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Because (n|z|n) =0

. C 1 " o
" o — n(<n’$\n Y |23n) 4 (n|23|n') (n/|z|n)) (188)

8

USing<n|a”n/> = \/77571,7#—17 <n’aT|n,> =V n' + 15n,n’+1

2% (1/2)
(nlzln’) = 2<mw) (Vi bt + VA F 1001 (189)

3

So only / =n+ 1 and n/ = n — 1 contribute. The only relevant terms in 23 are afala, afaa, af, a

(nlaala|n’y = n'v/n/ + 16, 11 (190)
(n|ataaln’) = (n' — 1)\/>5nn , (191)
This gives
5 0 3/ 2n\B/2)

(n|z?|n"y = 3 () {nf&nn i1+ (n+ D)V + 10, } (192)

201 (2n\W2 3 256G/
Tn=2 <mw> . () ((n+1)? -] (193)

3 h

As a result, the mean position of the particle depends on the number of phonons excited. That is,
the mean position depends on the temperature. This is thermal expansion.

Sec. 11

I1.1. Wannier functions.

(a) Wannier function is defined as,
Wa(r — R) = f > e Ry (r) (195)

Use planewaves as an approximation for the band states, and use a cubic cell with dimension
a7

V(1) = etk (196)

1
w
and therefore,

W( Rl Z e szZezkr

kEBZ

|V 3 ik-(r—R) _ Kisin(g(x — Ry)) sin(7(y — Ryy)) sin(% (2 — Ry2))
=¥ /fracdk:(27r) e =\ N3 pra— - p— e
(197)
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) ~ 1 :
H|W,, /d’r ki-Riye (p)H—— “ik2 Ry b (1
(W (R)|H| Ze Uik, () \/N%G Yrnkey (7)
1 % —1 ik1-R; ,—ik2-R;
N Z kR ‘e k2R <¢nk1‘H‘wmk2> N Z € k1 Rle ko R, nk15mn5k1k2 (198)
kik>

k1ko
1
_ ik1-(R; R
- NZ ! Enk,
k1

(c) If we allow mixing of different bands, the Wannier function with band index n at cell R is
defined by,

(2‘;)3 Bzdke_ZkR[Z Ut ] 99)

Note that the unit of Bloch wavefunction is [1)(x)] = L~3/2, U is dimensionless, and therefore
we also require that w(x) be of the same unit with ¢ (x).

wnR(m) =

After we get the Wannier functions, we can calculate the hopping parameters between these
MLW€Fs, which are exactly the Hamiltonian matrix elements between these Wannier functions.

<,me1 |H|wnR2 _ /da: [/ dklefzku ‘R Z U(kl)wm’kl ‘| [/ deefle ‘Ro Z U (k2) ¢n’k2
14 ik1-Ry _—iko-Ra (kl

= > / dkydkye e U / Az, () H () )k, ()

= T‘; . Z / dkydkoe*r Bre=ike Reyg ey 02) 5, it By

P / dky e’ (R Rz)ZUnf;n USY By

1R BB N U TU)

= <wm(R17R2 )“Fl‘wn0>

(200)
which depends only upon (R; — Ry).
I1.2. Band structure and dynamics of electrons.
(a) (i) The group velomty v = d—“,: = %j—k = G(Eéifl) sin(ka).
(i) =
* h2 dk2 -
2h? 1
m* = (201)

a(FEy — Ey) cos(ka)
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(iii) Bloch oscillation,

k(t) = k(0) + %t
v(k) = G(EZgEl) sin(ka)
2(t) = /v(k:(t))dt

(B2 — Eh)

= S (o 1) 4200

So the period is T' = %, range of distance is %

(b) In Wannier representation,

.0 0

, 0
[En(_zf)Rx’ —za—Ry) + V(R,, Ry)] Y(Ry, Ry, t) = Zhai/f(Rm Ry, t)

In Bloch representation,
Ey(ky, ky) + V(i i=—)| ¥(ks, ky,t) = ih—1(ky, Ky, t)
e Ok, Ok, e ot Y

I1.3. Electrons in an electric field.

(a) The group velocity is

1 de aky .
i sin(ka)
(b)

dk

& R
hdt e

E
k(t) = k(0) — %t

Because z(0) = 0,

x(t) = —eE—l% <cos(a€hEt) - 1>

I1.4. Velocity and effective mass of crystal electrons.

The group velocity v = %% = —% sin(ka). The effective mass m* = _an%f)s(lm)’
2 2
(a) v= —E%a Ok, m* = ——Ezag.
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(b) v= —EOTC‘Qék,m* =

T Epa?
_ _ Epa x _ R
= "8 oM = T Eyokad
__Eoa % _ K2
= " Tho = Eooka3"

I1.5. Electron Dynamics.

(a)

e(k) = —271 |cos %(kzw + ky) + cos %(kw — ky) + cos g(k;x + k)
+ cos g(kx — k) + cos g(k:y + k) + cos g(ky — k)
(i)
Y. = L0
Y ROk,
_m[s, ait( +ey) +si ait( — &)
=7 1n2h € + €y 1n2h €x — €y
+ si a—et( +e€;) +si a—et( — )}
in oh €r + €, in o €z — €4
SO
2 " t .
x(t) :/U(t)dt: u [COS ae(e +6y) —1} + other similar terms
e(ez + €y) 2h
2T | (cos Alea + )t — 1) + ——(cos A(ex — ¢,)t — 1)
= COS A€y T €y)l — cos A(€; — €y)t —
e | €+ €y 4 €r — €y y
p—— (cos A(ey +€,)t — 1) + p— (cos A(ey — €,)t — 1)]
(i)
(t) = y(t) = 2(t) = = (cos € — 1)
=R =AY = ee h

-0.5

-2.0r

Figure 18: Sketch
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(iii) For the estimation, let’s take 7 22 5 eV, and not worry about counting nearest neighbours.

The amplitude,

47 43 x 5eV
ee  1leV/mm

for e 1 V/mm. This is roughly 5 mm.

I1.6. Berry phase in the spin dynamics of an electron in a magnetic field.

(a)
H= %0 -B(t)
_ eh|B(t)] ( cos(6) e~ sin() >
2me e®sin(f)  — cos(6)
We use a trial eigenfunction ( in unit of %)
" ( cos(0/2) ) _ ( “cos(f) cos(6/2) + sin(0) sin(/2) )
' sin(6/2) €' (sin(6) cos(0/2) — cos() sin(6/2))
_ ( ‘005(9/2) )
e’ sin(6/2)

(b)

A(0,6) = ix}(0, ) Vx1(0, )

1 —Lsin(/2) \ 4 1 0 )
Vxi (0, ¢) = |B| ( %62%5 cos(0/2) > o+ |B|sin(6) ( ie'?sin(0/2) ) ¢

which leads to,

—sin?(0/2) »
A6, 9) = | B| sin(0)
and therefore,
1 A
(c)
_ _ 1 r|BP
w_/ds-ﬂ_—5 B

1
=—5A

I1.7. Hartree-Fock approximation for ferromagnetic electron gas.
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(a) When we go from a paramagnetic to a ferromagnetic ground state, the r; parameter doesn’t
change, but the spin degeneracy factor gs changes from 2 to 1. Alternatively, we can write the
ground-state energy F solely in terms of the Fermi wavevector without any reference to gs,
ie., B = E(rs,g9s) = Ex(kr). Now, all we have to do is to relate the Fermi wave vector from
paramagnetic case to the ferromagnetic case. We know that,

3 1/3 1 1/3
TS:< ) () Cn= N/Qua (234)

4r n

Also,

Qxa
N =g.> (1) = £k
k

672
1\/3 1
o ()"
s Ts

The relationship between the paramagnetic and ferromagnetic Fermi wavevector is k:g =
21/3 kf;. So, the total energy is given by

(235)

EY = E,(kE) = EF(ry)

EF = Bu(kE) = Ep(23 kE) = EF (ry) (236)

We can rewrite the the ferromagnetic ground-state energy in terms of the paramagnetic one,
Ef(ry) = By V3 kL) = EP (2713 ry) (237)

Within the Hartree-Fock approximation,

221 0.916
B (ra) = 2y
5 ° 238)
351 1.15 (
Ef(ry) = "2 —
(rs) r2 T

(b) The ground-state energy for the two cases is compared in Fig. 19:
Energy (Ry)
0.02
sy,

-0.02
— Paramag.

~0.04 Ferromag.

-0.06

-0.08

-0.10
Figure 19: Ground-state energy in FM and AFM cases
Note that the ferromagnetic state is lower in energy than the paramagnetic case for ry > 5.56.

This makes sense, as ferromagnetism can be though as a strongly-corollated phenomenum, so
it should take place as larger values of rg.
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I1.8. Exchange-correlation hole

(a) (i) There are 2 atoms per cell, so n = a% In Rydberg units, a = 7.94ag, so n =

ro=(2)" 19 =301,

(ii) We can estimate the exchange-correlation hole from the correlation function g (r,0) =
i {1 — (f(r))ﬂ, where f(r) = %jl (rkr). The first zero of the spherical Bessel function
Jj1isat rkp =45 = 1“17',—22. So, the size of the xc hole is 7 ~ 1.97 ag.

2
CAEL and

(b) (i) The energy is roughly the Coulomb potential between the xc hole and the electron, so
it’s )
e 2 .
€ee=—3 =" I Ry (239)

(ii) If we use the correct exchange-correlation hole, the charge density associated to the hole
would be farther away, so €, would be larger (i.e., less negative).

I1.9. Wigner electron crystal.

(a) In a Wigner sphere (radius R = aors), ion charge is evenly distributed, and we can get the
electric field by using Gauss’s law,

Q _ Qr?
/ E.-dl = {4“0( 233)’ ref (240)

r>R

4meqr?

In the sphere, electrons feel the electric potential,

1 3e er?
(—e)V(r) = Ineg <_2R + 2R3) (241)

with R = agrs and ag = %. In atomic units, we get,
R

Vir)=—+ — 242

)=+ (242)

(b) In a harmonic model Hamiltonian of electron in a Wigner sphere,
H = _ﬁvQ _ 1 g — ﬁ
2m dmeg \ 2R 2R3
h? e? P2 1
- E o2 2\ _ g b 122
o+< QmV +87r60R3r> o+<2m+2mwr

where w = \/m. Using Virial theorem, we know that Ej = E, = %E And the kinetic
energy Fj. from the zero-point motion is given by,

(243)

1 3 e2h?
Ey=-E=-thw="4—
FT 2T T 29 4\ 4meomR3 (244)
3.
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(c) Total energy: E = —%8 + . At equilibrium,

2?

OF 25
S P e 245
O "= 16 (245)

Then the volume per electron is V. = 2Z73 = 15.98 in units of a3.

3
The bulk modulus is then given by,

O’E

B==V5n

=4.005 x 1072 (246)

25
rs=1g

I1.10. Kramers-Kronig relations.

Assume E(t) = Eod(t) is a pulse of electric field at ¢ = 0. Then the dielectric function is defined
as,

= / dt' e(tE(t —t') (247)

Eo (248)
Because D(t) must vanish for ¢t < 0,
e(t)=0 for t<0 (249)
S0
- /0 7 dteite(t) (250)

et decays exponentially as a function of t when the imaginary part of w is greater than zero. By
Cauchy’s theorem:

dow' (W)
€(w)=9¢ ————F—— 251
() 2w’ —w —in (251)
assuming 7 is very small. In order for the Cauchy’s theorem to be valid, the function ¢(w) must
drop off faster than w’ for large w’. Therefore,
dw/ w/ _ 00
€(w) — €™ = 76(# (252)
2mi W' — w —in
—€* is the value of € as w goes to infinity. Now we can separate the equation into real and imagi-
nary parts.

We notice that when 7 goes to zero, the pole will move to the real axis, so we need to change
our contour to include a half-circuit around the pole at w = w’ which passes below the pole. The
half-circuit part in the contour contributes half to the contour integral as there is only one pole
inside. If we want to discard the contribution from the half-circuit to make it a Cauchy principle
value, we must include a factor of 2 in the RHS to keep the equity .

—P f{ du’ efw) = €* (253)
(JJ — W
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Therefore, using €; and ey for the real and imaginary part of € we have

2 /d/ /
61(W)—e°°:P]{ W' _es()

w2 — 2

2w’dw e1(w') — €™
e2(w) P]{ W2 — 2

I1.11. Sum rules of dielectric function.

(a) In Drude model,

Q%TQ
aw) = 1+ w272
2
WoT
_ P
€2(w) w(l + w?7?)
w2 w2 -1
For 7 — o0, €1(w) - 1 — —5 and ea(w) = ?prQ_WQ
Use the identity,
5
il—>0 x2 + 2 mo(a)
and we will have,
w2
ea(w) = ﬂ;pé(w), as 71 = oo

and )
o0 o) w
/ wea(w)dw = muf,/ dwd(w) = e’
0 0 2
(b) Take inverse of dielectric function,

1 — 1 1
efl(w) = =4 1622 = Im[-] = —

€1 + €2 e% + €5 € e% + 6%

Use the Kramers-Kronig relation for e,

Re[

7P/ do ,wIml/e( ol

_w2

(

Consider the limit w — oo,

Re[l/e] — 1= ‘WP/ do ' Tm[1/e(w)]

With 7 — oo and w # 0, we have e3(w) — 0, which means,

1 1 1 1

~
— ~ —

ew)  etiwy e 1 _ wp

Here we take w — o0,

w2
Re[l/e(w)] — 1 = w—g

which leads to,

w2

(712) — TFUJQP/ dw' W'Tm(1/e(w)]
Tw?

:>/0 dw wIm[l/e(w)] = —Tp
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I1.12. Induced charge in a metal.

Consider an impurity in a metal. Since there is no oscillation, we take w = 0. We have Lindhard
dielectric function as,

k3 F(q/2kr) —(q/2kr)* | |14 q/2kp
=0)=1+-22—-++—+ 2k 266
.o = 0) = 14+ IR p(g k) = gr WP LU )
And e3(q,w = 0) = 0. In this way, e(q) = €1(q) € R.
From Maxwell’s equations,
V -D(r) =4mp;(r
(1) = 4pir) .
V- E(r) = 4m(pi(r) + ps(r))
where p; is impurity charge density and ps is induced charge density.
With Fourier transform, we have,
iq- D(q) = 4mp;
iq (q) = 4mpi(q) (268)
iq- E(q) = 47 (pi(q) + ps(q))
Impurity charge can be treated as a point charge in large r limit,
pi(r) = Qé(r)
o (269)
q)=/pi(r)e "dg = Q
The dielectric function is defined as,
- Plg) _ . pi(q) Q 1—¢(q)
€(q) = lim ——= = lim = = ps(q) = Q 270
D= B @ e Qe YT ) 27
That is, . .
e
s(r) = s(q)e™” = ¢ dg(—1 .
petr) = | Gamena)e®” = s | a0 o)
Q 1/00 d1_6<Q) iqr
q e
m)? €(q)

ey
Define f(q) = (2%2 (()) and we will have,

2

ps(r) = — /_O:o flq)e' " dg = % /_o:o dq qsin(gr) <q2 n kE;(Q/ZkF) - 1> (272)

The residue at the singular point z = ik, is proportional to e *s" /7. But we only consider r — oo,
so it decays to zero.

With two branch cuts, 1 = £1 & ¢ = +2kp, define two contours: C; = {(x,y)|x = —2kp,y €
(+00,m) U (=1, —00)} and Cz = {(z,y)|z = 2kp,y € (+00,+n) U (—n, —00)}.

Stim ([ o+ [ )adas '
s lim d —1
ps(r) = 427 a0 i * Cs adq sin(qr) q* + k2F(q/2kr)

9 3 ] 00 ) o0
__Q 7k 8kFl lim [ezszi/ due™™" + e22kFi/ vdv em} (273)
Am?r? dkp (4k% + 2k2)2 n—=0 " 7

Q k2 /K3, cos(2kpr)

== 3 cos(2k
AR B s
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I1.13. Zeros and poles of dielectric function.

The interaction of light with a medium can be described by the dielectric function €(k,w), and the
Maxwell equations (in a non-magnetic medium):

V-(eE) = ATpest (274)
10B
EFE = —(—— 2
V x 5 (275)
V-B =0 (276)
4 10
VxB = ?Jext + E&(EE) (277)
Inside the medium there are no external sources, s0 pezt = Jezt = 0. If we Fourier analyze the
fields we get,
k-(cE) = 0 (278)
k-B = 0 (279)
kxE = “B (280)
c
kxB = —2(E) (281)
c
In general there are no longitudinal modes because,
k- (E)=0=—=E=0 (282)

except when € = 0. Therefore, longitudinal modes are only allowed for (w, k) € e(w, k) = 0.
Combine Eqn. (279) and (281), one gets the dispersion relationship for the transverse mode:

w? ?

2 e(k,w)

(283)

At high frequencies € ~ 1 then w?/k? = ¢? is just the free space dispersion, i.e. at high frequencies
the light does not interact strongly with the medium. There are also low frequency solutions to
Eqn. (283), which are the transverse normal modes of the medium. Since w? is small and ¢? is
large, Eqn. (283) is satisfied only if e(k,w) is very large, which occurs near the poles of e. For
practical purposes, we can say that the transverse normal modes occur at the poles of e.

I1.14. Polar insulators.

(a) See AshcraftédMermin Chap. 27 for detailed derivation.
(b) If €(w) < 0, then n = i\/—¢, and R = 1. Also note that,

_ Va1 _ |V o1
R(O)_‘\/%Jﬂ Rleo) = Voo +1

And we can plot the frequency-dependent reflectivity as Fig. 20,

2 2

(284)

(¢) R close to 1 in the polariton region.

(d) For the LO mode there is an additional restoring force coming from the dipole field.
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lw)f

l-

R(9)¢

Figure 20: Frequency-dependent reflectivity

I1.15. Density functional theory.

Within the Kohn-Sham formalism, we write the energy of the system as a function of the charge
density and Kohn-Sham orbitals as

Elp] = ext[ ]+T[{¢}]+Eee[ | + Exclp]

2 , (285)
Eee _ g /d?’r d37J M
2 r—r|
E. = /d3r Uxc
(I') = Z niqbz
Note that dp(r)
pr)
So the derivative of each term is
8Eex *
anjt _ / A% Vext (1) 65 (r) 5 (r)
oT 1 *
o =3 /d3r (1) V205 (x)
/
8Eee — e /d3 d3 /w (287)
on; v — |

fe/ﬂ%vH ()6 (r)
OFx /d 7 Uxe(T )¢J( r)

6nj
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We recognize the Kohn-Sham Hamiltonian as

HES — % V2 + Vext (1) + vp (r) + Vae(r) (288)
So,
OF )
OF _ [ atr g5ia sy (e) = & (%)
on;

This result is also known as Janak’s theory; a slightly more complete derivation including self-
consistent effects is found in PRB 18, 7165 (1978). In principle, this relation shows that there is a
connection between the eigenvalues of the Kohn-Sham equations and the energy to add or remove
an electron to the system. However, this relation alone is not enough to prove this property,
since this relation is only valid for infinitesimal changes in the number of electrons, which is not
physical. It can still be shown that, if the exact exchange-correlation is known, then the Kohn-
Sham eigenvalues for the highest occupied and lowest orbitals correspond to the ionization potential
and electron affinity of the system, respectively. See PRL 49, 1691 (1982).

I1.16. Kohn effect.

For a free electron gas model, the Lindhard dielectric function has the form:

2 Skpq

dme? 1 4k%Z — ¢, |2k
Ten l a qln‘ F+q‘ (290)

0)=14 ——5—

€(q,0) is continuous at ¢ = 2kp, but %2’0) has a logarithmic infinity at ¢ = 2kp. The phonon

frequency is determined by the motion of ions. Actually, the potential between ions is screened
by the electronic dielectric function. Therefore, there will be some dependence of the phonon
frequency on €(gq). As ¢ increase through 2k, the dielectric constant suddenly decrease. Then, it
leads to a sudden (small) increase in the frequency w of a lattice vibration at ¢ = 2kp. This effect
influence the longitudinal modes since €(q,0) above is the longitudinal dielectric constant. For the
transverse mode, the influence is not so simple and so large as for longitudinal mode. The detailed
effect of the Fermi surface on phonon spectra anomaly is discussed in (PR126, 1693(62) by Kohn
et al.).

Sec. II1

ITI.1. Light absorption in InSb.

InSb is a direct band gap semiconductor. We ignore the heavy hole valence band for now. We use
the energy and momentum conservation relation in the optical absorption:

2
pec + 21;3;5 = Ephoton — Egap (291)
Pe = Ph (292)

The electron and hole kinetic energies are 0.309 eV and 0.011 eV, respectively. If the photon
momentum is included, we have

Ephot(m

Pe =pn + (293)

The electron and hole momenta differ by approximately 0.8%.

II1.2. Exciton.
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