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Chapter 2

Vectors and tensors

2.1 Exercise

1. Prove the following identity equations using the index notation:
a.(bc) = (ab).c

a(bc) = (a.c)b — (a.b)c
(ab).(cd) = a.[b (cd)]

Proof:

()a- (b x c)=a;(grbjck) = (cijraibj)ck= (a x b)-c

(2)a x (b x ¢)=¢j1k0;(Ekimbicm) = (EijkEimk)AjbiCm= (0;0jm — dim0j1)a;bicm,
=a;b;c;—ajbjc;i=(a;jc;)b; — (a;bj)c;=(a-c)b — (a-b)c

(3)(a x b)- (c x d)=(gj5aib;)(etimcidm)=a;(€ijkb; (Emmrcidm)=a - [b x (c x d)]

2. For a rotational matrix Q between two Cartesian coordinates x and x’ with a common
origin, say @;; = cos(x;, x;) The angular relationship between any two Cartesian reference
frames x and x’ can be represented in terms of three Euler angles(¢,6,1) as follows: a)
the first rotation is by an angle ¢ about the x3 axis, b) the second rotation is by an angle
6 € (0, m)about the xjaxis, and c) the third rotation is by an angle ¢ about the the z3 axis
again. Then the transformation matrix can be written as:

cos 1 cos ¢ — cos B sin v sin ¢ cossin ¢ + cosfsinycos¢  siny sin 6

Q= | —sinycos¢ —cosfcosysing —sinsing + cosfcos cosd cossin b
sin 6 sin ¢ —sin 6 cos ¢ cos 6
Prove
QikQjr. = 0ij.
Proof:
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We calculate this one by one

Q1kQ1k

=(cos 1 cos ¢ — cos 0 sin ¢ sin ¢)2 + (cos ) sin ¢ + cos 0 sin 1) cos ¢)2 + (sin ¢ sin 6)2
—=cos? 1) cos? ¢ — 2cos 1) cos ¢ cos 0 sin ¥ sin ¢ + cos? O sin® 1 cos? ¢

+ cos? 1 sin® ¢ + 2 cos 0 sin 1 cos ¢ + cos? @ sin? ¢ cos? ¢ + sin” 1 sin? §
=(cos? 1 cos? ¢ + cos? ¢ sin® ¢)

+ (0052 0 sin? 1 cos? ¢ + cos? 0 sin’ 1) cos? qb) + sin? ¢ sin® 4

—=cos? 1 + cos? fsin® 1) + sin® ¢ sin? @

=1

Q1£Qak

=(cos 1) cos ¢ — cos O sin ¢ sin ¢) (— sin 1 cos ¢ — cos f cos Y sin ¢)
+(cos 1 sin ¢ + cos O sin 1) cos @) (— sin ) sin ¢ + cos 6 cos 1) cos @)
+(sin v sin @) (cos ¢ sin )

—=— cos 1 cos? ¢ sin 1 — cos? 1) cos ¢ cos 0 sin ¢ + cos 0 sin? 1 sin ¢ cos ¢ + cos? O sin 1) sin? ¢ cos
— cos ) sin? ¢ sin 1) 4 cos? 1 cos ¢ cos O sin ¢ — cos O sin? ¥ sin ¢ cos ¢ + cos? O sin 1 cos? ¢ cos ¥
+sin 1) cos 1 sin® §

=— (cos 1 cos? ¢siny + cos 1 sin® g sin )

+ (0052 0 sin v sin? ¢ cos 1 + cos? @ sin 1 cos? ¢ cos @Z))

+sin v cos 1 sin? 6

—— cos 1 sin 1) + cos? @ sin ¢ cos ¥ + sin 1) cos 1 sin? @

=0

Q1£Qsk

=(cos 1) cos ¢ — cos 0 sin ¢ sin ¢) (sin 0 sin @)

+(cos 1 sin ¢ + cos O sin 1) cos @) (— sin 6 cos @)

+(sin v sin #) cos 6

—cos 1 cos ¢ sin  sin ¢ — cos @ sin v sin® ¢ sin 6

-cos 1) sin ¢ sin 0 cos ¢ — cos 0 sin 1) cos? ¢ sin @

—+sin v sin 6 cos 6

=—cos fsin (sin2 ¢ + cos? gb) sin @ + sin ) sin 6 cos 6

=0

Q2Qak

=(—sin® cos ¢ — cosf cos P sin @) (— sin sin ¢ — cos 6 cos 1) sin @)
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+(sin ¢ sin ¢ + cos  cos Y cos @) (— sin ) sin ¢ + cos 6 cos 1) cos @)
+(cossin @) (cos 1 sin b))

=sin? ¢ cos? ¢ + 2sin 1 cos ¢ cos 6 cos 1 sin ¢ + cos? @ cos? ¥ sin? ¢
+sin? 1) sin? ¢ — 2 sin ) sin ¢ cos  cos 1) cos ¢ + cos? O cos? ¥ cos? ¢
+cos? 1 sin? 0

=(sin® ¢ cos? ¢ + sin® ¢ sin” ¢)

+(cos? f cos® ¥ sin® ¢ + cos? § cos? ¢ cos® @)

+cos? 1) sin? 0

—=sin? 1 + cos? § cos? 1) + cos? 1 sin? f

=1

Q2 Qs

=(—sin 1 cos ¢ — cos 6 cos 1 sin @) (sin O sin @)

+(—sin ) sin ¢ 4 cos @ cos ) cos ¢) (— sin 6 cos ¢)

+(cossin @) (cos @)

=—sin ¢ cos ¢ sin # sin ¢ — cos # cos 1 sin ¢ sin O sin ¢

—+sin v sin ¢ sin 6 cos ¢ — cos 0 cos 1 cos ¢ sin 0 cos ¢

~+cos ¢ sin 6 cos 6

=—cosf cos (sin2 ¢ + cos? ¢) sin 6 + cos 1) sin 0 cos 0

=0

Q3£Qsk

—(sin @ sin ¢)* + (— sin @ cos ¢)” + cos? 6

=sin®§ (sin” ¢ + cos? ¢) + cos? 0

=1

And for symmetry

Q26Q1k=Q1£Q2,=0

Q3£Q1r=Q1£ Q3 =0

Q3kQ2k=Q2xQ3,=0

So

QirQ k=0

3. Prove the following tensors are isotropic for the corresponding tensor ranks:
Aij = kbij; Aiji = keiji; Aijin = @00 + B0 + Y0udjn;

Proof:
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1. We need to point out that the transformation matrix Q, it satisfies

QmiQni = dmn

For Ad;j,under the transformation matrix Q,it becomes
QmiQnjAoij = ANQmiQni = Aomn = Ajj

Since Q is transformation matrix, it satisfies Q,,i@ni = Omn
2. For A;jr = Xe;ji under a transformation, we can write
Ay = ANQ1iQumj Qnieijn

Considering e;;;, = (e;xe;) - e, we can write

Al = AQuiQm;Qnk (€1x€5) -
= A (Qlieimejej) - Qnier

=A (ezxe;n) e,

Considering the propoerties of the base vector, (eg Xe;n) e, = (e;xe,,) e, as the volume of
the cubes of the vectors, we can write

A=A (e;xe;n) e, = Aexey) e, = Ay
So it is isotropic

3. For forth rank tensor A;;i = ad;;j0r + Bidji + vdudjk

A;nnst = QmiQniQskQui (061 + Boirdji + v0idji)
=0QmiQniQskQuk + BQmiQnjQsiQij + YQmiQnjQsjQui

= (QmiQni) (Qsk Qi) + B (QmiQsi) (QnjQuj) + 7 (QmiQri) (Qu;Qsj)
=0mn0st + BOmstOnt + VOmtOns

:Amnst

So it is isotropic

4. Consider vectors a = (1,2,3) and b = (3,2, 1). Determine the following quantities:
a.b,a x b,a®b.

Now if the coordinate is rotated along the axis x3 at 30° counterclockwise, i.e. the x; — 9
plane is rotated 30° counterclockwise and the x3 axis remains the same, recalculate the above
quantities in the new coordinate system.

Answer:

a-b=ab=1x3+2x2+3x1=10

X
1 gk

axb =c¢epab =1 2 3| =2x1-3x2)i+B3x3-1x1)j+(1x2-2x3)k =
3 21

(—4,8,—4)
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1x3 1x2 1x1 3 2 1
a®b=aqabj=12x3 2x2 2x1|=(6 4 2
I3Ix3 3x2 3x1 9 6 3

Then we consider the condition of rotation,

The rotation matrix is
cosa —sina cos 30 —sin 30
Q) = |sina cosa = |sin30 cos30
1 1
After the rotation of the coordinate, the new quantities of the vectors would be

[cos30 —sin30

= (1,2,3) |sin30 cos30 - (%5 +1, -3+ 3, 3) — (1.8660 1.2321 3.0000)
1
[cos30 —sin30 |
b=(3,2,1) |sin30 cos30 = (%3 +1,-2+ V3, 1) = (3.5981 0.2321 1.0000)
1
Then

aXbZSkijCLibj— ﬁ+1 —

e i [ (1)) [6- (159)]
= (4—2V/3,4V/3 +2,—4)=(0.5359 8.9282 — 4.0000)

Note that this quantity of the vector is in the new coordinate system
(§+1>x<%§+1) <%5+1)><(—§+\/§) <\/7§—|—1)><1
a®b=ab;, = (—§+\/§)x<%§+1> (=3 +V3) x (=2 +V3) (-3+V3)x1

3x<%§+1> 3x (-2 +V3) 3x1
Bioy3 ¥ 41 67141 04330 1.8660
— 4+ \/Tg 15 2\/_ —% + \/5 = 4.4330 0.2859 1.2321
iy 9433 3 107942 0.6962 3.0000

Still in the new coordinate system.

5. An orthogonal material has the stiffness tensor given in form of Cjj, = C}Kéijékl +
C%J (6ik6jl + 5il5jk) with

1 05 05 0.5 0.25 0.25
Cl=|05 15 075 |:C*=1|025 075 05
05 0.75 2 0.25 05 1
9
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(a) Determine the components of the stiffness in form of a 6 by 6 matrix.
(b) Calculate the components of the compliance.

(c) Write the compliance tensor in the form of Djju = Djx0:0k + D7, (8ix0 + 0udn)-
Determine D}, and D?; in terms of C} and C%;. Check whether the calculation in (b) is
consistent with the formulation.

Answer:

(a) The stiffness matrix transfers a strain tensor to a stress tensor as 0i; = Cijrier. Due to
the symmetry of stress and strain, we can use a list of 6 components to represent the 3x3
tensor to save space in numerical programming as follows:

011 Cllll CY1122 C’1133 C’1123 C’1131 01112- €11
022 CY2211 C12222 02233 C’2223 C’2231 C’2212 €22
033 _ CE’»?:ll C’3322 C’3333 C’3323 C’3331 C13312 €33
023 C(2311 C’2322 C’2333 02323 02331 02312 2623
031 C’3111 C’3122 C’3133 C’3123 C’3131 C’3112 2631
012 _01211 C’1222 C’1233 C’1223 C’1231 C’1212_ 2612

Notice that the strain list is the engineering strain instead of the tensorial strain, whose
difference is in the shear strain components, i.e. 93 = 2¢s3, etc. but the normal strain s
keep the same. If tensorial strain is used, the above relation becomes

o1 Cin Croe Cuzz 2Ch23 2Chz 2Chnh €11
022 Cosnr Cazan Caozg 205903 205931 2Co919 €22
o33 | _ |Css11 Cssaz Csszs 203303 203331 2053310 €33
023 Cozir Cozar Cazzz 209393 205331 2009319 €23
031 Csi11 Csioz Czizz 203193 205131 203109 €31
012 |Cro11 Chzaz Chazz 201923 2C1231 201212 \ €12

where the symmetry of the stiffness tensor is lost. Therefore, we generally use the engi-
neering strain in the 6-component notation. However, for orthotropic materials, because the
components without symmetry are zero, this issue is not real. In the following, let us use
engineering strain

Cllll 01122 01133 01123 C'1131 C11112
C’2211 C12222 C'2233 C'2223 C’2231 C12212

O"kl _ C13311 C’3322 C’3333 C13323 C(3331 C(3312
ijkl —

C(2311 02322 02333 02323 02331 02312
03111 C(3122 C(3133 C(3123 03131 C(3112

_01211 C(1222 01233 01223 01231 01212_

(Cl, +CF x 2 Cly Cly 0 0 ©
Ch Chy+ C3y x 2 Cs3, 0 0 0
_ Cs Cs C3+C5x2 0 0 0
- 0 0 0 cZ 0 0
0 0 0 0 C% 0

0 0 0 0 0 C%

10
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(14052 0.5 0.5 0 0 0
05  15+4075x2 075 0 0 0
| 05 0.75 1405%x2 0 0 0
- 0 0 0 05 0 0
0 0 0 0 025 0
0 0 0 0 0 0.25]
2 05 05 0 0 0]
05 3 075 0 0 0
o5 075 2 0 0 0
1o 0 0 05 0 0
0 0 0 0 025 0
0 0 0 0 0 025

Using Matlab, we calculate the transvers if the stiffness matrix, compliance matrix D

[0.5320  —0.0756 —0.0523 0 0 0]
~0.0756  0.3605 —0.0581 0 0 0
—0.0523 —0.0581 0.2674 0 0 0

_ (-1
b=c"=1 " 0 0 200
0 0 0 040
0 0 0 0 0 4

Notice that this is for engineering strain. If tensorial strain is used, the bottom-right
quardrant shall be applied a multiplyer of 1/2.

(¢)
There are not definite relationship between D}, D? ;andCiy C%,

From the calculation above, we see that the ralationship between C}, C%,and C;jyis not one
to

one.

There are numerous sets of C}, and C7; that can get the same Cj; as long as C} +
202 (i = 1,2,3)

keeps the same value.

The same is for D} and D?;, their compositioncan be various and may not be determined
uniquely.

However, we can still get the one way to obtain the general relation between C} C% ,and D}, D?,
Let

_0111 + C121 X 2 C'112 C'113
C? = Cy 0212 + C'222 X 2 052
i Ca Csy Cy3+ C3y x 2
-Dh + D}, x 2 Dy, D%:s
D3 = D%1 D%2 + D%z X 2 D§2
i Dy, Dy, Dy + D35 x 2
11
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04

Il
A
OJN

D* = D%:?,

Since C-D =1
We have
C3D3 =1
CiD*=1
So when C7}, C?; is determined,we can calculate get D? D* based on D* we get
D§3 = D§2 = <C223)_1
D%a = D§1 = (0123)_1
D%2 = D§1 - (0122)_1
Then D% D2, D2, could be chosen to be any value
From D3we get
Dj; = Djj (i # )
And
Dy, = Dj; —2 x D}
D3y = D3, — 2 x D,
D33 = D33 — 2 x D3
So by now we solve the problem. If we have the value of C}, C?;, we can get the according
value for

D} D%, but they are not uniquely determined. From the above derivation, we can also
provide an analytical form for the case of tensorial strains.

6. Prove the following identities

V x(Vg) =0,
V- (Vxa)=0,
Vx(Vxa)=V(V-a)—Va
where ¢ is a scalar field and a a vector field.
Proof:
(1) VX (Vo) = €ijxprj = —€ikjPr; = —€ijkdr; = 0(Switch jk in the last two formulas)
(2) V- (V xa) = (€ktjk)i = Cijkljki = —EkjiGjik = —Eijk@jr = 0(Switch i, k in the last

two formulas)

12
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(3)V X (V X a): 8ijk(gkmnan,m),j = (Sijkgkmn)an,mj
= ((Simfsjn — (5m6jm)an7mj = aj,ij — ai,jj =V (V . a) — V2a

7. Given a scalar field in a 3-dimensional infinite domain as ¢ = |x —x"|, which is a
distance from x to a known point x°, derive VV4, which is a second rank tensor. Similarly,
for ¢ = 1/ |x — x°|, derive VV¢.

Answer:

0|7

Let r = |x — xO}Q

First we get

— (mz—x?)
v — ']
1 0 di
VVip = —m(fm 7) - 2w —a3) + B — 0
—(@i—a?) (@ —a)+0i;|T — 160’2
‘x —x
F = —1 _
or ¢ ’x — xo}
T L
— —(xz—x?)
x —aff
_ 3 0y . .0 dij
VY= m(xl o) 2 =) |z —jxo\g
3(961-—;1:?)(90]-—:0?)—5” T — xO‘Q
‘x —x

8. Given a vector field a = x in a spherical domain Q: 23+ 22+ 22 < 1, use the Helmholtz’s
decomposition to write a = V¢4V x b in terms of a scalar potential and a vector potential
b. Find the specific form of ¢ and b in terms of x;.

Answer:
From the textbook, we have

a(r)=Vu(x) =V (V-u(r)) =V x(Vxu(z))

We choose
¢=V-u(z)
b=—-V xu(x)

Then we can get

a(r)=V?u(r)=Ve+V xb
13
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So now we caculate u (x)
Viu (z) = a(x)=x
We can get
CCB .Z'3 x3
u(z) = (# + w1 f1 (T2, 23) + g1 (02, 23) , F + 2 fo (w1, 23) + g2 (21, 73) , & + 3 f3 (01, 22) + g3 (21, 55'2))
Here fi (2, z3)and g (22, x3)are any functions

Z‘Z Z'Z Z'Z
o=V u(x) =3+ fi(v2,73) + F + fo (21, 23) + 5 + f3 (21, 22)

9 9 9

oz1 Oz2 Ox3
b=-Vxu(x)=—|u (x) us(x) usz(x)

i j k

0fs(z1,22) + dg3(z1,02)
Oxa Ox2
= Of1(x2,r3) g1 (x2,23)

X2

Ofa(w1,x3) _ Oga(z1,x3)
Oxs Oxs

_ <$3
Ofs(x1,w2)  Ogs(w1,72)

Z2 Oxs oxs -3 1 o1
o 0f2@as) | Oga(wis) . Ofi(wz,as)  Ogi(r2,a3)
2 ox1 ox1 1 Oxo Oxo

9. Consider a scalar field ¢ = 27+ 22 + 22 in a spherical domain : 23 + z35 + z5 < 1. Confirm

the following equations:
/ VodV = / nedS
Q o9

/ VipdV = / n.VdS
Q o0

Answer:

(1)
For the left hand side

[

. Or=1[6=0]0 ==f b= 0Ja = 27 [ (2r sin 6 cos a) 1% sin Odrdfdai
[

—H[’: Or=1f0=00=n/ b= Ola = 27 [ (2rsin @ sin a) r? sin Odrdfdaj

[

= Or=1[0=00=n/ b= 0Ja = 27 [ (2r cos 0) r? sin Odrdfdak
—0+0+0=0
For the right hand side
fangpdv

[
=6=0]0 =7/ b= 0Ja = 27 [ (sin 6 cos a) sin Odfdai

[
+0=0]0 =7 [ b= 0Ja = 27 [ (sin @ sin a) sin Odfdaj

[
+0=00 =7 [ b= 0o = 2 [ (sin 6 cos a) r? sin Odfdak

14
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=0+-0+0=0

They are equal

(2)

For the left hand side

Jo ViedV = [,6dV = 8x

while
[
JoqnVdS == 010 =7 [ b= OJa = 27 [2 [sin® @ (cos® o + sin® ) + cos? 0] sin Odfdox

:9[: 010 ==f b= 0Ja = 27 [2sin Odfda

=87

They are equal.

10. Prove G (x,x') = ln;x,‘ is the Green’s function for the 2-dimensional Laplace equation.

[x—
Proof:

G(x,x') = lnﬁ
When x# x
V26 (x,¥) = & {lo ol & [@ - 2]}
_3
=2 {le -2l (=) (@ - )] * 2(zi - )}
__ 0 (wmw)”
Oi |y — x)

e {1 - o) 20 - )

o]
2 2(zi—x})

P T e
N T
T e T el

Here since it’s two dimensional,%xi =2
When x=x", this point is nondifferentiable

From above we know that
0G(za) _ _ (zi—w})

0x; \x—x’|2

If we take derivative with x’, then it is
0G@a) _ _ (wi=z})

oc; a—a|?

Using Guass equation

15
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[, V2G (2,2 da’ = [,, VG (z,2')ndz’ = [, ﬁnidﬁ

Since V2G (z,2') = 0 everywhere except x=x", we can choose any 9f2. Just choose it to be
a circle

radius of one and centered at x,

Then

[, V?G (x :U’) dx’

fa() ‘;Z = F” dx

[ [
=)= 0]0 = 27 [ 9= 0]0 = 7 [ — (sin®# cos® ¢ + sin® @ sin” ¢ + cos? §) sin fdOdp

[ [
=0=0]0 =27 [ =00 = [ — 1sinOdOdy

= -2m
So it is Green function in two dimension
And it is better written in the form of

G(x,X) = —5-ln—

11. Derive the Green’s function for a cantilever beam bending.

|x— X’|

Answer:
For the cantilever, using the same procedure in class, we have
EI-G(z—21') :%H(:c—x)—i-c1 3—1—02 22+ Csx + Oy
There is no displacement and tilt angle at the starting point x=0,
And the moment caused by this point force is x” at x=0 and 0 at x=L
So boundary condition is
(G (r—2')=0(x=0)

G (r—2)=0(x=0)

G"(x—2')=2"(x=0)
(G"(x—2')=0(x=1L)

From these we can determine

(O = —
Cy=2a
C3=0
(Cy=0

So the Green function is

G(r—2a)= 151 [(‘”fgl)SH (x —a) + %x?’ + %a:Q

16
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The beam’s deflection shape function can be written as
w=[,G (2') dx’

12. Write the 6 equations implied by compatibility condition for strains V x e x V=0 .
Answer:

VxexV = (eskm 8‘;”) Jlnaixl = (EkimEjnt) O%ijp = 0
when(m =1)

(ekir€ju) 3%' ki = (€231€213) Ogg003 (k = 2,1 =3,j = 2,1 = 3)
+(g231€312) Oegz00 (K =2,1=3,j = 3,1 =2)

+(e3216213) Oena33 (b =3, =2,j = 2,1 =3)

+(£321€312) Deazgo (k= 3,i=2,7 = 3,1 = 2)

=—€3293 + €33,22 + €2233 — €23,32

=0

So similar when (m = 2,n = 2)

We get

—€91,12 + €22.11 + E11,22 — €1221 = 0

When (m = 3,n = 3)

—€1331 + €11.33 + €331 — €31,13 = 0

(m=1,n=2)

(ekit€jor) O€iji = (€2316213) Og103 (K =2,i=3,5 = 1,1 = 3)
+(8231€321> 8833’21 (/f = 2 1 =3 ] = 3 | = 1)
+(e321€123) Oean 33 (kK =3,i=2,7 =1,1 = 3)
+(e321€321) Oz 31 (K =3,i=2,7=3,1=1)
When (m =3,n=1)
€93,12 + €22.33 + €1322 — €12.23 = 0
In conclude the six equations we get are:
(€3320 + 2033 — 269330 = 0

€92.11 + €11,22 — 261221 = 0

€11.33 +€33,11 — 2€3113 = 0

€31,23 — €3321 — €21,33 + €2331 = 0

€12,31 — €11,32 — €32,11 T €23,12 = 0

(€12,31 — €11,32 — €32,11 T €31,12 = 0

13. Solve the boundary value problem: For a solid elastic ball fully boned by an outer layer,
the radius of the ball and outer surface radii are written as R; < R,, respectively. The

17
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Young’s moduli and Poisson’s ratios of the ball and outer layer are respectively written as
E; and v; and E, and v,. When a pressure P is applied on the outer surface, derive the
displacement distribution along the radial direction in two materials.

Answer:

For strain condition
Erp = Upp

€00 = Epp = °F

Equilibrium equation

200 —009g—0pp 0

Orrr + r

Constitutive equation
Orr = AN (& + €09 + Epp) + 2080 = (21 + A) Uy + 2055
Here to be convenient ,we use A p to replace E v

The relationship is

o Ev
A= (1+v)(1—20)
_ _E
H = 3010

According to the textbook,the displacement of this kind of problem could be written as
u, = Cir + % Out layer

ur = Cir+ % inside sphere

Assure the stress between the two different materials is o,,|,—g; = P*

We have two separate problems

ur:Clr—F% Ri <r<Ro

{O-rr"r:Ro =P (1)

UTT|T:Ri =P

r

u:f|7"=0 =0 (2)
g "r:Ri = P

*
rr

Cy ,
up,=Cir+ -3 r<Ri

Uy = U';t ’r:Ri
For the first boundary value problem, we get

Cy = R3P*—(2R3—R3)P

(2h0+30) (RE—R?)

R3R3(Px—P)

Co = T

27 Ao (R-RY)
W — RfP*—(QRg—R?)PT_i_ R3R3(Px—P) 1
T (2uo+3X0) (R3—RY) dpo (R3—R3) 72
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For the second boundary condition,

At r=0 there is no displacement, so we can get Cox = %
1 7
__ Px
Urk = 5 3"

Then the problem is to decide P*
The displacement of the two material at the interface must be equal
Uy = U; |r:Ri

So we have
R3P*—(2R3—R3)P R3R3(Px—P
LPr— (2R 1Y) R, + oft (Pr=P) 1 Px R,

(21o+3X0) (R3—R?) 41, (R3—R3) RZ — 2u+3A

From this we get

. (2R3-R})R; RER; R} RoRi R
Pt = [((2p0+3)\0)(R3—R§)+4,uo(R8—R§) I\ G =y )~ maan )| P

In conclude ,the solution of this problem is

For the inner solid elastic ball,
Px

Ur¥ = uex”
For the outer layer
_ R}P*—(2R3-R3)P R3R3(Px—P) 1
Ur = Cuora) (B—RD " T Auo(RE-R) 12
Here
2R3-R3)R; 3R; R} 3R; .
P* — ( o 1)3 = _|_ RO3R S / i . S _|_ R03R =~ — R; P
(2uo0+3X0) (R3—R3) ' 4uo(RE—R?) (2uo+3Xo) (R3—R3) ' 4uo(RE—R3)  2ui+3\
_ Ev
A= (1+v)(1-2v)
_ _E
H = 35010)-

14. The stress tensor in a semi-infinite domain z3 > 0 is given by o0;; = (az;z;x3)/|x]?,
where |z| = (z;2;)"/? and « is a constant. Determine whether there are any body forces in
the domain using the equilibrium equation.

Answer:
The equilibrium equation is
ag. 5,5 + bz = O

From the expression of stress we can get

O’UJ _ (aéijxglg) + (aéjjxéws) + (axixj?x:i) (_75) (23:])
2
ZL" 063)

__(aziz3) + (3az;x3) 1 (aziz3) 5(041‘1’ ‘7

‘ 5 5 -

5

@ @ ] v
Sax;rs Sax;rs
- 5 5
ol e
=0
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So
bi=0—0=0

Body force is zero.

15. In an infinite solid with material elastic constants p and v, a concentrated force P =

(0, 0, 1) is applied at the origin. Calculate the surface force distribution on the sphere with
radius 1 and the center at the origin. Integrate it over the surface for the resultant surface

force.
Answer:

First we use the formula in textbook

P

Ui = 16mpu(1—v)

(3 —4v) |

x—a ‘
In this case , we get

P
167 pu(1—v)

xr1x3 Tox3 3—4v
)
[z 2]

U; =

Then we can calculate strain

b, () ms)

3
Sl

+
=

P

J

3

T

)

Ilzg) a( 3
1

_ Bu Ou;
T 1 xT
ox1 2 Ox1
167 (1—v) 2 Oz Oza
F) 374v+ 1%3 ) zlzg 9 3—
|\ e v | e
= + =
2 ox1 oxs 2 Oxo
3 3x%:p3
3 5
o ]
o P _Bx%:macg
T 16mu(l—v) ‘IF
3 2
T TR ) Iy
EH \ R

Oxo 2

Oxs3 Ox3
3x%x2:p3
5
2]
_zy _ 323wy
3 5
.
3—4v 3x 2 336290
—F Ty — kT Ty — T
7 o T TS

N |

N |

According to the elasticity constitutive equation using pu, v,the ralation between stress and

strain is
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_ 2uv
Oij = T2oyCkk0ij + 214

_ P 4wy 3(zitad+ad)es  3-4v
Ekk = 167ru(1—v) ( 3 5 3 L3

_ P x3 3—4v

= Tenni—oy | T8 — 7 373
167 (1—v) (‘1}’ ‘$‘

_ P 2—4v

T 16mu(l—v) ( ‘(E‘?’ ZL'3>

2uv
Oij = 1i9,kk0ij + 21Es;

1—2v
—2‘—4;)333 0 0
7
_ 2w P 0 — 2=V 0
1—2v 167 p(1—v) ’l"
0 0 — g,
2]
3 356%273 _3:01:6211,‘3 1 _3*41)
3 5 5 3 3T
=[] 2| 2]
P 3z1x0T x 3z3x3 1 3—4v
+2lu167r,u(1—v) - ‘13;‘25 : ‘;"3 - ‘;‘5 2| — ‘xr T2
1 3—4v 3a2 x 3z1a2 1 3—4v 322 T 3zoal 3—4v
|l T Fni it i s T | | Tt - 5 —
i 2] o[ =] 2| 2] o[ =] i
3 0 0
d
___wP 0 _x_sg 0
T 4An(1—v) ).CL"
0 0 —‘:”—33
z|
w3 3vims _ 3miwoms 1 8-, _ 3
‘ 3 5 5 2 . 321 .
o g 2| i 2]
P 3x1T2T x 3902903 1 3—4v 3w
R i e L -y, - 2
z| o[ =] i 2]
1 3—4v 3% z1 3z122 1 3—4v 3x3 z2 3wox? 3—4v
5| T Er sttt s 5| Tt T8 — 33 —
& . i e[ 2 e i
fi = oiyn; (nj = (21,29, 73))
— s 0 0
‘QZ‘ Ty
—_vP 0 _x_sg 0 T
Ir(1=0) | 2
0 0 —‘x—?’?, 3
7|
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oy _ 3afas _ 3zimozs
3 5 5
[ 2 ]
4P _ Bwizprs s 37T
— 3 5
wr) ] o[ ]
1 _ 3—4v 3 1 3x1x§ 1 _ 3—4v 3 2 X2 3x2x
Ry — ka4 My — 5 ) TEl — 5Ty + T3
7] \x\ [ 2 of T o T e e
123 333?173 3‘T113§$3 1 _ 3—4v 3z 3 x1x3
r_ zimy ] 3 5 5 +§ SSE T3 — 5T+ -
’ T 7] o el
7]
x2x3 3
— 3x5x 3x ToT 3
—t | ThF | | e i (e - S smn
of "N el o 7 o Jaf
3
3
L e 1 szt Bmgoy 1 Swp ) lscdvg2 5o
A R B I A T
[ _Z1Z3 ] B (83—2v)z123
3 D
7] ]
_ e _:mxg, n p _(3—2v)§2w3
4m(1—v) ’xl 8m(1—v) ‘x‘
z 1—2v 3—2v,.2
—3 - - 3 L3
L o N
i _ 2umizs  (3—2v)z173
3 3
7] 7|
P _ 2uzaxy (3—2v)x2x3
e S —— 3 3
8r(1—0) |z ||
Qux? — _
g _1-2v 3 2§1$§
2" fel ]
B 3ri1x3
3
7]
3x2x
__p 223
8m(1—v) ’x‘
_1-2v _ 33
3
| 2
For the resultan surface force , they are
f= fa(z fi
3rix3
3
7]
3x2x
_ J’ P 2.;
- Jon 8n(1—v) ‘ZL"
1-20 | 323
— -+ 33
o el ],
1
0
0
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[ 0
__ P 0
T 8m(1-v) - st 0]
I —(1—2v)27 [—cosf|y —3 27 [Te]o
[ 0
_ P
T 8m(1-v) 0
| — (1 —2v)47m — 47
0
= 0
—P |

The first two items are zero because symmetry.

The result is correct in which the force around the sphere balance the concentrated force.
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Figure 2.1 Three-dimensional Cartesian coordinate and coordinate rotation.
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Figure 2.2 Green’s function.
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Figure 2.3 Dimension reduction of Green’s function.
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Figure 2.4 Straight beam under distribution loading.
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dr + du

Sl
b

Figure 2.5 Deformation of an infinitesimal line element.
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Figure 2.6 The equilibrium of an arbitrary domain.
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Figure 2.7 A ball subjected to a uniform inner pressure p.
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Figure 2.8 Concentrated force acting on an infinite domain.
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Figure 2.9 Dimension reduction of Kelvin’s solution.
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