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Chapter 4. Solved Problems

P4.2. Given the stress tensor

2 -1 1
-1 01
1 1 2

find the principal stresses, the principal axes, the invariants I1, I 2, and I 3, the
deviatoric stress tensor, and the invariants J2 and J 3.

Solution

To calculate the principal stresses (o1, 62, 03) and principal axes (v/;, V%, V7)), we calculate
the eigenvalues and eigenvectors of the matrix. They are found through the equation

(r, —08,)v, =0  (42.1)

Putting the determinant equal to zero we obtain

2-0 -1 1
-1 ¢ 1 |=0
1 1 2-0

o’ —46’+o+6=0

The three roots of the equation are the principal stresses

U]=—1
02=2
0323

. 1 4
From these values we obtain, o, = 5(0'1 +0,y +03 ) = 3

The principal axes of stress are the eigenvectors v;j associated with the three eigenvalues.
Using equation (4.2.1) and substituting the obtained values of o1, o2, 03, we obtain the for
each one the values of vi, v2, v3, adding the condition that viZ+v?2+ vii=1

For o7 =-1
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civd = (-Y 2y 2 Y )
For o, =2

022D = (Y Y s Y 1)

For 63=3
0f 3D = (Y 5.0 1)

The invariants of the matrix are the coefficients of the characteristic equation
oc’-lc*+1,0-1,=0

which in terms of the values of o, 02, o3 are.

l=0,+0,+0,=4
I,=00,+t00,+0,0,=1

I =006,0,=-6
The deviatoric stress tensor is defined as,
T, =T, o*oﬁij

To calculate its eigenvalues we proceed as we did before,

g—s -1 1
3
Aoy o8B0 38
3 37 27
1 1 g—s
3

Solving the cubic equation we obtain the eigenvalues : s; =-2.22 ,52,=0.33

Comparing with the characteristic equation

S-Js'+Js -J,=0

The invariants are
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13
J2 =_?
s
27

P4.5. Given a stress tensor

3xx, 5x; O
56 0 2x
0 2x; O

determine the stress vector T at point (2, 1, NE) ) through a plane tangential to the
cylindrical surface x; +x; =4.

Solution

First we calculate the value of the stress tensor at the given point

6 5 0
7;(21V3)=|5 0 243
0 243 0

A unit vector normal to the surface f = x% + x32 —4 =0 at the given point is
g o
gra‘y_ ox, ox, o, _[0 l ﬁ}
I |gra€#‘| g af * af > 2 > 2
ox, | |0x,| |Ox,

Then, the stress vector acting at the point through that surface is given by,

6 5 0
T =z.0.=|5 0 243

0
1

i~ Y 5
0 243 0 B

W

[\
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P4.6. Given the stress tensor

1/4 -5/4  (1/2)"
-5/4 14 —(1/2)"
(172y" —(172)" 372

(a) Determine the principal stresses (eigenvalues);

(b) Determine the angles with the coordinate axes of the eigenvector corresponding
to the greatest principal stress.

Solution

As in problem 4.2 to find the principal stresses we calculate the eigenvalues of the stress
matrix.

The resulting cubic equation is :

6°-2c6%-6+2=0

Its roots are

O'1=2
O'2=1
0'32—1

To find the eigenvectors corresponding to the greater eigenvalue 61 -2 we solve the
equation

(z; —26,)v, =0

and the condition 1)12 + 022 + 032 =1

The result is

1
1)1:—1)2 25

1
1)3 = —

V2

From these values we obtain &, the angle with the vertical axis (x3) and ¢ the angle
which forms its projection on the horizontal plane with x;
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v, =sinJcos @ =%

o 1 =>¢=315, 9=45°
v, =sm19$1n¢):—5

L; =cos P =

-

P4.9. Derive for the stress—strain relation for an isotropic medium that

o — (/1+,Ll)’l'11 _ 1(722‘*'733)
Uou(3A+2u) 2u(34+2u)

Solution.

We use the equation

T11 = /19 + Z‘Uell (482)
Ty = /19 + 2,[1622 (483)
T33 S /10 + 2#933 (4.8.4)

Where 6 =e11 + e+ €33

From equations (4.8.3) and (4.8.4) we can write

o — Eun = T2 — 133
22 33 —ZH
4.8.5)
We can write eq. (4.8.2) as
Tll = /1(622 + 633) + (/1 + 2#)611 (486)
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—e11(A+21)+714
A

If we divide (4.8.6) by e;; = (e,, + €33) =

From (4.8.3) and (4.8.4) and using (4.8.7) we obtain

Ty — e (A+2
Ty + T33 = 2&9 + 2[1( = 11/1( l'l')>

711 —e (A + 2#))

1
/1925(722+T33)_#< 1

(4.8.8)

Substituting (4.8.8) in (4.8.2) we obtain

_ (ﬂ“+'u)711 _ /1(722"'733)
1(3A+2u) 2u(32+2u)

e,
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