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Chapter 2

2.1
(@)

k0 —k O
] 0 0 0 0
k0 Kk O
0 0 0 0
00 0 0
- 00 0 0
00 k —k
0 0 0 0
0 k. 0 —k
k 3 = 3 3
E51=10 0 0 o
0 &k 0 K
[K]= [kD]+ [k@] + k]
k0 —k 0
— 0k 0 ks
k0 ktk,  —k
0k —ky ket

(b) Nodes 1 and 2 are fixed so u#; = 0 and u, = 0 and [K] becomes

[tk -k
K] = |k, k2+kj
{F} = [K] {d}

B _[k+k -k U3
E. | =k, ky+ks||u,

0 [k, +k —k
N _ | 2 2 us
P | —ky,  ky kg (uy

{F} = [K] {d} =[K]"' {F} =[K]" [K] {d}
3
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= [K]"' (F} = {d}
Using the adjoint method to find [K™']
Ci=k+ks Ci= (-1P (k)
Co=D'"*"2(-k)=k Con= ki+k
- {kz ks ky } o {kz thy  ky }
k, ky +ky k, ky +ky
det [K] =| [K] | = (ki + k2) (k2 + k3) — (— k2) (— k2)
= |[K]|= (ki + ko) (k2 + k3) — ka?

T
K= 1]
det K
|:k2 + ky k, } |:k2 + ky ky j|
ke Lk kvl |k ktk

(k) (ky +hy) —ky: ki ky kg ke ks Ky

). e et

u, ky ky +ky ky +ky ks

ky ky +k ks +ky ky

(ky +ky) P
ky ky +k ks +ky Ky

= U4 =

(c) In order to find the reaction forces we go back to the global matrix F = [K] {d}

E. | |~k 0 k+k -~k Uy
k, P

le: —k] u3:—k

VU ke ke e K

kyky vk ks +ky Ky

= le:
(k +ky) P
Pk thy ks kg ey

—ky (k; +ky) P
ky ky +ky ky +ky ky

For=—ksus=—k

= FZx:

2.2
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— o |-

ki= ko= ks = 100 2 = 1000 -

mm cm
() Q) 2 3
(K] = [ ‘ _k}(l); [k@]{ ¢ _k}(z)
-k k|2 -k k](3)

By the method of superposition the global stiffness matrix is constructed.

1 @ 3)
k -k 0m k —k 0
[Kl= |-k k+k —-k|Q=I[Kl=|-k 2k -k
0 -k k 1(3) 0 —k k
Node 1 is fixed > w1 =0and u3 = 0
{F} = [K] {d}
F,=? k k O] [4=0
F,,=0p= |-k 2k —k| qu,=?
F,, =? 0 -k k] \uz=0

2% —Kk[uy) _ [0 = 2w —kS
-k k]ls Fy = —ku,+kS
k6 6 20mm

= U= — = — =
2k 2 2

F3x=—k(1cm)+k(2cm)

U
—
L:qo
L,_/

|

= uw=10mm=1cm

Fi= (= 1000 ) (1 cm) + (1000 ) (2 cm)
cm cm

F3.= 1000 N
Internal forces
Element (1)

i |k —k|fu =0
£,.2 |-k k]luy=1cm
= £ = 1000 X ) emy= £, 0 =—1000N
cm

£, = (1000 Nyadem= £, =1000N
cm

Element (2)
5
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{ k —kHuz =1cm} f2.P =—1000 N
=
= f.2 =1000 N

£
.2 A uy=2cm

23

(@) [kV]=[k@] =[k®] = [kP] = |: k _k}

-k k
By the method of superposition we construct the global [K] and knowing {F'} = [K] {d}
we have
F,=? [k =k 0 0 O0](u=0
F,.=0 -k 2k -k 0 0] |u,
F,=P;=| 0 -k 2k -k 0]|ju,
F,, =0 0 0 -k 2k —k||u
F, =7 L 0O 0 0 -k k]lus=0
0 2k -k 0 ||u, 0 = 2ku, —ku, (1)
(b) <Pr=|-k 2k —k[Suyz;=>P = —kuy+2kuy—ku, (2)
0 0 -k 2k|luy] O = —kuy+2ku, 3
= U= ke ,Us = ke
2 2

Substituting in the second equation above

P=—ku2+2ku3—ku4
= P= —k(ﬁ) +2ku3—k(£)
2 2

= P= ku3

(¢) In order to find the reactions at the fixed nodes 1 and 5 we go back to the global
equation {F} = [K] {d}

P P
Fix=—-kuy= -k — =>F,=——
2k 2
P P
Fsi=—kuy= ~k— = Fsy= ——
2k 2
Check

6
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F,=0=>F,+Fsx+P=0

= _P + (—Ej +P=0
2 2
=0=0
24

k -k
D] = (k2] = [k®] = [k@)] =
(@) [k7]=[k"]=[k"] = [k7] [—k k}

By the method of superposition the global [K] is constructed.
Also {F}=[K]{d}andu;=0and us=29

F,=? [k -k 0 0 0][y=0
F,,=0 -k 2k -k 0 Of|u="?
F,=0p,=| 0 -k 2k -k O0|qu3="?
F,, =0 0 0 -k 2k —k||u=?
F5, =7 L 0O 0 0 -k k]lus=96
b)) 0=2kur—kus (D
0= —kur+2kuzs—k ua 2)
O=—-kus+2kus—ko 3)
From (2)
uz= 2 u
From (3)
o = o0+2u,
2
Substituting in Equation (2)
2
:>—k(u2)+2k(2u2)—k(5+ ”2j
1) 1)
= — +4 — 7—:()3 = —
uz Uz — up > uz 4
2u3=2—2u3=é
2
5+2 ¢ 36
= us= = U= —
2
7
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(c) Going back to the global equation

{F} = [K] {d}

F1x= -k u = —ké :>F1x= —Q
4 4

Fs, = ku4+k5=k(¥) +ko
= F 5y = Q
2.5
400 % 600 %
O—/\/\/\/\/\/\%
, PR ANV 1NN
200 —— 50 G?q ons e
800 —
mm
di da d> ds
g [ 200 <2007 400 400
2200 200 400 400
d> ds d> ds
kO] = 600 -600 @)= 800 —-800
600 600 800 800
ds ds
[ 1000 —1000
(kO] =
| —1000 1000

Assembling global [K] using direct stiffness method

200 -200 0 0
K- —200 200+400+600+800 0 —400 — 600 — 800
) 0 1000 ~1000
0 —400-600—800  —1000 400 + 600 + 800 + 1000
Simplifying
200 -200 0O 0
K- —-200 2000 0 -1800| N
) 0 1000 —1000 | mm

0 -1800 -1000 2800

2.6 Now apply + 10,000 N at node 2 in spring assemblage of P 2.5.
F>,= 10,000 N

8
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[KI{d} = {F}

[K] from P 2.5
200 -200 0 0 7 (u=0 F
~200 2000 0  -1800| ju, | _ 10,000 )
0 0 1000 -1000||us=0[ |F
0 —1800 —1000 2800 ] |u, 0

where u; =0, uz = 0 as nodes 1 and 3 are fixed.
Using Equations (1) and (3) of (A)

2000 -18007(uy) _ (10,000
~1800 2800 [lu,] |0

Solving
u= 11.86 mm, us=7.63 mm
2.7
1 K 2
— O N N O -
c c
e —= NN O —— 4+,
+ nodal force conv.
flx =C, fzx =-C
f=—ko=—k(ur—ur)
Six= —k(uz — u1)
Sox= = (k) (u2—w)
S| |k k| [
f2x - —k k U
k —k) same as for
[K] = .
—k k| tensile element
2.8
kN kN
k=100=>= k=100=>=
m m 2.5 kN
So
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0 -1 1
{F} = [K] {d}
F =2 1 1 0](u=0
= |FK=0 [=10°|-1 2 —1|qu,=?
F, =2500 0 -1 1] |uz3=2?
= 0= 2x10° ur— 10° us (1)
2500 = —10% uz + 10° u3 2
From (1)
5
o= S =0.5u 3)
2 x 10

Substituting (3) into (2)
= 2500=—10°(0.5 u3) + 10° u3
= 2500= 0.5x10° u3

= uz3=005m=5cm
= = (055 cm) = u=2.5cm
Element 1-2
fi? 1 -17(0 £.M=-2500N
= 10° =
£ -1 1]10.025m) 7, @ = 2500N
Element 2-3
(2) 2) _
£ s { 1 -1 Ho.ozs m}:fzx =—2500N
fo? -1 1 /(0.05m fi2 = 2500N
0
Fix=10°[1 — 1 0] |0.025m |= F, =—2500 N
0.05m
2.9
k=200 KN k=200 KN p_o00 kN
m m m
SkN 20 kN
21“““2““”3 vV Yy
(h (2)
200 -200
(kD] = 10
—-200 200
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(2) (3)
200 -200
(k@] =103
—-200 200
(3) 4)
200 -200
(k3] =103
—-200 200
(1) 2) 3) “)
200 -200 0 0
-200 400 -200 0
(K] =103
0 —-200 400 -200
0 0 —-200 200
F,=? 200 =200 O 0 u =0
Fy,==5000| |-200 400 -200 O ||u,
Fy, =0 0  —200 400 —200||us
F,, =20,000 0 0  —200 200] |u,
= ur =0
u=0.075m="7.5cm
w3=0.175m=17.5cm
us=0.275m=27.5cm
Reactions
3 u, = 0.075
Fi,=10° [200 —200 0 O] = F1,=—15000 N
us = 0.175
u, = 0275
Element forces
Element (1)
£V [ 200 -2007(0 fi, =-15,000N
=103 =
£ |—200 200 |[0.075 £, = 15,000N
Element (2)
£:2) (o0 | 200 ~200] {0.075} N £o,® =—20,000N
fo |—200 200 ||0.175 f.2 = 20,000N
Element (3)
62 1os | 200 200 {0.175} N £.@ =-20,000
£.2 |—200 200 |[0.275 £, = 20,000

2.10

kN

'/! | e

Rigid bar— "
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200 —200
(kD] =103
|-200 200
[ 100 —100
(k2] =103
|-100 100
[ 100 —100
(k3] =103
|-100 100
{F} = [K] {d}
F,=? 200 -200 0 0 Jf{u;=0
Fp, ==20,000( _ . [=200 400 100 —100|]u,=?
F,, =7 - 0 -100 100 0 ||luz=0
F, =2 0 -100 0 100 {1, =0
= —Loog=—0.05m=—50m
400x10
Reactions
A, 200 -200 0O 0 1[0
Fae| _ |20 400 —100 -100 |]-0.05
Bl 0 -100 100 0 |[]o
F,, 0 -100 0 100](0
F, 10,000
Fy, —20,000
N _
F, 5000
F, 5000
Element (1)
1 r (€]
200 —-2007( O 10,000
o [ 30 -}
£, |-200 200 |[-0.05 £ —10,000
Element (2)
(2) r (2)
100 —1007(-0.05 ~5000
i b by R
£.@ -100 100 || © £, 5000
Element (3)
(3) (3)
100 —1007(-0.05 ~5000
{fzxm}zmg{ H }j{fhw} { }N
7.0 -100 100 || © £, ] L5000

211
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1000 N/m

3000 N/m 3

]

& = 20mm
[ 1000 —1000 3000 —3000
(K] = WIS
| —1000 1000 -3000 3000
{F} = [K] {d}
F,=? [ 1000 -1000 O u =0
F,,=0; = |-1000 4000 -3000||u,="7?
F, =7 | 0 =3000 3000 | | u3=0.02m
= u = 0.015m
Reactions
Fix= (—1000) (0.015) = Fi,=—15N
Element (1)
fix 1000 —10007] 0 fix -15
= - = N
Fox | —1000 1000 | (0.015 Fox 15
Element (2)
Fox [ 3000 —3000] {0.015} fox {—15}
= o = N
Sfax | -3000 3000 | [ 0.02 Sfax 15
2.12
o4 10000 N/m 30.000 N/m 10,000 N/m
450 N 2
‘ 2 3 4
1 -1
[£D] = [£®]= 10000 { 1 1}
3 3
[£®]= 10000
-3 3
{F} = [K] {d}
le =? | -1 Y ] wr = &
F,,=450N - 4 -3 uy =7
= 10000
F3x - O _3 4 - MS = ?
F, =7 —F+——1—="0
13
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0=-3 u2+4u3:> u= % U3 = Uy = 1.33 us3
450 N = 40000 (1.33 u3) — 30000 u3
= 450N = (23200 E)u3 =u3;=193x102m
m

= u=15(1.94x102) = u; =2.57 x 10?m
Element (1)

fox -1 1] [257x107 £ = 257N

Element (2)
{fh}z oo | 1 1] [257x107] _ p = 193N
» i 193x107 ] £, =-193N
Element (3)

T 1 =1 -2 &= 193N
{fgx}z 10000 {1.93x10 } - Fax
4x L 0 f4x(3) =-—193N

Reactions

0
(Fi} = (10000 Ny (1 1] {
m

)5 10_2} = Fi,=—257TN
. X

—2
(Fa) = (10000 ) [1 1] {1.93><10 }
m 0

= Fux=-193N

74 60 kN/m 60 kN/m 5 KN 60 kN/m 60 KN/m
' g =YW 3 he b ) 5
7

(kD)= [k?]= kD] = [kD] = 60 |:_1 _1:|

2.13

1
{F} = [K] {d}
R, =2 —t—6—0 U =0
Fy, =0 4 2 -1 0 1ty =7
F,, =5kN! = 60 12 -l 1y =2
F, = 0 -1 2 | [uy="
14
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0=2u, —uy > u, =0.5u,
= U2= U4
O0=—u;+2u, = u, =0.5u;,

= S5kN=-60u+ 120 (2 uz) — 60 uz
= 5=120ub = u2=0.042 m

= us = 0.042 m
= uz = 2(0.042) = u3 =0.084 m

Element (1)
fi 1 -1 0 [,V =-2.5kN
=60 =
fox -1 1] [0.042 £, P = 25kN
Element (2)
[ 1 —17 (0.042 @ —_25kN
f2x =60 — f2x
fax -1 1] (0.084 fi P = 25kN
Element (3)
[ 1 —17 (0.084 =2 5kN
f3x = 60 — f3x
Jax -1 1] 10.042 fi P =-25kN
Element (4)
[ 1 —17 (0.042 W =25kN
{f4x}= 60 } — f4x
I -1y ro fs. P =-25kN
0
Fi.=60[1 -1] = Fi,=—2.5kN
0.042
0.042
Fs.=60[-1 1] { 0 } = F5,=—2.5kN

2.14

*/ 4000 N/m 100 N 4000 N/m 200 N
I 2 3

1 -
[k(l)]z [k@]=4000 { |
{F} = [K] {d}
B =7 =9
F, =100 =4000 |11 2 —1| Ju,=?
F,, =—-200 0 -1 1] |u3=?

100 = 8000 u2 — 4000 us3
—200 = —4000 uz + 4000 u3

15
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— 100 = 4000 u2 = u2 =—0.025 m
100 = 8000 (—0.025) — 4000 us = u3 =—0.075 m

Element (1)
{f]x} 4000 (1 1] { 0 } - £,V =100N
oy -1 1] [-0.025 £, =-100N
Element (2)
{ sz} ool T 1] {— 0.025} _ fu?=200N
i -1 1] (-0.075 f3x(2) =—-200N
Reaction
{Fi} =4000[1 —1] {_0.025} = Fi,=100N
2.15
7 i 500 kN/m ‘ 2 kN
: 1000 kN/m
500 kN/m = 4
2 3 s
- 2 kN
RSN
(K] = [ 500 —SOO} (K] = [ 500 —500} O [ 1000 —IOOO}
| -500 500 -500 500 —-1000 1000
F,="? 500 0 -500 0 u =
F,, =7 10 500 -500 0 u, =0
F;, =4kN ©|=500 -500 2000 —1000 uy="?
Fy.=? | 0 0 —-1000 1000 ] |uy =0
= uz = 0.002 m
Reactions
Fix= (=500) (0.002) = Fi,=—1.0kN
Fre= (=500) (0.002) = For=—1.0kN
Fac= (—1000) (0.002) = F4r=—2.0 kN
Element (1)
{fu} B [ 500 -500] { 0 } N {fu} B {—1.0KN}
Sfax | -500 500 (0.002 Sfax 1.0 kN
Element (2)
{fh} B [ 500 -500] { 0 } . {fzx} B {—I.OkN}
Sfax | —500 500 (0.002 Sfax 1.0kN
Element (3)
{f3x} B [ 1000 —IOOO} {0.002} . {f3x} B { 2.0kN }
Sax | —1000 1000 0 Sax -2.0kN

16
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2.16

A, 20 200 0 07 (0
500 |20 20+20 20 0| |u
500 | 0 20 20420 -20| |u,
F,, 0 0 -20 20| [0

500 40 -20] (u,
103
-500 20  40] |us
w= 833%x10>m = 833 mm

ws= —833x10°m = —8.33mm

2.17

1000 N

3 400
—\VVVWVWWVVA
2 4
R 56 =560 6 h— ] 0
=/ u, =
b 400 + 300 !
0 —400 ~300 — 300 ~400 | |u,
= 500 + 300
1000 N I3
D —300-300 (300+300+400)  —400
F,.=? uy =0
i —400 —400 4004 400 |

0 =1500 u; — 600 u3
1000 =— 600 u> + 1000 u3
150 4
us =
60 4
1000 = — 600 uz + 1000 (2.5 uz)
1000 = 1900 u»
1000

b -

1
T 1900 1.9

u= 2.5 u

mm = 0.526 mm
1

us =2.5 (—j mm = 1.316 mm
1.9

17
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Fir = —500 [ij = _263.16 N
1.9
1 ( 1)
Fux =—400 (—j —400 |25 (—)
: 1.9 19/

=-400 [L + 2—5) =-736.84 N
9 19

XF,=-263.16 + 1000 — 736.84 =0

2.18
(a)
000
k= 2000 Nlem Yo
As in Example 2.4
ﬂ:p: U + Q
1
U= E kxz,Q=—Fx
Set up table

= % (2000) x*— 5000 x = 1000 x> — 5000 x

Deformation x, cm 7, N-cm
-75 93,750
-5.0 50,000
-25 18,750
0.0 0
0.5 6250
2.5 0
7.5 18,750
o, , . .
e =2000 x — 5000 = 0 = x = 2.5 cm yields minimum 7, as table verifies.
X
18
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& T Neocm

R b 25 50 75
™ Minimum

(b)
S000 B
= % kx?— F,=2500 x*>— 5000 x
X, cm 7, N-cm
-3.0 37,5000
-2.0 20,000
-1.0 7500
0 0
1.0 —2500
2.0 0
3.0 7500
aﬂp
— =5000x-5000=0
Oox
= x = 1.0 1in. yields 7z, minimum
()
Y
k = 2000 2
X—|: 400 kg = 9.81 %: 3024 N

= % (2000) x*—3924 x = 1000 x> — 3924 x
19
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67rp
—= =2000x-3924=0
Ox

= x = 1962 mm yields 7, minimum
7 min = % (2000) (1.962)>— 3924 (1.962)

= 7 min = — 3849.45 N-mm

(@) = 3 (400) 2981 x
orn
—2 =400x-981=0
Ox
= x = 2.4525 mm yields 7, minimum

7 min = % (400) (2.4525)>—981 (2.4525)

= Zmin= — 1202.95 N-mm

2.19
i F=5000N
Now let positive x be upward
k=125 2
1
= — kx*—Fx
2
1
7, = 5 (125) x2— 5000 x
7, = (62.5)x>— 5000 x
67zp
— = (125)x-5000=0
ox
= x=40.0mm T
2.20

N N
k=250:% = 2500 &

F=2500N

F = k&? x=9)
dU = F dx
20
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o ke
3
Q=-Fx
1
=3 k3 — 2500 x
or
—2 = 0=ke?-2500
Ox
0 = 2500 x2— 2500

= x= 1.0cm (equilibrium value of displacement)
7 min = % (2500) (1.0)* (2500) (7.0)

7T min = — 1666.7 N - cm
2.21 Solve Problem 2.10 using P.E. approach
7777
2N

o k=200% )
I —3

Rigid bar— | ©

TR

k= 1008

o

i
k=100%N

3
1 1 1
= Z @ == ki(w—um)*+ = kr(uz—u2)*+ = k3 (us—uz)?
~ 2 2 2
A — D = @ s

A2 5w i s

orn
—£ = —kiur+ k1u1—f1x(1):0 ()
Oy,
or
—L = kl uz—klul —k2u3+k2u2—k3u4
Ou,
_H £ Q)£ OB =
+ kyux— o'V — oY — £, =0 )
orn
_ P _ _ _ 2 =
ou, kouz — kauo — fax 0 3)
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or

In matrix form (1) through (4) become

k K 0 07 (y i
—ky kytkyt+ky —ky k3| fu, _ LD+ 5P+ .0 5)
0 -k, ky 0 Uy f3x(2)
0 —ky 0 Ky Uy 1.2
or using numerical values
200 200 O 0 u =0 F,
10° -200 400 -200 -200| |u, _ —-20,000 ©)
0 —200 200 0 uy; =0 F;,
0 -200 O 200 | |u,=0 F,,

Solution now follows as in Problem 2.10

Solve 2™ of Equations (6) for u=—0.05m =5 cm

For reactions and element forces, see solution to Problem 2.10
2.22 Solve Problem 2.15 by P.E. approach

2 kN

1000 kN/m

3
1 1
7, = Z 7w © = 5 ki (uz—ur)* + 3 ko (u3 — up)?

1
+ E k3 (ua— u3)2— f]x(l) ui

_f3x(1) 3 _f2x(2) U _f3x(2) u3
_f3x(3) u3 _f3x(4) Im

or

—r = 0=—k u3+k1u1—f1x(1)

Oy,

or

—L = 0=—hus+ kaur— f.®

Ou,

orn

a—p =0=kius+kous—kour— ks us + ksuz— 32— 3 — 50— k1 wy
s
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or
—L = 0=ksus— ks uz— ¥
Ou,

In matrix form

ko0 —k, 07 (4 F,
0 k -k 0| |u F,
—ky -k, kjtkytky —ks | |us[ | Fy, =4kN
0 0 by ks | F,,

For rest of solution, see solution of Problem 2.15.
2.23
I =a+ax
10) =a1=1
I(L)=ai1+a2L=1
-1

a = ———

L
L1

I =0+ X

Now V = IR
V=-Vi=R(r-1)
V=Vo=R(L-1)

k== 0
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A First Course in the Finite Element Method, 6th Edition

Learning Objectives

 To define the stiffness matrix
 To derive the stiffness matrix for a spring element

- To demonstrate how to assemble stiffness matrices into a
global stiffness matrix

- To illustrate the concept of direct stiffness method to obtain
the global stiffness matrix and solve a spring assemblage
problem

- To describe and apply the different kinds of boundary
conditions relevant for spring assemblages

- To show how the potential energy approach can be used to
both derive the stiffness matrix for a spring and solve a
spring assemblage problem
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Definition of the Stiffness Matrix

- For an element, a stiffness matrix [K] is a matrix
such that:

{f} =[kl{d}

Where [K] relates nodal displacements {d} to
nodal forces {f} of a single element, such as to the
single spring element below
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Definition of the Stiffness Matrix

- For a structure comprising of a series of elements
such as the three-spring assemblage shown below:

X

- The stiffness matrix of the ' whole spring assemblage
[K] relates global-coordinate nodal displacements {d}
to global forces {F} by the relation:

{F} =[K]{d}
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Derivation of the Stiffness Matrix
for a Spring Element

« Consider the following linear spring element:

] k 2
—»o—/\/\/\/\/\/—o——a-—-—-— A
Sie g Jow

— L -~

- Points 1 and 2 are reference points called nodes
- f,,andf,, are the local nodal forces on the x-axis
* W4 and Y, are the local nodal displacements

« ks the spring constant or stiffness of the spring
- L is the distance between the nodes
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Derivation of the Stiffness Matrix
for a Spring Element

- We have selected our element type and now need to define
the deformation relationships

! k .
T
r— N VVNV N\ o -
I{l in

- For the spring subject to tensile forces at each node:
O=M,-Hy & T=ko
Where 0 is the total deformation and T is the tensile force
- Combine to obtain: T = K(U, - Yq)

o AA s s omomde bom s oo 2 o ] PG it I IR Ny [y R mre gl ol b = gzl il s
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Derivation of the Stiffness Matrix
for a Spring Element

- Performing a basic force balance yields:
Siu =T foax =T
- Combining these force eqgs with the previous egs:
fix = k(g — up)
fox = k(uz — up)
- Express in matrix form:

flx . k —k -Hl
fr| |k k||uw
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Derivation of the Stiffness Matrix
for a Spring Element

The stiffness matrix for a linear element is derived as:

|k -k
[k]—[_k k}

- Here [K] is called the local stiffness matrix for the
element.

- Observe that this matrix is symmetric, is square, and
IS singular.

- This was the basic process of deriving the stiffness
matrix for any element.
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Establishing the Global Stiffness
Matrix for a Spring Assemblage

- Consider the two-spring assemblage:

- Node 1 is fixed and axial forces are applied at
nodes 3 and 2.

- The x-axis is the global axis of the assemblage.

N4 s

e ] P~ N H G Y R i N A N | P P s PRy | T Sy | PRV RS I ST A PN T
- C E N GAGE O LUly/ Lelnygayge ceariing®=. May nou pe scaliied, copicu O aupicaied, o posied Lo a pubiicry
Py - . L )
'~ Learning’ accessible website, in whole or in part. 9

A First Course in the Finite Element Method Sl Edition 6th edition Logan Solutions Manual


https://ravanbooks.com/books/9781305637344-solutions

A First Course in the Finite Element Method, 6th Edition

Establishing the Global Stiffness
Matrix for a Spring Assemblage

« For element 1: | (1) . =k ] [u®
3(;) __k] kl Mgl)
':2) B . £2)

- For element 2: J | | ke k| U3
5 |~k ke us?

- Elements 1 and 2 must remain connected at common
node 3. The is called the continuity or compatibility
requirement given by:

- = 1y =

Uz Uy us
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Establishing the Global Stiffness
Matrix for a Spring Assemblage

« From the Free-body diagram of the assemblage:

f : W ”V flf’):

- We can write the equilibrium nodal equations:

— (D) (2) — ¢(2) — ¢
1 X f T f F2,r —J2x le o flx
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e EeEal?ln?rngE acce55|ble website, in whole or in part 11

A First Course in the Finite Element Method Sl Edition 6th edition Logan Solutions Manual


https://ravanbooks.com/books/9781305637344-solutions

A First Course in the Finite Element Method, 6th Edition

Establishing the Global Stiffness
Matrix for a Spring Assemblage

- Combining the nodal equilibrium equations with the
elemental force/displacement/stiffness relations we obtain

the global relationship: - _—
| P (R, o0 ki |[w

Ve =1 0 ky  —ky |quay

kE?x _kl —kz kl =+ kz H3J

- Which takes the form: {F} = [K]{d}

- {F} is the global nodal force matrix

- {d} is the global nodal displacement matrix

- [K] is the total or global or system stiffness matrix

N4 e
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Direct Stiffness Method

Reliable method of directly assembling individual
element stiffness matrices to form the total
structure stiffness matrix and the total set of
stiffness equations

Individual element stiffness matrices are
superimposed to obtain the global stiffness
matrix.

To superimpose the element matrices, they must
be expanded to the order (size) of the total
structure stiffness matrix.
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Boundary Conditions

- We must specify boundary (or support) conditions for
structure models or [K] will be singular.

- This means that the structural system is unstable.

- Without specifying proper kinematic constraints or
support conditions, the structure will be free to move as
a rigid body and not resist any applied loads.

 In general, the number of boundary conditions
necessary is equal to the number of possible rigid body
modes.

4= o,
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Boundary Conditions

- Homogeneous boundary conditions
- Most common type

- QOccur at locations completely prevented
from moving

- Zero degrees of freedom
- Nonhomogeneous boundary conditions

« Occur where finite nonzero values of
displacements are specified

- Nonzero degree of freedom
- l.e. the settlement of a support
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Homogenous Boundary
Conditions

- Where is the homogenous boundary condition for
the spring assemblage?

- ltis at the location which is fixed, Node 1

- Because Node 1 is fixed pu; =0

- The system relation can be written as:

kl 0 —kl . 0 N r-le 3
0 kg —kg U2 ¢
—ki —k» ki +hk HHS, kFBxﬂ

I
A
S
ﬁ
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Homogenous Boundary
Conditions

- For all homogenous boundary conditions, we can
delete the row and columns corresponding to the
zero-displacement degrees of freedom.

- This makes solving for the unknown
displacements possible.

- Appendix B.4 presents a practical, computer-
assisted scheme for solving systems of
simultaneous equations.

N4 s
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Nonhomogeneous Boundary
Conditions

- Consider the case where there is a known
displacement, 0, at Node 1

® ®

1 3 2
& [=— ky Fs, k F,

.

—ki —kr» ki +k» MHB F“%,r
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Nonhomogeneous Boundary
Conditions

- By considering only the second and third force
equations we can arrive at the equation:

ka  —ka |fur _ P,
—ky ky +ky | |3 kio + F3,

- It can be seen that for nonhomogeneous
boundary conditions we cannot initially delete row
1 and column 1 like was done for homogenous
boundary conditions.

Ik vl ———
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Nonhomogeneous Boundary
Conditions

 In general for nonhomogeneous boundary
conditions, we must transform the terms
associated with the known displacements to the
force matrix before solving for the unknown nodal

displacements.
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Minimum Potential Energy
Approach

- Alternative method often used to derive the
element equations and stiffness matrix.

- More adaptable to the determination of element
equations for complicated elements such as:

- Plane stress/strain element
- Axisymmetric stress element
- Plate bending element

- Three-dimensional solid stress element
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Minimum Potential Energy
Approach

 Principle of minimum potential energy is only
applicable to elastic materials.

- Categorized as a “variational method” of FEM

- Use the potential energy approach to derive the
spring element equations as we did earlier with

the direct method.
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Total Potential Energy

« Defined as the sum of the internal strain energy,
U, and the potential energy of the external forces,

Q
;frP=U+Q

 Strain enerqy is the capacity of internal forces to
do work through deformations in the structure.

- The potential energy of external forces is the
capacity of forces such as body forces, surface
traction forces, or applied nodal forces to do work
through deformation of the structure.
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Concept of External Work

- Aforce is applied to a spring and the force-
deformation curve is given.

- The external work is given by the area under the
force-deformation curve where the slope is equal
to the spring constant k

FA
Fmax __________
‘ k |
. |
VAN :
|
|
|
|
|
|
! > x
XITIE]X
(a) (b)
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External Work and Internal
Strain Energy

- From basic mechanics principles the external
work is expressed as:

X

W '[F dl '[ EIIHX ( ) dr — Ellﬂixﬂlﬂ}i/z

rmax

- From conservation of mechanical energy principle
external work is expressed as:
w/:‘;’ — U — EIIE]X-IIIIEIK / 2

 For when the external work is transformed into
the internal strain energy of the spring
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Total Potential Energy of Spring

- The strain energy can be expressed as:
U = kxp /2
- The potential energy of the external force can be
expressed as:

(Q =— max-*max

- Therefore, the total potential energy of a spring is:

k. rmax — K max -~ max

1
}TP—E
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Potential Energy Approach to
Derive Spring Element Egs.

- Consider the linear spring subject to nodal forces:
k

— S AAAAN

.f].r I. flt

O o

- The total potential energy is:

]
ﬁ'p=5k(bi2 —w)* — fixty — forrun

4= ———
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Potential Energy Approach to
Derive Spring Element Egs.

- To minimize the total potential energy the partial
derivatives of 1, with respect to each nodal
displacement must be taken:

or, 1

T2 = _(—2uy + 2u) — fiy =0
w2 (—2uy 1) — i

or, 1

—k(2ur — 2uy) — o, = 0
o 2( > 1) — /2
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Potential Energy Approach to
Derive Spring Element Egs.
«  Simplify to:
k(—uz + uy) = fix

k(up — uy) = fax
* |n matrix form:

k —k|fm]| _ | A
—k k U» fgx
- The resulis are identical to the direct method

~n4= e
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Summary

Defined the stiffness matrix
Derived the stiffness matrix for a spring element

Established the global stiffness matrix for a spring
assemblage

Discussed boundary conditions (homogenous &
nonhomogeneous)

Introduced the potential energy approach

Reviewed minimum potential energy, external work, and
strain energy

Derived the spring element equations using the potential
energy approach
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