal Identities

: |
Sin u =
CSC U
|
cscC U = —
sin u

Quotient Identities

Sin u

tan u =
COS i

Pythagorean Identities

sinu + cos?u = 1

Fundamental Trigonometric ldentities

cosu =
Sec u
|
seC u =
COS u
COS u
Cotu = —
Sin u

| + tan®u = sec? u

|
tan 4 =
cot u
1
cotu =
tan u

1 + cot?u = csc?u
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Introduction

Cofunction Identities
o i L m ;
sin|l — — u | = cos u cos|l— —u| =sinu
2 2
T T
tﬂn(— T u) = cot u C(}t(— - u) = lan u
2 2
T T
sec| — — u | = csc u csel— — u) = secu
2 2
Even/Odd Identities
sin(—u) = —sinu cos(—u) = cos u tan(—u) = —tan u
cse(—u) = —csc u sec(—u) = sec u cot(—u) = —cotu
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Introduction

Pythagorean identities are sometimes used in radical form
such as

sinu = +</1 — cos? u

or

tanu = +/sec?u — 1

where the sign depends on the choice of wu.
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Using the Fundamental Identities

One common application of trigonometric identities is to
use given values of trigonometric functions to evaluate
other trigonometric functions.

10
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Example 1 — Using Identities to Evaluate a Function

Use the values sec « = —3 and tan u > 0 to find the values of
all six trigonometric functions.

Solution:
Using a reciprocal identity, you have
1

cos u = = ———
‘ sec u —-3/2

_@
-

Using a Pythagorean identity, you have

sinu =1 — cos?u Pythagorean identity

Trigonometry 10th edition Larson Solutions Manual
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Example 1 — Solution

2\2 ’
=1—-|—- Substitute —3 for cos u.

Simplify.
Because sec u< 0 and tan u> 0, it follows that u lies in
Quadrant lll.

Moreover, because sin uis negative when uis in
Quadrant lll, choose the negative root and obtain

sinu = —</5/3.

12
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Example 1 — Solution

Knowing the values of the sine and cosine enables you to
find the values of all six trigonometric functions.

sin u =

Cos u =

tan u =

Sin u

CoS u

-J5/3 5

—2/3 2
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Example 1 — Solution

CSCu = : _ ——ﬁ
sinu /5 5
| 3
sec u = = ——=
! COS U 2
1 2 25

14
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Example 2 — Simplifying a Trigonometric Expression

Simplify
sin X Cos2 x — sin X.

Solution:

First factor out a common monomial factor and then use a
fundamental identity.

sin x cos? x — sin x = sin x(cos? x— 1) Factor out common
monomial factor.
=—sin x(1 — COS? X) Factor out —1.
= —sin x(sin? X) Pythagorean identity
= —sin3 x Multiply.

15
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Using the Fundamental Identities

When factoring trigonometric expressions, it is helpful to
find a special polynomial factoring form that fits the
expression.

On occasion, factoring or simplifying can best be done by
first rewriting the expression in terms of just one
trigonometric function or in terms of sine and cosine only.

16
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Example 7 — Rewriting a Trigonometric Expression

. 1 L . .
Rewrite . so that it is not in fractional form.
| + sinx

Solution:

From the Pythagorean identity

cos? x=1-sin? x= (1 —sin x)(1 + sin x)

multiplying both the numerator and the denominator by
(1 — sin x) will produce a monomial denominator.

1 _ 1 . I — sinx Multiply numerator and
l +sinx 1+ sinx 1 —sinx denominator by (1 —sin x).
I — sinx Vutio
= ) ultiply.
1 — sin® x

17
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Example 7 — Solution

] —sinx

COS?Z X

1 Sin X

cos?x  cos?x

1 sin x |

COS%2X COSX COSX

sec? x — tan x sec x

Pythagorean identity

Write as separate fractions.

Product of fractions

Reciprocal and quotient
identities

18
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m Verify trigonometric identities.
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Introduction

In this section, you will study techniques for verifying
trigonometric identities.

Remember that a conditional equation is an equation that is
true for only some of the values in its domain.
For example, the conditional equation

sinx=20 Conditional equation
IS true only for
X=Nr

where nis an integer. When you find these values, you are
solving the equation.
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Introduction

On the other hand, an equation that is true for all real
values in the domain of the variable is an identity. For
example, the familiar equation

sin?x = 1 — cos2x Identity

is true for all real numbers x. So, it is an identity.
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Veritying Trigonometric Identities
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Veritying Trigonometric Identities

Although there are similarities, verifying that a trigonometric
equation is an identity is quite different from solving an
equation. There is no well-defined set of rules to follow Iin
verifying trigonometric identities, and it is best to learn the

process by practicing.

Guidelines for Verifying Trigonometric Identities
1.

Work with one side of the equation at a time. It is often better to work with
the more complicated side first.

. Look for opportunities to factor an expression, add fractions, square a

binomial, or create a monomial denominator.

. Look for opportunities to use the fundamental identities. Note which

functions are in the final expression you want. Sines and cosines pair up
well, as do secants and tangents, and cosecants and cotangents.

If the preceding guidelines do not help, then try converting all terms to sines
and cosines.

. Always try something. Even making an attempt that leads to a dead end can

provide insight.
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Veritying Trigonometric Identities

Verifying trigonometric identities is a useful process when
you need to convert a trigonometric expression into a form
that is more useful algebraically.

When you verify an identity, you cannot assume that the
two sides of the equation are equal because you are trying
to verify that they are equal.

As a result, when verifying identities, you cannot use
operations such as adding the same quantity to each side
of the equation or cross multiplication.
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Example 1 — Verifying a Trigonometric Identity

sec? O — 1
sec? 60

= sin? 6.

Verify the identity

Solution:
Start with the left side because it is more complicated.

sec2 — 1 (tan?20+ 1) — 1 S
= Pythagorean identity

sec? 0 sec’ 0
2
_ tan” 0 Simplify.
sec’ 0
= tan? A(cos? 6) Reciprocal identity
sin” 6 o
— (cos* ) Quotient identity

10
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Example 1 — Solution

= sin” 0 Simplify.

Notice that you verify the identity by starting with the left
side of the equation (the more complicated side) and using
the fundamental trigonometric identities to simplify it until

you obtain the right side.

11
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Solving Trigonometric
Equations
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m Use standard algebraic techniques to solve
trigonometric equations.

m Solve trigonometric equations of quadratic type.

m Solve trigonometric equations involving multiple
angles.

m Use inverse trigonometric functions to solve
trigonometric equations.
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Introduction

To solve a trigonometric equation, use standard algebraic
technigues (when possible) such as collecting like terms
and factoring.

Your preliminary goal in solving a trigonometric equation is
to isolate the trigonometric function on one side of the
equation.

For example, to solve the equation 2 sin x = 1, divide each

side by 2 to obtain

_ 1
SIn x = —.
2
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Introduction

To solve for x, note in the figure below that the equation

sin x :% has solutions x = 7/6 and x = 57/6 In the interval
[0, 27).
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Introduction

Moreover, because sin x has a period of 2r, there are
infinitely many other solutions, which can be written as

S5
¥ = n + 2nr and x=—+2nw General solution

6 6

where nis an integer, as shown above.
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Introduction

The figure below illustrates another way to show that the
equation sinx =+ has infinitely many solutions.

Any angles that are coterminal with 7/6 or 5z/6 will also be
solutions of the equation.

When solving trigonometric
equations, you should write sin (3% + 207) =

B)= 5 51 Sin(E +2n:’r)=l

your answer(s) using exact ol 6 2

values rather than decimal “
approximations.
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Example 1 — Collecting Like Terms

Solve sin x + \/5 = —sin X.

Solution:
Begin by isolating sin x on one side of the equation.

sinx + /2 = —sinx Write original equation.
sinx + sinx + \/_ = Add sin x to each side.
sinx + sinx = — ﬁ Subtract +/2 from each side.
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Example 1 — Solution o

28inx = — \/5 Combine like terms.
| V2 N |
Sin x = — 7 Divide each side by 2.

Because sin x has a period of 27, first find all solutions in
the interval [0, 27).

These solutions are x = 5z/4 and x = 7r/4. Finally, add
multiples of 27 to each of these solutions to obtain the
general form

S5 T
x=—+42n7 and x = 1 + 2nm  General solution

where nis an integer.
10
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Equations of Quadratic Type

11
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Equations of Quadratic Type

Many trigonometric equations are of quadratic type
ax® + bx + ¢ =0, as shown below.

Quadratic in sin x Quadratic in sec x
2sin?x—sinx—1=0 sec?x—3secx—2=0
2(sin x)2—sinx—1=0 (sec x)°—3(sec x) —2 =0

To solve equations of this type, factor the quadratic or,
when this is not possible, use the Quadratic Formula.

12
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Example 4 — Factoring an Equation of Quadratic Type

Find all solutions of 2 sin? x—sin x—1 = 0 in the interval
[0, 2n).

Solution:
Treat the equation as a quadratic in sin x and factor.

2sin?x—sinx—1=0 Write original equation.

0 Factor.

(2 sin x+ 1)(sin x—1)

13
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Example 4 — Solution

Setting each factor equal to zero, you obtain the following
solutions in the interval [0, 27).

2sinx+1=0 and sinx—1=0

' 1 sinx = 1
S1n - — — —
*T

7w 17w
6" 6

T
X X = —
2

14
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Functions Involving Multiple Angles

15
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Functions Involving Multiple Angles

The next example involve trigonometric functions of
multiple angles of the forms cos ku and tan ku.

To solve equations of these forms, first solve the equation
for ku, and then divide your result by k.

16
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Example 7 — Solving a Multiple-Angle Equation

Solve 2 cos 3t—1 = 0.

Solution:
2cos3t—1=0 Write original equation.
2 cos 3t=1 Add 1 to each side.
|
cos 3t = 5 Divide each side by 2.

17
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Example 7 — Solution

In the interval [0, 27), you know that 3f= /3 and 3t = 57/3
are the only solutions, so, in general, you have

3t:§+2n77 and 31‘:5?77+2n77.

Dividing these results by 3, you obtain the general solution

S@ 2nmw
2nar and = — + /% General solution

_ T,
L= 0 3 9 3
where nis an integer.

18
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Using Inverse Functions
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Example 9 — Using Inverse Functions

sec° x—2tan x=4 Original equation
1 +tan?x—2tan x—4=0 Pythagorean identity
tan° x—2tan x—3=0 Combine like terms.
(tan x—3)(tan x+ 1) =0 Factor.

Setting each factor equal to zero, you obtain two solutions
in the interval (—z/2, =/2). [We know that the range of the
iInverse tangent function is (—xz/2, 7/2).]

x =arctan 3 and x = arctan(—1) = — /4
20
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Example 9 — Using Inverse Functions,__,,

Finally, because tan x has a period of 7, you add multiples
of zto obtain

x=arctan 3+ nt and x = (—@/4) + nm  General solution

where nis an integer.

You can use a calculator to approximate the value of
arctan 3.

21
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2 Analytic Trigonometry
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Sum and Difference Formulas
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m Use sum and difference formulas to evaluate
trigonometric functions, verify identities, and
solve trigonometric equations.
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Using Sum and Difference
Formulas
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Using Sum and Difference Formulas

In this and the following section, you will study the uses of
several trigonometric identities and formulas.

Sum and Difference Formulas

sin(u + v) = sinu cos v + cos u sin v
sin(u — v) = sinu cos v — cos u sin v
cos(u +v) =cosucosy — sinusinv
cos(u — v) = cosucosv + sinu sin v

tanu + tanv tanu — tanv
tan(u + v) = tan(u — v) =
1 — tan u tan v 1 +tanutan v

Example 1 shows how sum and difference formulas can
enable you to find exact values of trigonometric functions
iInvolving sums or differences of special angles.
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Example 1 — Evaluating a Trigonometric Function

Find the exact value of Si“% .

Solution:
To find the exact value of sin 7 /12, use the fact that

I A
3 4
Consequently, the formula for sin(u — v) yields

sin 7 s'n(w W)
LI L i—
12 3 4
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Example 1 — Solution

. T m . T
= S1n — — — S1Nn —
Sn3cos4 Cos3sn4
_ﬁ(ﬁ)_l(ﬁ)
2N 2 AR
_Ve- 2
1 :

Try checking this result on your calculator. You will find that
sin 7/12 ~ 0.259.
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Example 5 — Proving a Cofunction identity

Use a difference formula to prove the cofunction identity

cos7—T— '
> X =8In X.

Solution:
Using the formula for cos(u — v), you have

(77 ) T o T
COS\ — — X )] = COS —COS x SIN — SIN X
2 2 2

= (0)(cos x) + (1)(sin x)

= XM X.
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Using Sum and Difference Formulas

Sum and difference formulas can be used to rewrite
expressions such as

nair
sin(@ + %T) and cos(@ + 7) , Where nis an integer

as expressions involving only sin 6 or cos 6.

The resulting formulas are called reduction formulas.
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Example 7 — Solving a Trigonometric Equation

Find all solutions of sin[x + (7/4)] + sin[x — (7/4)] = —1
in the interval [0, 27).

Solution:
Algebraic Solution
Using sum and difference formulas, rewrite the equation as

: T . T : T . T
SINXCOS— + cosxSInN— + SInNXxXCoS— — cosxsin— = —1
4 4 4 4
. T
2SlIl)CCOSZ = —1

10
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Example 7 — Solution

/2

sin x = ———.,
2

So, the only solutions in the interval [0, 27) are x =57 /4
and x =7 /4.

11
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2 Analytic Trigonometry
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Multiple-Angle and
Product-to-Sum Formulas

J
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m Use multiple-angle formulas to rewrite and
evaluate trigonometric functions.

m Use power-reducing formulas to rewrite and
evaluate trigonometric functions.

m Use half-angle formulas to rewrite and evaluate
trigonometric functions.
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m Use product-to-sum and sum-to-product
formulas to rewrite and evaluate trigonometric
functions.

m Use trigonometric formulas to rewrite real-life
models.
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Multiple-Angle Formulas
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Multiple-Angle Formulas

In this section, you will study four other categories of
trigonometric identities.

1. The first category involves functions of multiple angles
such as sin ku and cos ku.

2. The second category involves squares of trigonometric
functions such as sin? u.

3. The third category involves functions of half-angles such
as sin(u/2).

4. The fourth category involves products of trigonometric
functions such as sin u cos v.
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Multiple-Angle Formulas

You should learn the double-angle formulas because
they are used often in trigonometry and calculus.

Double-Angle Formulas

sin 2u = 2 sin u oS u cos 2u = cos?u — sin‘u
2 tan u =2cos?u — 1
tan2u=1 —
— tan‘u .
=1 —2sin?u
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Example 1 — Solving a Multiple-Angle Equation

Solve 2 cos x + sin 2x = 0.

Solution:
Begin by rewriting the equation so that it involves functions
of x (rather than 2x). Then factor and solve.

2c0S x+sin2x=0 Write original equation.
2C0S X+2sinxcosx=0 Double-angle formula.
2cos x(1+sinx)=0 Factor.
2cosx=0and 1 +sinx=0 Set factors equal to zero.

8
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Example 1 — Solution

37T 3

X == Solutions in [0, 27)

T
X =——
2" 2 2

So, the general solution is

T

X =—+2n7 @and x=3—7T+2n7T
2 2

where nis an integer. Try verifying these solutions
graphically.
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Power-Reducing Formulas

10
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Power-Reducing Formulas

The double-angle formulas can be used to obtain the
following power-reducing formulas.

Power-Reducing Formulas
" 1 — cos 2u
SIN“ u =
2
5 1 + cos2u
GOS8 [ =
2
5 1 — cos 2u
tan-u =
1 + cos 2u

11
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Example 4 — Reducing a Power

Rewrite sin* x in terms of first powers of the cosines of
multiple angles.

Solution:
Note the repeated use of power-reducing formulas.

sin* x = (sin? x)? Property of exponents
1 — cos 2x\? .
= 5 Power-reducing formula
|
= Z(l — 2 cos 2x + cos? 2x) Expand.

12
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Example 4 — Solution _—

| 1 + cos4x
— Z I — 2cos2x + 5 Power-reducing formula
! : 26+ =+ 4 Distrib P
= — — —COS X N — COS ax istributi t
i s T3 istributive Property
3 1 1
= - €08 2% + 3 cos 4x Simplify.
|
- §(3 — 4 ¢cos 2x + cos 4x) Factor out common factor.

13
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Example 4 — Solution

You can use a graphing utility to check this result, as
shown below. Notice that the graphs coincide.

{yz = %(3 —4 cos 2x + COos 4x)]

L )
-2

14
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Half-Angle Formulas

15
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Half-Angle Formulas

You can derive some useful alternative forms of the
power-reducing formulas by replacing u with u/2. The
results are called half-angle formulas.

Half-Angle Formulas

u +\/1—cosu U +\/l—l-cosu
m— = =% — = =4
S > > 0052 >

U 1 — cosu SIN u
tan — = . =
2 SIN u 1 + cosu

u

The signs of sin > and cos % depend on the quadrant in which % lies.

16
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Example 5 — Using a Half-Angle Formula

Find the exact value of sin 105¢°.

Solution:
Begin by noting that 105° is half of 210°. Then, using the

half-angle formula for sin(u/2) and the fact that 105° lies in
Quadrant Il, you have

, \/1 — cos 210°
sin 105° =
2
_ \/1 + (V3/2)
2
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Example 5 — Solution

:\/2+.\/§
- .

The positive square root is chosen because sin 0 is positive
in Quadrant II.

18
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Product-to-Sum Formulas

19
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Product-to-Sum Formulas

Each of the following product-to-sum formulas can be
verified using the sum and difference formulas.

Product-to-Sum Formulas

1
sinusiny = E[COS(M — v) — cos(u + v)]

1
COS U COS v = E[COS(M —v) + cos(u + v)]

|
Sin u cos v = E[Sin(u + v) + sin(u — v)]

|
Cos u sin v = E[sin(u + v) — sin(u — v)]

Product-to-sum formulas are used in calculus to solve
problems involving the products of sines and cosines of two

different angles.
20
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Example 7 — Writing Products as Sums

Rewrite the product cos 5x sin 4x as a sum or difference.

Solution:
Using the appropriate product-to-sum formula, you obtain

cos 5x sin 4x = 1[sin(5x + 4x) — sin(5x — 4x)]

= $sin 9x— 1sin x.

21
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Product-to-Sum Formulas

Occasionally, it is useful to reverse the procedure and write
a sum of trigonometric functions as a product. This can be
accomplished with the following sum-to-product
formulas.

Sum-to-Product Formulas

) ) (fu + v U — v
Snu + siny = 2sm( )cos( )
2 2

: ) u+v\ . (fu—v
smu—smv:2cos( )sm( > )

2
u + v) (u — v)
COS
2 2

_ (u+v) , (u—v)
COSu — Ccosv = —2sin sin
2 2

cosu + cosv = 2cos(

22
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Application

23
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Example 10 — Projectile Motion

Ilgnoring air resistance, the range of a projectile fired at an
angle 6 with the horizontal and with an initial velocity of
v, feet per second is given by

|
r = 16V° sin 6 cos 6

where ris the horizontal distance (in feet) that the projectile
travels.

24
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Example 10 — Projectile Motion

A football player can kick a football
from ground level with an initial
velocity of 80 feet per second

a. Write the projectile motion model in a simpler form.

b. At what angle must the player kick the football so that
the football travels 200 feet?

25
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Example 10 — Solution

a. You can use a double-angle formula to rewrite the
projectile motion model as

32 (2 sin 6 cos 9) Rewrite original projectile motion model.

1
=35 — V2 sin 26. Rewrite model using a double-angle formula.
1 .
b. r= 3_2 V02 sin 20 Write projectile motion model.

200 = EY) (80)2 sin 20 Substitute 200 for rand 80 for v,.

26
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Example 10 — Solution

200 =200 sin 20  Simplify.

1 =sin 260 Divide each side by 200.

You know that 20 = 7/2, so dividing this result by 2
produces 6 = r/4.

Because 7/4 = 45°, the player must kick the football at
an angle of 45° so that the football travels 200 feet.

27
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