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26 CHAPTER 2. ELECTROSTATICS

Chapter 2

Electrostatics

Problem 2.1

(a)

1 9@
deg 127
Ezplanation: by superposition, this is equivalent to (a), with an extra —q at 6 o’clock—since the force of all
twelve is zero, the net force is that of —g only.

(c)

1 qQ
d =
(d) 4mey v2

a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired ¢
doing the job, then you'll need a different explanation for (d).

(b) | F = where r is the distance from center to each numeral. F points toward the missing q.

pointing toward the missing ¢. Same reason as (b). Note, however, that if you explained (b) as

Problem 2.2
This time the “vertical” components cancel, leaving E
E = 1255 sinf%, or 2z /0
1 d :
q ~
E= X.
dmeg (42 + (2 2,3/2 "
=+ () S
From far away, (z > d), the field goes like E =~ 47350 g—i Z, which, as we shall see, is the field of a dipole. (If we

set d — 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge
from far away, the net charge is zero, so E — 0.)
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CHAPTER 2. ELECTROSTATICS 27
Problem 2.3
E. = 477160 fOL /\Zdﬁ_ cost; (2 2 =224 42 cosf = ,; )
9 = ﬁ/\?_’ rOL ﬁdi‘
2 2 ([q — i TED % (z24-x2)
: . — o 8l s 1 T R L
/L | Ameg 77 |:L:2 \/?2?-?] 0 Amep z /22FL2°
_ 1 XiATE, 2 - 1 zdr
.\q,; = E, = " dweg fO 2 2 sinf = " Ad7eg A f (z2+22)3/2

T

S N N PR S | IS 5 | -
4meg NE =) 07 dmeg 2 NECXES N

1 A z . L "
 dmeg z [(1+ \/22+L2)X+ (v22+L2)Z}

For z = L you expect it to look like a point charge g = AL: E — LM}Z It checks, for with z > L the X

dmep

term — 0, and the % term — ——2L£3,

Ameg z 2
Problem 2.4

. 3 s ; , .
From Ex. 2.2, with L — § and 2z — /22 + (%) (distance from center of edge to ), field of one edge is:

Ey

1 A
N 477{{) 2 a2 =9 a? a2 '
z= + TV =z =+ A + T

There are 4 sides, and we want vertical components only, so multiply by 4cosf = 4

52+%
1 4haz .
=1 ; =2
a4Tep (.2 a ) a
(P+5) 2+ %
Problem 2.5
fsvimoiita]? o 5 g SR S | Al ool s
\ Horizontal” components cancel, leaving: E = e {I/Tr_y cos 9} Z.
Here, 4 2 =2 422, cosf = %~ (both constants), while Jdl =2nr. So

Problem 2.6
Break it into rings of radius r, and thickness dr, and use Proh. 2.5 to express the field of each ring
charge of a ring is o - 2wr - dr = X - 27r, so A = adr is the “line charge” of each ring.

1 (odr)27mrz i " T
a7 Pk = 2moz ——dr.
Ameo (12 + 22)3/2 Gk ™ Lrep (77/0' (r? + 22)3/2”

Ering -

Edisk -
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28 CHAPTER 2. ELECTROSTATICS

For R > z the second term — 0, 50 Eplane = =270z = 212
€0
1 2\ Y% 1 1 R? 1_ 1, 1R _ R?
F0“>>R7«/W:;<1+72> “;(*572)’50”“2*;+§73:ﬁa
and E = 477160 27;1;;” = 477160 ZQz, where Q = 7R%*0.
Problem 2.7 z
E is clearly in the z direction. From the diagram,
dq = oda = 0R2 sin 6 df do,
=R%+ 22 — 2Rz cos 0,
COSd) z— RCObG
So
1 oR?sin6df d¢(z — Rcos0)
E, = do = 2m.
47eg / (R2 + 22 — 2Rz cos 0)3/2 Jab =2n
. x
_ 9 g (z — Rcosf)sinf B =0=>u=+1
_—47r60(27rR U)/O (2 + 72 — 2Rz cos 0)°7 de. Let u = cosf; du = —sin 6 db; wa:>u 10
1
- R
Tres (27TR20') /_1 T ; — 21;22@3/2 du. Integral can be done by partial fractions—or look it up.
1
_ (2nR%0) 1 zu—R _ 1 2rR%s (2 — R) _(=2—-R)
dmeg 22 /R? + 22 —2Rzu)_, 4mey 22 |z — R| |z + R|
1
For z > R (outside the sphere), E, = 47360 4”52” = 47350 %4,s0|E= e ;% z.
For z < R (inside), E, = 0, so
Problem 2.8

According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge
were concentrated at the center, while all exterior shells contribute nothing. Therefore:

1 Qint a
r

4dmey 12

E(r) =

bl

where Qi is the total charge interior to the point. Qutside the sphere, all the charge is interior, so

e 12

1
E = Qf’.

Inside the sphere, only that fraction of the total which is interior to the point counts:

Qint =

smrd r? 1 1 1 Q
o)

- E = — Qi = —r.
YT e e BEg R3Q "7 | dme BT

Problem 2.9

(a) p=eV-E= %8@( 2. kr®) = eg 5 k(5r? )—
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CHAPTER 2. ELECTROSTATICS 29

(b) By Gauss’s law: Qenc = €0 $ E-da = eo(kR?)(47R?) =

By direct integration: Qenc = fp dr = fOR(5eokr2)(47rr2dr) = 20meok fOR ridr = dmegkR.v

Problem 2.10
Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface
of this larger cube gets the same flux as every other one, so:

/E-da:i /E-da.
24

one whole
face large

cube

The latter is %q, by Gauss’s law. Therefore /E-da = L.

Problem 2.11
Gaussian surface: Inside: § E-da = E(4nr?) = %Qenc =0=
oR2 } (As in Prob. 2.7.)

60T2

—— Gaussian surface: Outside: E(4nr?) = %(0471']{2) = |E=

Problem 2.12
$E-da=FE-4mr? = %anc =143, So

Gaussian surface

1
E=—prf.
1

Since Qior = %WRS[), E =

% t (asin Prob. 2.8).

4meq

Problem 2.13
Gaussian surface fE-da =F 2151 = 2+Qene = =\. So
€ wenc e

[ \ s \/
A
\ / / E= §| (same as Eq. 2.9).
2mens

—_—
l

Problem 2.14

$B-da=E-4mr? = LQenc = & [pdr = & [(kF) (7 sin 6 dF d6 d¢)

~0

. _ 1 T3 _ Ankrt _ 7wk 4
Gaussian surface = kdr Jo mdir = Tk = Thyd,

1
|E = wkr?f.

" drweg
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30 CHAPTER 2. ELECTROSTATICS

Problem 2.15
(1) anc =0, so

(ii) § Brda = E(411?) = £Qene = = [pdr = £ [ L7 sin6dr df do
47rkf dr_47rk ) - E:k(r—a)f. |E|

€0 r2

(iii) E(4mr?) = 4k f dr = *7E (b — a), so

Problem 2.16

$E-da=FE 2ns-1= %anc = Lors?l;

\ 1
(i) () ) ~—— Caussi £ _ ps,
@ ausslan suriace E — s
/

260 '

\ /N \+—— Gaussian surface fEda=FE 215 | = LQene = Lpma’l;
(i) o 2 .
E- s
/ T { 7 2608
\ S \ \<— Gaussian surface
(iii) () ) 1 ) ) $E-da=FE 2ns-1= é@enc =0;
/ / / -E = 0.
—
I |E|
|
|
|
|
]
a b 5

Problem 2.17 On the z z plane E = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane
and the other at y.

Gaussian pillbox

[Eda=F-A=LQcn.=LAyp;

/ €0 €0
@ E=Lyy| (for |yl < d).
€0

= Y-
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Qene = $Adp = |E = Ldy | (for y > d).
0

From Prob. 2.12, the field inside the positive sphere is E; = %I‘+, where ry is the vector from the positive
3=r_. So the total field is

Problem 2.18
center to the point in question. Likewise, the field of the negative sphere is —5

P
E:?e()(r_._fr_) 7
I‘+i ;
d

P
E=_—d
360 +

But (see diagram) ry —r_ =d. So

Problem 2.19

2
X (2)] pdr (since p depends on r’, not r)

1 2 1
— _pdr =
VX//LQPT 471'60/

4dmeg

VXE =

2
=0 (since VX (“) = 0, from Prob. 1.63).

Problem 2.20 A
z
91 = k[&(0—2y) +§(0—32) +2(0 — z)] # 0,

(].)VXEl:k 9z 9y 0z
xy 2yz 3zx

so E; is an impossible electrostatic field.

Q K>
<

O N>

k[x(22 —22)+3(0-0) +2(2y — 2y)] =0,

Q"QJ%)

X
0 92
y 0z

(2) VXE; =k
2ry + 22 2yz
z

o]

d
Y
so Es is a possible electrostatic field.

Let’s go by the indicated path:
‘{(an Yo, ZO)

E-dl = (y*dz + (2zy + 2%)dy + 2yz d2)k
111
Y

Step I y=2=0; dy = dz = 0. E-dl = ky?>dx = 0.
I

Step II: x =g,y :0— yp, 2=0.der =dz=0.
E-dl = k(2xy + 22)dy = 2kxoy dy.
f” E-dl = 2kxg foyo ydy = kzoys. .
x

Step III: x = xg, y = Yo, 2: 0 — 29; dx =dy = 0.
E-dl = 2kyzdz = 2kypz dz.
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32 CHAPTER 2. ELECTROSTATICS

fI” E-dl = 2yok fozo zdz = kyozd.

(0,Y0,20)
Vi) = — | Bl = —k(aosd + 0:8). or [V(z.p.2) = —h(ay® + %)
Check: —V\/:k[%(my +yz?) &%+ 2 5y (zy?+yz?2) + daz (zy?+yz?) ] kly? &+ (2zy+22) §+2y2z 2]=E. v

Problem 2.21 .
I

Outside the sphere (r > R) : E = =

N‘-Q

V(r) = — [ Bedl
Inside the sphere (r < R): E = %%rf‘.

4meg R

So for r > R: V(r) = — [ df—L(l)r_ g 1

471'60 7‘2 - 47T60q AP - 47T607“7

2\ ¢ r2_R2
and for r < R: V(T’) - (47re %) (471'6() %7‘) dr = ﬁ |:% - % ( 2R ):|
4meg 2R R2
9 N a ~

When r > R’ VvV = 47:'160 or (%) r= 747:'160 'r‘%r’ so E=-VV = 47:'160 'r%r' v
When r < R, VV = 4:50 ﬁ% (3 — %) = 47’360 ﬁ (—2—2) = —47360 #mi;so E=-VV = 47350 i

(In the figure, r is in units of R, and V (r) is in units of ¢/4megR.)

|
|
|
|
|
|
|
I
1

Problem 2.22

E = 4736 25)” (Prob. 2.13). In this case we cannot set the reference point at co, since the charge itself

extends to co. Let’s set it at s = a. Then
1 S
— S L 22) g5 =|— 2
V==l (4”60 g)ds_ 47r602)\1n(a>'
(In this form it is clear why a = oo would be no good—Ilikewise the other “natural” point, a = 0.)

VV =—go20 5 (In(3))8=— 520 8=-E.v
Problem 2.23

0) = [ Bl = = [4 (& S )ar = [(E ) ar — 200 = £ - (n(f) +a (- )

k b
=E-¢-Im(§) -1+¢} = ln<)~

€0 a

Problem 2.24
Using Eq. 2.22 and the fields from Prob. 2.16:

V() ~V(0) = — [JE-dl= — [ Eedl — [ E-dl = — o [ sds — ? Y 1ds
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CHAPTER 2. ELECTROSTATICS 33

2
_ () 2| ee? g g — | _PY b
— (250)70 o lns|a— Ieg (1+21n(a .

Problem 2.25

1 2q
T drweg 9 2
2+ (3)
L - L
(b)V:ﬁfiL Ade _ _ _A ln(x+\/z2+x2)|7L

VZitzZ  dmeg :
A L+\/z2+L2> 2!

(a) |V

A L++z22+ L2 ) "
= n = n
47e —L+V22+12 27e 2

R
(C) % 1 o 2nrdr 1 o ( /77=2+22)‘R: i ( ,—R2+22_Z) .

T dme Jo Vit 2 dme 0 260
. . V. _ oV _ SR _0Vs
In each case, by symmetry 5~ = 55 =0. . E=-5"2.
1 1 2z 1 2qz
(a) E=— 2q (—) zZ= Z | (agrees with Ex. 2.1).
4 2 3/2 4 d\2\3/2
o (2+(9)) T (22 +(5)7)

A 1 1 1 1 1 1 .
(b) E=— - 2z — - 2z 07
dmeg | (L+ V22 + L2) 222 + 2 (—L++22+L2)2/22 + L2

A z —L+V22+ L2 - L—~22+L2| . 2L\ 1 .
= — 7z =| ——7
dmeq /22 + L2 (22+ L% — L2 Ameg 27/22 + L2

(agrees with Ex. 2.2).

o 1 1 R
7z =

g z
E=-2 -~ 9,1 A
© 260{2vR2+22 : } 260[ \/R2+z2}z

If the right-hand charge in (a) is —¢, then , which, naively, suggests E = —VV = 0, in contradiction
with the answer to Prob. 2.2. The point is that we only know V' on the z axis, and from this we cannot hope
to compute FE, = —%—‘; or B, = —%—‘;. That was OK in part (a), because we knew from symmetry that

E, = E, = 0. But now E points in the x direction, so knowing V on the z axis is insufficient to determine E.

Problem 2.26

(agrees with Prob. 2.6).

-1?
)
V(a) 1 /Oﬁh <027rr) i — 2mi(\/§h):Lh

- 4meg Z n 47eg \/i 2¢0 2'1
(where r = 2 /V/2)
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34 CHAPTER 2. ELECTROSTATICS

V2h
1 o2mr _
= 2 r =A\h?+ 22— 2
V(b) 47T€o/o < = )d (where \/h + V2h2 )

- QWUL v2h 2 an
dreo V2 Jo  \/h24+ 22— \2ha

V2h
o h
= h24+22—+2h2 +—In(2\Vh2+2 2 —\2h2 +2¢—\/§h}
i [V ey 1,
=2 {h+ h (2h+2\/§h—\/§h)—h—hln(Zh—\/ﬁh)}
226 V2 V2
h oh 2++/2 oh (2+2)?
= In(2h + v2h) — In(2h — V2h)| = —In =——In X
2[60\[[ ( ) ( )] 40 2\/5) 460 2
= +vE). V@) —vb) = I [1—1n(1+\/§)}.
260 260
Problem 2.27
L
Cut the cylinder into slabs, as shown in the figure, and _,
use result of Prob. 2.25¢, with z — = and ¢ — pda: =% \ ﬁm \
z+L/2 ¢
V=5 | (VR? + 2% —z)dx U }] J
z—L/2 —_—=
= &5 [#VR? + 22 + R*In(z + VR? 4 22) — 2?] Iifﬁfi ! o

L .+ L)?
= o] ()RR ) (g A o,

e m(h)

(Note: — (z+ %)2 + (2 —

NI

)2:—22—2L—L72+22—ZL+%:—2zL.)

2
=—VV——z— Z'O ,/R2 z—|— _—\[R2+ z— (-~ 3)
‘/RQ ‘/R2
z+f 1 2
—QL}

14— oz
(z+ ) R2+(z—f

s+ L R4 (24 L) +\/R2
1
VR

z+% \/R2 5

2
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CHAPTER 2. ELECTROSTATICS 35

Problem 2.28
Orient axes so P is on z axis.

Vel [gar HerepiSZConsztant, dr = r?sin 6 dr db do, ’
Teo 2 =22+ 12 — 2rzcosh. 5
Y
r“sinfdrdfd
= g [l [0 d = o a
x
I§ ety 0 = & (VTR D) [[ = & (VP 0 T )
2/z ,ifr <z
- 1 —|r = = ’ ’
77"2(7,4»2 |’I’ ZD {2/T,ifT>Z.}
-V = P 2 2 zl 2d Rl 12z R2_221 _ »p R2 22
VT Ty AT Of;T r [ortdre = EGs T =S (- F
But p— -4 Viz) = L 3¢ (p2_ 2 a_(3_ 2 Vv g r v
ut p= 1Rz, SO (Z)*HMRS -3 8meo R 7z) i | V) 8meg R R?

Problem 2.29

V2V = 47r€0 VQf( )dT = 47r£0 fp ( )d (since p is a function of r’, not r)
= = [p(r))[-4m83(r — 1)) d7 = —()\/

4meq

Problem 2.30.
(a) Ex. 2.5: Eapove = 52215 Epelow = —3Z-01 (f always pointing up); Eabove — Ebelow = Z11. v/

Ex. 2.6: At each surface, F = 0 one side and E = % other side, so AE = % v

Prob. 2.11: Egue = 2857 = 2#; By, = 0350 AE = 2§, v

|2
w»
Il

28 (at surface).

Zla

15" &) Outside: §E-da= E(2ns)l = LQenc = Z(27R)l = E =

Inside: Qenc =0,s0 E=0. .. AE = %é v

R? R . _ Ro . .
(¢) Vout = ?ff = ?: (at surface); Vi, = 6—: : 50 Vout = Vin. v/

OVour __ _RQO' _ _ o
or €0’

Z (at surface); —ag‘" =0;so —8‘5"““ — 9V — _ o
€0 r r

or eor?
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36 CHAPTER 2. ELECTROSTATICS

Problem 2.31

@V=gs T - de{F ) - wka (24 ).
Wy = qV = 47?:0(1 (_2+12>_ m, +.(4)
: . .
(0) Wi = 0. Wa = gl (S5 W = gt (S5 = 4 )i Wa = (see (2), 0 ")
Wi = gz L {-1+ 5 -1-2+ %1 = 4;602‘12(_%\}5)_

Problem 2.32
Conservation of energy (kinetic plus potential):

1 5 9 1 qaqB
—mavy + —mpuvp + —— = F.
2 A4 o ‘BUB dmeg T
At release vy = vg =0, r = a, so
_ 1 qags
dreg a

When they are very far apart (r — oco) the potential energy is zero, so

1 2 1 2 1 qags
_ + = — i
MAvA T GMBYE =

Meanwhile, conservation of momentum says mavas = mpuvp, or vg = (ma/mp)va. So

2
1 1 ma 1 /ma 1 qaqp
e+ gmn (72) o= 5 () tma o = 8
0

B 1 qAqB (m > B 1 qAqB (mA)
v4 = —); wvp= — .
2meg (ma +mp)a A 2meg (ma +mpla \ mp
Problem 2.33

From Eq. 2.42, the energy of one charge is

s}

n

1 Lo~ 1 (=D)g? 7 (-1
W=—qV ==(2 = .
2q 2( ); dmeg  na dmega 21: n

(The factor of 2 out front counts the charges to the left as well as to the right of ¢.) The sum is —In2 (you
can get it from the Taylor expansion of In(1 + x):

1 1 1
ln(l—I—x):x—§$2+§x3—1w4+-~-

with = 1. Evidently [a = In2]
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Problem 2.34
(a) W = 5 [pVdr. From Prob. 2.21 (or Prob. 2.28): V = 5 (R2 - g) TR (3 — ;—Z)
1 1 ¢ (R r? 9 ap 8 5" qap s R?
W=-p—=3=L [ (3-1 ) amr2ar= st T J
2" 4meo 2R J, ( R2> T T 4R |73 T R25 ||, 1R 5
_ e R a | 1 (3¢
Y 5¢p %TI'R?’ 4meg \ b R
(b) W = [E?dr. Outside (r > R) E = i—=%% ; Inside (r < R) E = -7
IR e "N e
2 (dre)? {/ —(r*amdr) + i (R3) (4mr2dr)
1 £t L1 1 342
" 4wy 2 \ R 5R 47T€0 5R’

0

()

B OOJF 1 (7
" dmep 2 r RO\5

() W = £{ §sVE-da+ [}, E*dr}, where V is large enough to enclose all the charge, but otherwise

/a< L q>2(4ﬂ'r2dr)}

47r50 e
R 47T€() 7'2

arbitrary. Let’s use a sphere of radius a > R. Here V =
1 ¢ 2
r 51n9d9d¢+ EdT—|—

_eo/
47'('60 ’I’ 471'6() 7"2
2 4 1 1\ |“
” ﬂf(—H
R

=2 7471' + — 4 4 -
2 (47750) (4meg)?2 bR (4mep)? r
_ 1 112 1 1 1 n 1 - 1 3q2
B dmey 2 5B a R[ dmeg 5 R’
Treg g:) goes to zero, while the volume integral

As a — o0, the contribution from the surface integral (

)) picks up the slack.

1 6a
(471'60 2a ( 5R
Problem 2.35
1\g .
=, (g = charge on sphere of radius r).
r
/ dg

dW =dqV =dgq (

47eg
G- 3 r (¢ = total charge on sphere)

= —1Tr = qJ— =
q=3mp=dp; (4 g p
2
3

! 12y

r

_ 47
é qudT_RB

dg = 4mridrp =
1 qrd 3q o 1 3¢% ,
dW = — dr d
Ameo (R3> <R3 ~ dmeo RS
_ L3¢ L, L3R 1 (3g%
"~ 4mey RS " 4meg RS 5 dmeg \b R/’
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38 CHAPTER 2. ELECTROSTATICS

Problem 2.36

(a) W= [E*dr. E-= 47}60 4 (a <r <), zero elsewhere.
2 2 1 1
q
w=% (%) =),
2 \dmeo 8meg \a b

[0 () amrdr = o [0
MW, =L < w,= L < g 1 g4 E,— L —4; b). S
(b) W1 Sres o W2 = gy b 1 L& (r>a), Ez £ % (r>b). So

8meg Ja

X = 4men 517"60 T
p 2
E, -E, = (47350) -, (r>b), and hence [E; - Eydr = — (47350) ¢ [, Fdmridr = ~ Trcoh

Wkeot =W1+W2+60fE1'E2dT= 8#160(]2 (%—F%—%) - & (l—l).\/
Problem 2.37

Z)\

2

B
alo

q, =
X
1 ¢, 1 g Q1Q2/ 1 2
E, = =1 E;= — a2 W,= Odrddd
! 4meq r2 T 2 dmeg 2 2 T (dmep)? J 122 7 cosfr7sinddr 2

where (from the figure)

(r —acosf)

2 :\/r2+a272racos9, cos 3 = S

Therefore

W; = N 27r/ (r — acosf) sin @ dr d6f.
(47)2e0 23

It’s simplest to do the r integral first, changing variables to 2 :

22 d2 = (2r —2acosf)dr = (r—acosf)dr=2dxz .

Wizq””/ (/ 12d¢>sin9d9.
8meg Jo o

s
W, = a2 / sinfdo — | 9192
0

8mega depa’

Asr:0— 00,2 :a— 00, s0

The 2 integral is 1/a, so

Of course, this is precisely the interaction energy of two point charges.
Problem 2.38

(a) |or = 1 ; Oq = gy =L
47 R? 4ma? 472
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(b) V(O) = - fooo E.dl = - fobo(47rleg r%)dr - fba(O)dT - faR(47reo %)dr - fR dr - 47:60 (g + g - g) :

(c) (the charge “drains off”); V/(0) = — [ (0)dr — fa (4Tr€0 L)dr — fR _| 2 (2 - Q) .

Problem 2.39

(a) Ua:*qia; Ub:*ii UR:qa+qb-
4ma? 47bh? 47 R?

1 Ga + Qv .
b) | Eout =
(b) T dreg 12 t

, | where r = vector from center of large sphere.

Ll qa L g, . .
c) | E, = = Tt,, E,=-—=51,|wherer, (rp) is the vector from center of cavity a (b).
() | Ea dregr2 ¢ "7 4ne 2 b a (1) ya(b)

(d)

(e) or changes (but not o, or 03); Eoutside changes (but not E, or E;); force on ¢, and g, still zero.
Problem 2.40

(a) For example, if it is very close to the wall, it will induce charge of the opposite sign on the wall
and it will be attracted.

b) Typically it will be attractive, but see footnote 12 for an extraordinary counterexample.
Problem 2.41

Between the plates, E = 0; outside the plates E = o/¢g = Q/egA. So

pop o0 @& | &
2 2 ¢ A? 2¢0A2
Problem 2.42
Z A
Inside, E = 0; outside, E = %f, SO
TEQ T E
11 Q& Q 0
Eave = 2dreg RZ 1 fe = 0(Bave)z; 0= InRZ"
F,=[f.da= [(1%)3 (7 £ ) cos R?sin 0 d6 do
2
_ /2 o 1 Q T/2 1 Q\2 _ Q
= 2 0 cosOdl = - 20 = (%) = —F—.
2e0 (47TR) ”f sin § cos (4R) (2 sin ) omeo (4R) 327 R2¢,
Problem 2.43
Say the charge on the inner cyhnder is @, for a length L. The field is given by Gauss’s law:
JE-da=FE-2rs-L= %Qenc = Q =E= m . Potential difference between the cylinders is
b b
Q 1 Q b
V()—V(a)=— [ Edl=- —ds = — In(-).
(6) (a) /a 2megL J, s s 2meg L "\

As set up here, a is at the higher potential, so V =V (a) — V(b) = 2730L In (2).
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C = Q _ 2meqL
14

n(2)

, so capacitance per unit length is

Problem 2.44

(a) W = (force)x (distance) = (pressure)x (area) x (distance) = %OEQAE.

(b) W = (energy per unit volume)x (decrease in volume) = (60%2> (Ae€). Same as (a), confirming that the
energy lost is equal to the work done.

Problem 2.45

From Prob. 2.4, the field at height z above the center of a square loop (side a) is

1 A\az R 2
Z.

E:
(R g) R g .
da

Here A — 0% (see figure), and we integrate over a from 0 to a:

1 @ d 2
E:—Qaz/ ada .Letu:a—,soada:2du.
47T60 0 (22 + (272) 22 + %2 4
a2 /4 a’/4
1 4 /a / du oz |2 tan—1 V2u + 22
= oz = — tan _—
4meg 0 (u+22)V2u+ 22  Teo |2 z 0

a2
9 az +22
- {tan_1 <2> —tan_l(l)};
TEQ z
2 2
142 ] e (),
222 4 TEo 4z+/2% + (a?/2)

a — oo (infinite plane): E = f—go [tan~!(c0) — Z| = f—; (z-2)= 700V

E- 22

TEQ

z>> a (point charge): Let f(x) =tan™'/1+ — F, and expand as a Taylor series:

f(@) = f(0) +zf(0) + %fo”(o) Q..
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Problem 2.46

B B 1 0 [ 5,3k 1 9 (.  2ksin6cosfsin¢ 1 0 [ksinfcos¢
p_EOVE_EO{T287‘ (T r)+rsin960 (sm& r >+rsin98¢< r

Lo, 1 2ksin ¢(2sinf cos? f — sin® ) 1 (—Esinfsin¢)
= € _—
0|52 rsin 6 T rsin 6 r

_k k
=<0 [3 + 2sin ¢(2 cos® f — sin? ) — sin o] = % [3 + sin ¢(4 cos? 0 — 2 + 2cos? 0 — 1)]
r

k k
3r60 [1+sin¢(2cos®f —1)] = 3r € (1 + sin ¢ cos 20).

Problem 2.47
From Prob. 2.12, the field inside a uniformly charged sphere is: E = 47r€ R3 r. So the force per unit volume

is f = pE = (%) (ﬁ)r = %(43%3)21', and the force in the z direction on dr is:
3

F,.=f.d _3 (< 2rcos9(r281n9drd9d¢)
20 T_eo AT R3 '

The total force on the “northern” hemisphere is:

F, /deT— — (47TR3> / 3dr/ cos 0 sin 0 df dq§
:3( Q ) (R4> <sin 0 ”/2> om) =| 32
€0 \4mR3 4 2

0 64megR2’

Problem 2.48

1 o 1 o oR
Veenter = —— | —da = — [da= e %) = ——
cente 4eq //L “ 4meg R “ 4eq R( mE) 2¢€g R
1 da = 2w R?sin 0 df
Vpole = T /ida ) with aQ W}j Slnz : 2 2
dmweg ) 2 22 =R+ R?*—2R*cosf = 2R*(1 — cos ). R

1 o(27R?) /”/2 sin 6 df oR /2

_ v = 2\/W
dreg RV2 Jo  V1—cosf 2v/2¢ (
ocR oR ocR

= ——(1-0)= —. . Viole — Veenter = V2-1
\/ieo( ) V2¢ pol ' 250( :

Problem 2.49
First let’s determine the electric field inside and outside the sphere, using Gauss’s law:

mkrt  (r < R),

€0 ?{E-da = €471’ E = Qepne = /pdT = /(kF)F2 sin 0 dr df d¢ = 47rk/ FdrF = { .
0 kR

=
\%
=

SoE= 18 (r<R); E=2£E ¢ (r>R).
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Method I:

R 2\ 2 00 4 2
€0 9 €0 kr 2 €0 kR 9
W = — [ E“dr (Eq. 2.45) = — — | 4 d — 4 d
2/ r (Eq ) 2/0 (460) Tr r+2/R (4607"2 mridr

kN[ /" > 1 k2 (RT N\ [® k2 (R7
=4r2 (= / err+R8/ —dr == R—+R8 —= == R—+R7
2 460 0 R 860 7 T R 860 7

Method II:

1
W = i/deT (Eq. 2.43).
T R 4 T 2
1
For r < R, V(T)Z—/ E-dl:—/ (]€R2> dr—/ (kT) dr:—i R? <—)
00 o \deor r \ deo 4eg r
:fi _R3 4 ﬁ,]i‘g :ﬁ R3,ﬁ .
460 3 3 360 4
1 k ork? B 1
. _: LA Arr2dr — 33 16
W 2 {3 ( )} wrédr 36 /0 <R7’ 4r>dr
e 1
4

ﬂk2 RRﬁf R\ _ 7k*R" (6 77rk2R7‘/
T 3¢ 4 7T 2360 \7T)  Te

Problem 2.50

0 (e M\ . r(=N)e M —e MY e r
__VV__A(?T( " )r——A{ - }r— Ae (l—l—/\r)ﬁ.

p=e6VE=eA{e1+A)V-(5)+ 5.V (e7(1+Ar))}. But V- (%) = 4n8%(r) (Eq. 1.99), and
e (14 Ar)d%(r) = 63(r) (Eq. 1.88). Meanwhile,
V(e (14 ) =2 (e (1 +Ar)) = £ {-Ae™ (L + M) + e A} = £(=A2re™ 7).

, 2
So 7?2 V(e (14 ar)) = ——’\T e and | p = €A [47r53(r) — Ae”] .
r

—Ar [e'e)
Q= /P dr = epA {47r /53(1‘) dr — \? /6 47rr2dr} = €A <47r - /\247r/ re”dr) .
r 0

But fooo re Mdr = )\%, so Q = 4meg A (1 — ié) =

Problem 2.51 R oo
1 T 1
_ /ida:L / / sdsdo.
drey | 2 dmeo Jo Jo \/R2+s2—2Rscos¢

1 T
ZZUR/ / u do | du
dey Jo 0 /1+u2—2ucose

Let u = s/R. Then
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The (double) integral is a pure number; Mathematica says it is 2. So

y—f
TEQ
Problem 2.52
(a) Potential of +\ is V; = — 2260 In (%5), where s, is distance from A, (Prob. 2.22).
Potential of -\ is V_ = +27f‘60 In (S—’), where s_ is distance from \_.
. Total |V = A In (S) .
2Teq S+ ;
Now sy = /(y—a)? 4+ 22, and s_ = /(y + a)? + 22, so (,y,2)
S_
Vita@t= A [y +a)®+ 22
V(a:yz)—Q’\Oln< >— ln{ . s
e e (y—a)?+22 dre —a)? + 22 +
v 0 (y—a) / a
~A A 4
(b) Equipotentials are given by % = e4m€0V0/) = [ = constant. That is:

v +2ay+a?+ 22 =k(y? —2ay+a® +2%) =y (k- 1) +2%(k—1)+a*(k— 1) — 2ay(k +1) =0, or
y? + 2% +a® — 2ay (%) = 0. The equation for a circle, with center at (yo,0) and radius R, is
(y —yo)? + 22 = R?, or y? + 2% + (y§ — R?) — 2yyo = 0.

Evidently the equipotentials are circles, with yg = a Zﬂ and

2 2 2
a2 = y% - R2 = R2 = y% - a2 = a2 (%) — a2 = a2 (k +2k—(~_k1:1k)2+2k_1) - a/2 (kfkl)27 or
R= ‘Qk"—:/fl ; or, in terms of Vj:

6471'6ng/)\ +1 627r6()V0/)\ +6727F60V[)/)\ " 271'60%
=a =a = |aco .
Yo 6471'60V0/)\ -1 eQ'fregVO/)\ _ e—QTrEOV()/A A

e2meaVo/A 2 a L 2meqVy
a =a = =|acsc .
e47r60V0/)\ —1 (e2TI'€0V0//\ _ 6727760‘/0/)\) sinh (271'6)?‘/0) A

R=2

z

R
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Problem 2.53

d*V 1
21 _ —
(a) VEV = — £ (Eq. 2.24), so e —eop
2qV
(b) gV = tmv? — |v = 2Aav
m

(¢) dg = Apdx ; % = ap9% = | Apv = I | (constant). (Note: p, hence also I, is negative.)

2
v 1, 1 1 _ I m dV_ —1/2 _ I m
(d) dz2 — —ap— —am = —607 72qV = 7(11'2 —ﬁV ,Where B = _60A E .

(Note: I is negative, so 3 is positive; ¢ is positive.)

: av .
(e) Multiply by V' = o= -

d ! d 1 ’
wdL = m/*l/?dfv = /v’ dv' = ﬂ/V*l/2 dV = SV'* =26V 4 constant.
€T X

But V(0) = V'(0) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and

VZ=apvi/? = ‘;V

X

2/BVYE = vy = 2/B da
4
/V—1/4 dv = 2\/B/dx = §1/3/4 = 2y/Bx + constant.

But V(0) = 0, so this constant is also zero.

4/3 2/3 12 1/3
Vi = g\/ga so V(x) = (3\/B> 23 or V(z) = <9ﬁ> a3 = ( S1I%m ) z4/3,

2 4 32€2A%q
. x\4/3 Vi
Interms of Vp (instead of I): |V (z) =V} (8) (see graph).
Without space-charge, V' would increase linearly: V(z) = Vj (%) | ) SRR !
o d2v o 1 é 1x72/3 nl 460‘/0 without
O A R ~| T 9(@x)23 ith

o= = |vamm ()" o

1/3 2 A2
(f) V(d) =Vo = (éiéf&) AV = VP = Bl 2 = Aty

32e2A2¢q 81md*
420 A 3/2 3/2 degA [2q
1= TRV = KPP, where | K = o /=

Problem 2.54

1 2 2
(a) E = 47T€ /272 (]. + A) 6_/2 />\d7—.
0
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(b) The field of a point charge at the origin is radial and symmetric, so VXE = 0, and hence this is
also true (by superposition) for any collection of charges.

r 1 1
¢) V=—[ Edl=-— 1 e~
(c) /OO 47reoq/ r2 ( + /\) "

1 [®1 - q 1 1 [~1
_ 1 ) r//\d — / . r/)\d 7/ - r/)\d )
47T€0q/7, r2( +)\ " 47T60{ - r2° TJF)\ ” e "

Now [Le ™/ Adr = —67;‘” -1 [ e dr «— exactly right to kill the last term. Therefore

—r /A | —r/A
q € q €
Vir)= — = .
(r) { , } dmeg 7T

47eg T
(d) ]{E-da—i 1 <1+R> e RN yp 2 <+]j>6R//\'
s

ity T2
—r/A R —r/A
g e 5 q g 4 [e T }
Vdr = / T dr = — re dr=—|—F=|—F-1

/v drten Jo r 7 € Jo €0 (1/)\)2( A >0

AZq{eR/A (1+R)+1}.

€0 A
]{Eda+ 1/VdT:2 I PR S B L) D 72 NI QR
S )\2 €0 A A €0

(e) Does the result in (d) hold for a nonspherical surface? Suppose we \‘\
make a “dent” in the sphere—pushing a patch (area R?sin@df d¢) )
from radius R out to radius S (area S?sin 6 df dg).

1 1
A]{E-da e (.8 e 3/(S%sin 6 df dg) — s e /N R?sin 6 df do)
4dmey | S? A A

_ 4 S\ —sa R\ R
= Ireo [(1—&-)\)@ (1—}—)\ e sin 0 df d¢.

1 1 —r/A 1 o
A~ [Vdr 4 /e 2 sin @ dr df d¢p = —Lsiné)dedgb/ re="/ A dr
A2 47eg R

A2 /\2 4dTeg r
= — o sinfdddg (e (14 %))‘Z

_ 4 SN s RN —ria| g
Tres Kl—k)\)e <1—|—)\ e sin 6 df d¢.

So the change in % [V dr exactly compensates for the change in §E-da, and we get éq for the total using
the dented sphere, just as we did with the perfect sphere. Any closed surface can be built up by successive
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside,
the total is %Qenc. Charges outside do not contribute (in the argument above we found that ®

for this volume §E-da + % [V dr = 0—and, again, the sum is not changed by distortions of the surface, as
long as ¢ remains outside). So the new “Gauss’s Law” holds for any charge configuration.

epti to
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1 1
(f) In differential form, “Gauss’s law” reads: | V-E + FV = —p, | or, putting it all in terms of E:
€0
1 1 . . . . ) . 2 1 1
VE - — | E.dl = —p. Since E = —VV this also yields “Poisson’s equation”: —V“V + =V = —p.
A2 €0 A2 €0

(g) Refer to ”Gauss’s law” in differential form (f). Since E is zero, inside a conductor (otherwise charge would
move, and in such a direction as to cancel the field), V is constant (inside), and hence p is uniform, throughout
the volume. Any “extra” charge must reside on the surface. (The fraction at the surface depends on A, and
on the shape of the conductor.)

Problem 2.55

p=¢eV-E= eoﬁ(ax) = (constant everywhere).

The same charge density would be compatible (as far as Gauss’s law is concerned) with E = ayy, for
instance, or E = (§)r, etc. The point is that Gauss’s law (and VXE = 0) by themselves do not determine
the field—like any differential equations, they must be supplemented by appropriate boundary conditions.
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from
the source charges”)—or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law

(E =t fp 2 dT) —the integral is hopelessly indefinite, in this case.)

4meq L2
Problem 2.56

Compare Newton’s law of universal gravitation to Coulomb’s law:

1
F— q1492 ;.
4meg 12

mimsg
2 b

F=-G

r

Evidently ﬁ — G and ¢ — m. The gravitational energy of a sphere (translating Prob. 2.34) is therefore

3 M?

Wgrav = ng
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Now, G = 6.67 x 10711 N m?/kg?, and for the sun M = 1.99 x 103° kg, R = 6.96 x 10® m, so the sun’s
gravitational energy is W = 2.28 x 10*! J. At the current rate this energy would be dissipated in a time

W 2.28 x 10%!
-5 = W —5.90 x 10Ms = | 1.87 x 107 years.

Problem 2.57

First eliminate z, using the formula for the ellipsoid:

o(ayy) = 2 !
Y drab \/Cz(xz/a4) ¥ 02(y2/b4) T1- (22/a?) - (yz/b2)'

Now (for parts (a) and (b)) set ¢ — 0, “squashing” the ellipsoid down to an ellipse in the =y plane:

Q 1
2mab /1T — (z/a)? — (y/b)?

O'(J,‘,y) =

(I multiplied by 2 to count both surfaces.)

1
(a) For the circular disk, set a = b= R and let r = /a2 + y2. |o(r) = 27CT2R\/W
A 1

(b) For the ribbon, let /20 = A, and then take the limit b — oo: |o(z) = —

(c) Let b= ¢, r = /y? + 22, making an ellipsoid of revolution:

2 2
1

T+ 1, witho= Q2 .

a c dmac® /a2 /a* + 12 /ct

The charge on a ring of width dz is

dq = o2mrds, where ds = \/da? + dr? = dx+/1 + (dr/dx)?.

2z d 2rd d 2 42 2
Now 208 4 29 g5 &8 ——g,so ds:dmll—l—i:dxc—\/m2/a4+r2/c4. Thus
a? c? a’r atr? r

5=

_dg Q 1 CQW_ Q )
Az) = T _27Tr47ra02\/mr x?fa* +r2/ct = 5" (Constant!)
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ab————e= T

—
5
~
—
o
~a

N(z)

Problem 2.58
YA

a a
(E’ V3 5)

(0 s'a)

Y

(%’_ V3 %)

(a) One such point is on the x axis (see diagram) at x = r. Here the field is

q 1 cos 6 2cos @ 1
B, = ) —0, = .
d7eg [(a +7)2 b2 ] o b2 (a+1r)?
Now,
2
_(@/2)—r 5 (a 2 V3 — (2 2
cosG—T, b —(5 r) + 5 a = (a* —ar+r°).
Therefore

2[(a/2) —r] 1

(a2 —ar +712)3/2  (a+7r)?

To simplify, let L
a

(1(212;2))3/2:(14—1@27 or (1-2u?(1+u)’=(1-u+u?)’
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Multiplying out each side:
1—6u® — 4u® + 9u* + 120 + 4u® = 1 — 3u + 6u® — Tu® + 6u* — 3u® + u°,

or
3u — 12u® 4 3u® + 3u* + 15u® + 3u® = 0.

u = 0 is a solution (of course—the center of the triangle); factoring out 3u we are left with a quintic equation:
1—du+u?+u®+5u* +u® =0.

According to Mathematica, this has two complex roots, and one negative root. The two remaining solutions are
u = 0.284718 and v = 0.626691. The latter is outside the triangle, and clearly spurious. So ] r = 0.284718 a.
(The other two places where E = 0 are at the symmetrically located points, of course.)

YA

><"

(b) For the square:

E, q (20089+ _20089_) 0 = cosf 0059_7

- 4meg b3 b2 b3 b2
where ) )
(a/V2) £ 2 < a > < a ) 2 2
cosfy = 12— p2 = —) +(—==xr]) =a®>£V2ar+>
= bi V2 V2
Thus

(@/vV2)+r  _ (a/V2)—r

(a2 +v2ar +12)3/2 (a2 —\2ar +r2)3/2

To simplify, let w = /27 /a; then

I+w 1—w
(2 + 2w + w?)3/2 = 22wt w2 or (1+w)?2—2w+w??=(1-w)?2+ 2w+ w?)?

Multiplying out the left side:

8 — 8w — 4w? + 16w® — 10w* — 2w® + Tw® — 4w” + w® = (same thing with w — —w).
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The even powers cancel, leaving
8w — 16w® + 2w® + 4w =0, or 4—8v+v:+20° =0,

where v = w?. According to Mathematica, this cubic equation has one negative root, one root that is spurious
(the point lies outside the square), and v = 0.598279, which yields

YA
(-a cos(2m/5), a sin(2m/5))

(a cos(/5), a sin(7/5))

For the pentagon:

q 1 cos cos ¢
Ez = 2 -2 = 07
dreg <(a +7)? * b2 c? >

where

acos(2m/5) +r cos = acos(m/5) — r;

9 =
cos 5 , .

b = [acos(2n/5) + r)° + [asin(27/5)]> = a® + % + 2ar cos(21/5),
= Jacos(n/5) — r]*> + [asin(x/5)]* = a® + 1% — 2ar cos(n/5).

1 49 r + acos(2m/5) 5 r —acos(m/b)
(a+r)? [a® + 72 4 2ar cos(27r/5)]3/2 [a® + 72 — 2ar cos(m/5)]

32

Mathematica gives the solution ’ r = 0.688917 a. ‘

For an n-sided regular polygon there are evidently n such points, lying on the radial spokes that bisect
the sides; their distance from the center appears to grow monotonically with n: r(3) = 0.285, r(4) = 0.547,
r(5) = 0.689, .... As n — oo they fill out a circle that (in the limit) coincides with the ring of charge itself.

Problem 2.59 The theorem is false. For example, suppose the conductor is a neutral sphere and the external
field is due to a nearby positive point charge gq. A negative charge will be induced on the near side of the sphere
(and a positive charge on the far side), so the force will be attractive (toward ¢). If we now reverse the sign of
q, the induced charges will also reverse, but the force will still be attractive.

If the external field is uniform, then the net force on the induced charges is zero, and the total force on the
conductor is QE., which does switch signs if E,. is reversed. So the “theorem” is valid in this very special case.
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Problem 2.60 The initial configuration consists of a point charge ¢ at the center, —q induced on the inner
surface, and +q on the outer surface. What is the energy of this configuration? Imagine assembling it piece-by-
piece. First bring in ¢ and place it at the origin—this takes no work. Now bring in —¢ and spread it over the
surface at a—using the method in Prob. 2.35, this takes work —g?/(8mega). Finally, bring in +¢ and spread it
over the surface at b—this costs ¢?/(8megb). Thus the energy of the initial configuration is

2
q 1 1
W, = — -
8meg <a b>

The final configuration is a neutral shell and a distant point charge—the energy is zero. Thus the work
necessary to go from the initial to the final state is

2 /1 1
W=W;—W, =| 2 (—)

Problem 2.61

YA

><v

Suppose the n point charges are evenly spaced around the circle, with the jth particle at angle j(27/n).
According to Eq. 2.42, the energy of the configuration is

1
n — N3 V7

where V is the potential due to the (n — 1) other charges, at charge # n (on the z axis).

n—1

v 1 Zi, 2 j =2Rsin (W)

= q
4meg = 2 n

(see the figure). So

2 n n—1 1 ¢
dregR 4 = sin(jm/n)  4megR
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Mathematica says

10 & 1

Qp = 1 2 m = 38.6245
11 & 1

O = Z;m =|48.5757
12 & 1

Qi = Z;m —[59.8074

If (n — 1) charges are on the circle (energy ,,_1¢?/4megR), and the nth is at the center, the total energy is

q2

dregR’

For

n=11: Q10+ 10 = 38.6245 + 10 =| 48.6245 | > Qq,
n=12: Q11 + 11 =48.5757 + 11 = | 59.5757 | < Q2

Thus a lower energy is achieved for 11 charges if they are all at the rim, but for 12 it is better to put one at
the center.
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Chapter 3

Potential

Problem 3.1
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, v22+ R2 —22R = (R — 2),

1 1
ﬁqeoﬁ [(z+R)—(R—2)] = oo % If there is more than one charge

QenC
dmeg R

instead of (z — R). Hence V,ye =

inside the sphere, the average potential due to interior charges is , and the average due to exterior

L ig 8 — Qenc
charges is Veenter; S0 Vave = Veenter + 47‘.:}3- v

Problem 3.2

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is ¢V'.
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure,
must in fact be a saddle point, and the box “leaks” through the center of each face.

Problem 3.3
Laplace’s equation in spherical coordinates, for V' dependent only on r, reads:

1d av av av
ViV =5 — (r2> =0 = r’—— = c (constant) =2 = S lv=-14k
dr dr r

r2 dr dr r2

Ezample: potential of a uniformly charged sphere.
1d av av av
In cylindrical coordinates: V2V ==-— [s— | =0=> s— =¢c= — = ¢ = |V =clns+k.
sds ds ds ds S

Ezxample: potential of a long wire.

Problem 3.4
Refer to Fig. 3.3, letting a be the angle between 2 and the z axis. Obviously, E,y. points in the —2
direction, so
1 1 q 1
Ewe="— ¢ Eda = -2 — | — da.
wve = 4R f{ T T R drey | 2 2 Y

By the law of cosines,

2 2 2
z“+2“—R
R2:z2+¢2—2¢ zcosa = cosqe = —,

22 z
2 2 2
+22_R z— Rcosd
B2 R4 op g o sa_z _ —.
+ z Z COs % 2 2.7 3 (R2 + 22 — 2Rz cos 0)3/2
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