Fundamentals of Differential Equations 9th edition
Nagle Solutions Manual

SKU: 9780321977069-SOLUTIONS

Fundamentals of Differential Equations 9th edition Nagle Solutions Manual


https://ravanbooks.com/books/9780321977069-solutions

CHAPTER 2: First Order Differential Equations

EXERCISES 2.2: Separable Equations

10.

This equation is separable because we can separate variables by multiplying both sides

by dx and dividing by 4y? — 3y + 1.

This equation is separable because

dy B yem—i-y B
de — x2+2

( - ) ye! = g(x)p(y).

x2+2
Writing the equation in the form

ds s+1

dt st .

we see that the right-hand side cannot be represented in the form g(¢)p(s). Therefore,

the equation is not separable.

To separate variables, we divide the equation by x and multiply by dt. Integrating yields
dx

3 3
— = 3t*dt = In|z| =+ C = 2] = T = et
x
3 3 3
= |z| = Cye! = x = +Che" = Ce',
where C) is an arbitrary constant and, therefore, Cy := €' is an arbitrary positive

constant, C' = +(} is any nonzero constant. Separating variables, we lost a solution
2 = 0, which can be included in the above formula by taking C' = 0. Thus, z = Ce’, C

— arbitrary constant, is a general solution.

Separating variables yields

2 gy — xdx N /2d B xdz
ST e S RV ey

The second integral can be evaluated using a substitution u = 1 + x.

xdx (u—1)du a1y 2
_ RS A . du = = /2 9 1/2 C
Vite Vi / (% =) du = g = 2
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12.

14.

16.

Chapter 2 First Order Differential Equations

Thus,

3

2
%:§(1+x)3/2—2(1+x)1/2+0 = y:{’/2(1+x)3/2—6(1+x)1/2+(].

Separating variables, we obtain

dy  dx
secZy 142’

Using the trigonometric identities secy = 1/cosy and cos’y = (1 + cos2y)/2 and

integrating, we get

dy  dx N (1+cos2y)dy  dx
secy 1+ a? 2 142
1
N /( + cos 2y)dy :/ dx
2 1+ a2
1 1 .
= 5 Y + 5 sin 2y | = arctanz + C4

= 2y + sin 2y = 4 arctan x + 4CY = 2y +sin 2y = 4 arctanz + C.
The last equation defines implicit solutions to the given differential equation.

Writing the given equation in the form dz/dt = 23 + x, we separate the variables to get
dx dx 1 1
= = — — ——— |xdr =dt.
B+zr  z(2?+1) /(932 x2+1)

1 ) ) x?
§[ln(x)—ln(x —i—l)}:t—l—Cl =

Thus,

. — 2012 Ce?
2 +1

where C' > 0 is an arbitrary constant. (Note that, separating variables, we lost a solution

x = 0, which can be included in the above formula by letting C' = 0.) Solving for z, we

/ C€2t

To separate variables, we move the term, containing dz, to the right-hand side of the

get

equation and divide both sides by y. This yields

cos
—€

y ldy = —ye®*sinz dx = Yy 2dy = sinx dx.

Integrating the last equation, we obtain
/y_Qdy = /(—ew” sinx) dx = —y '+ C = /e“du (u = cos )
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20.

Exercises 2.2 Separable Equations 45

1

1
= ———'—C:euzecosw = ==,
Y Y C’_ecosz

where C' is an arbitrary constant.

First we find a general solution to the equation. Separating variables and integrating,

we get
dy 3 dy 3
72— 231 — = —— =2z"d
d 4
= —y:/x3dx = —ln|1—y|—|—01:x—
1—y 4
.7}4 44
= \1—y|=exp<C’1—Z):C’e_x/.

We use the initial condition, y(0) = 3, to find C'. Thus, substitution y = 3 and = = 0

into the last equation yields
1-3=Cce®* = 2=C

Therefore, |1—y| = 2¢~='/*_ Finally, since 1 —y(0) =1—-3 < 0, on an interval containing

x =0 one has 1 —y(x) < 0 so that |1 — y(z)| = y(x) — 1. Thus, the answer

y—1= 2"/ or Y= 2e~ "4 4 1.

Separating variables yields
4o —x — 2
dy = ——dz. 2.1
(y+ Ddy 2ar) @ (2.1)
For integrating the right-hand side, we use partial fractions.
4:172—:17—2_A+B N C
w2(r+1)  x  22 z+1

Solving for A, B, and C, we get A =1, B = —2, and C' = 3. Thus, integrating (2.1),

we obtain

1 2
§(y+1)2zlnx+—+3ln(x—|—1)+0.
x

With y(1) = 1, C' = —31In2 so that the answer is

1 2
§(y+1)2 =Inz+ = +3n(z+1) —3In2
x

or, solving for y,

4
y-—l—i—\/ln(x2)+—+ln[(x+1)6]—6ln2.
T
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46 Chapter 2 First Order Differential Equations

22. Writing 2ydy = —2%dz and integrating, we find

=—— 4+ C
Y 3 +
With y(0) = 2,
:_ (07 _
(2)° = 3 +C = C =4,
and so
3 3
9 T T
Y 3 + Y 3 +

We note that, taking the square root, we chose the positive sign because y(0) > 0.
24. For a general solution, we separate variables and integrate.
ey
/e2ydy = /8x3dx = -5 = 22 + ¢y = e =42 + C.
We substitute now the initial condition, y(1) = 0, and obtain
1=4+C = C=-3
Hence, the answer is given by

e =4z* — 3 = y:%ln(4x4—3).

26. We separate variables and obtain

dyi dx - _
/ﬁ__ T = 2y/y=—In|l+z/+C=—-In(1+2)+C,

because at initial point, x = 0, 1 + = > 0. Using the fact that y(0) = 1, we find C.
2=0+4+C = C =2,
and so y = [2 — In(1 + z)]* /4 is the answer.
28. We have

— =2y(1—-1) = &y =2(1 —t)dt = Inlyl=—-(t—-1)>*+C

Copyright (©) 2018 Pearson Education, Inc.

Fundamentals of Differential Equations 9th edition Nagle Solutions Manual


https://ravanbooks.com/books/9780321977069-solutions

Exercises 2.2 Separable Equations 47

where C # 0 is any constant. Separating variables, we lost the solution y = 0, which
can be included into the above formula by letting C; = 0. So, a general solution to the

given equation is
Yy = C’le_(t_l)Q, (] is an arbitrary constant.
Substituting ¢ = 0 and y = 3, we find
3=Cet = C, = 3e = Yy = 3el=(-1)* — 32—t

The graph of this function is given in Fig. 2—A at the end of the chapter.
Since y(t) > 0 for any ¢, from the given equation we have y/(¢t) > 0 for t < 1 and y/(¢) < 0

for t > 1. Thus ¢t = 1 is the point of absolute maximum with y,., = y(1) = 3e.

30. (a) Dividing by (y + 1)?/3, multiplying by dz, and integrating, we obtain

/L—/(x—i%)dx = 3( +1)1/3:x—2—3x+0
o+ P v 3

x? ’
= y——1+<€—x+01) .
(b) Substituting y = —1 into the original equation yields

d(-1)
dx

= (z-3)(-1+1)*3 =0,

and so the equation is satisfied.

(c) For y = —1 for the solution in part (a), we must have

x? 3 x?
<€—$+C1) =0 < F—JI—FClEO,

which is impossible since a quadratic polynomial has at most two zeros.
32. (a) The direction field of the given differential equation is shown in Fig. 2—B at the
end of the chapter. Using this picture we predict that lim, . ¢(z) = 1.

(b) In notation of Section 1.4, we have xg = 0, yo = 1.5, f(z,y) = v* — 3y + 2, and
h = 0.1. With this step size, we need (1 — 0)/0.1 = 10 steps to approximate ¢(1).
The results of computation are given in Table 2—A at the end of the chapter. From

this table we conclude that ¢(1) ~ 1.26660 .
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48 Chapter 2 First Order Differential Equations

(c) Separating variables and integrating, we obtain

dy dy
7y2—3y+2:dx = /7y2—3y+2_/dx = In

where we have used a partial fractions decomposition

y—2
y—1

‘—x+C,

1 1
Y2 —3y+2 y—-2 y—1

to evaluate the integral. The initial condition, y(0) = 1.5, implies that C' = 0, and

SO
lny_2':x = ‘g‘:ew = y—_2:—e‘”.
y—1 y—1 y—1
(We have chosen the negative sign because of the initial condition.) Solving for y
yields
y=¢@%=iii

The graph of this solution is shown in Fig. 2—B at the end of the chapter.

(d) We find

6'%i ~ 1.26804 .

¢(1) =

Thus, the approximate value ¢(1) ~ 1.26660 found in part (b) differs from the

e+

actual value by less than 0.003.

(e) We find the limit of ¢(x) at infinity writing

which confirms our guess in part (a).

34. (a) Separating variables and integrating, we get

T T
7=kt = /T_M——/Mti In|T — M| = —kt + C,

T —
= T — M| = e“1e* = T— M =+e“ e =Ce™™,

where C' is any nonzero constant. We can include the lost solution T' = M into this

formula by letting C' = 0. Thus, a general solution to the equation is
T=M-+Ce ™,
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36.

38.

Exercises 2.2 Separable Equations 49

(b) Given that M = 70°, T'(0) = 100°, T'(6) = 80°, we form a system to determine C
and k.

100 = 70+ C N C = 30
80 = 70+ Ce k = —(1/6)1n[(80 — 70)/30] = (1/6)1n3.

Therefore,

T =70 4 30e~123)/6 — 70 4 (30)37/6,

and after 20 min the reading is
T(20) = 70 + (30)372%/6 ~ 70.77°.

A general solution to the cooling equation found in Problem 34, that is, T = M + Ce™*.

Since T'(0) = 100°, T(5) = 80°, and 7'(10) = 65°, we determine M, C, and k from the

system
M+C = 100
M + Ce* 80 CL—e™) =N L gy
e = e F =3/4.
CeF(1—e%) = 15

M+ Ce %% = 65

To find M, we can now use the first two equations in the above system.

M+ C = 100
{ * = M = 20.

M+ (3/4)C = 80

With m = 100, g = 9.8, and k = 5, the equation becomes

dv dv
100 — =1 8) — 20 — =196 — v.
00 7 00(9.8) — 5v = 0 7 96 — v
Separating variables and integrating yields
dv 1 t
=—— [dt In|v—196| = —— =1 —t/20
/0—196 50 = In|v— 196 20+C'1 = v =196+ Ce ,

where C'is an arbitrary nonzero constant. With C' = 0, this formula also gives the (lost)

constant solution v(t) = 196. From the initial condition, v(0) = 10, we find C.
196 + C = 10 = C = —186 = v(t) = 196 — 186e /2.
The terminal velocity of the object can be found by letting ¢ — oc.

Voo = lim (196 — 186e"/2%) = 196 (m/sec).

—00
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50 Chapter 2 First Order Differential Equations

40. (a) Substituting p = Mp/RT into dp/dz = —pg yields

dp __(Mp\ My
iz \rr )Y "Rr?

Separating variables and integrating, we find

d M
?p B _R—Jg dz (2.2)
Mg —(Mg/RT)z
= lnp: —ﬁzjt(}’l = p(z) =(Ce ) (23)
For z = 2,
p(z0) = Ce Ma/BT)z0 N C = p(z) eM9/EDz0
Thus,
p(2) = p (20) eMIFNGE072) = p () e Molem20)/(RT)

p(z) Mg [ dC

"o - R JTQ

20

z

= p(2) = p(20) exp _%/%

20

(c) With the given formula for T'(z), the integral in part (b) gives

z

/ d¢ L, 288 —0.0065 (= — 2)

288 — 0.0065 (C — 2) __ 0.0065 288

20

Therefore,

288 — 0.0065 (2 — )] 9/ (0-00658)
288 .

Substituting the given data into this equation and computing, we get the height

p(2) = p(20)

z— zp ~ 168 (m).
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Ezercises 2.3 Linear Equations
EXERCISES 2.3: Linear Equations
2. Neither.
4. Linear.
6. Linear.
8. Writing the equation in standard form,
dy 'y
YT oy
dr =z L
we see that
Pa)=-2 = u)=ew|[(-1)d (~Inz) = -
xr)=—— ) =ex —— |dx| =exp(—Inz) = —.
x a P x P x
Multiplying the given equation by pu(z), we get
d 1 1
_<Q>:2+_ = y_x/(2+—)dm-x(2x+ln\x|+0).
dr \z T T
10. From the standard form of the given equation,
dy 2
dx + LA
we find that
p(x) = exp [/(Q/x)dx] =exp (2In |z|) = 2
d 5 —2 —2 —2 —2 ~1
= %(xy):x = y==x r 4dr ==x (—x +C’):
12. Here, P(z) = 4, Q(x) = %%, So, u(z) = €** and
d 3
e (e“y) = g2 = y=e 1 /xzdx =M (% + C')
14. In standard form, we have
dy 3 sin x 5
=+ — — 3.
dr x2
Therefore, P(z) = 3/,
(/ de) 3
plr)=exp| [ — | ==
x
and
y:i (msir1x—i’>x4)61lx:i sinx—xcosx—§x5+0
x3 x3 5 .

(Integration by parts was used to integrate the first term.)
Copyright (©) 2018 Pearson Education, Inc.
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16.

18.

20.

22,

Chapter 2 First Order Differential Equations

Here, |z] < 1 and

P)= - =1-——, Q@)

1 — a2 1—22’

Therefore,

1+z
V1—22
+x

1(x) = exp U <1 _ 1_1x2) das} :ex\/?

so that u(x)Q(z) = e* and

. 14z, 14z _z
y=e ”1—93(6 +C) = 1—x(1+06 ).

Since p(z) = exp ([ 4dz) = e**, we have

d

% (64xy) — 64x€—m — 63w
=

Yy = 6_49”/63“"30[33 = 63 + Ce 2.
Substituting the initial condition, y = 4/3 at = = 0, yields

4 1
—=—-+C = Cc=1
3 3Jr ’

and so y = ¢7%/3 + e~ is the solution to the given initial value problem.

We have
3d
p(x) = exp (/ Tx) =exp (3Inz) = 2°
5 4
= :E?’y:/x3(3x—2)dx:3%—%+0
327z 5
- V= g te
With y(1) = 1,
3 1 9 322
1=y(l) =< — = = ==
v =5-5t¢ = C=3 F v=5 3

From the standard form of this equation,

dy
— +ycotxr = x,
dx

we find
p(x) = exp (/ cotxdx) = exp (Insinz) = sin z.

Copyright (©) 2018 Pearson Education, Inc.
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Ezercises 2.3 Linear Equations 53

(Alternatively, one can notice that the left-hand side of the original equation is the

derivative of the product ysinx.) So, using integration by parts, we obtain

ysinx:/xsinxdx: —xcosx +sinx + C
= y=—xcotx+ 1+ Ccscu.
We find C' using the initial condition y(7/2) = 2:
2:—gcotg+1+(jcsc<g):1+0 = C =1,

and the solution is given by

y=—xcotx+ 1+ cscw.

24. (a) The equation (12) of the text becomes
d—i + 20y = 50e 1" = p(t) = e
N g = 6—20t/€20t (50710 dt = 6—20t/50€10tdt — 510t | (0pm20t

Since y(0) = 40, we have
40=5+C = C=35 = y = e 10 4 350720,

The term 5e~1% will eventually dominate.
(b) This time, the equation (12) has the form

d
d—?z + 10y = 50e 1% = wu(t) = elot

= y=e 1V / ' (50e~ ') dt = e~ "(50t + C).

Substituting the initial condition yields

40 = y(0) = C = y = e 1%(50t + 40).

26. Here
sinx cos x
P =
(93) 1 +sin’z
i d 1
= p(zr) =exp (/ %) = exp {5 In (1 + sin’ x)} =V 1+sin?a.
sin“ x
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54 Chapter 2 First Order Differential Equations

Thus,
y\/1+sin2x—/\/1+sin2tdt = y=(1+sin’2) 1/2/ (1 + sin® tl/zdt
0 0

and

1
y(1) = (1 + sin? 1)1/2 / (14 sin® £)/2dt.
0

We now use the Simpson’s Rule to find that y(1) ~ 0.860.

28. (a) Substituting y = e~* into the equation (16) yields

+e P =—eT+e*=0.

So, y = ™" is a solution to (16).

1

The function y = 2~ is a solution to (17) because

-1
d(zx ) + (@ ==z 2+27%2=0
(b) For any constant C,
HCT) 4 v = e 1 e =
dx

Thus y = Ce™" is a solution to (16).
Substituting y = Cz~! into (17), we obtain

d(Cz™1)
dx

+(Ca™ ') = (-C)a 2+ C*2 2 =C(C - 1)x?

and so we must have C(C — 1) = 0 in order that y = Cz™! is a solution to (17).
Thus, either C' =0 or C' = 1.

(c) For the function y = C'y, one has

d(dig)+P(x>(c )= cdy+0( P(x)j )_c<%+P(:p)g) =0

if g is a solution to y' + P(x)y = 0.

30. (a) Multiplying both sides of (18) by y?, we get

o dy

yd —|—2y = 1.
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32. In the given equation, P(z) = 2, which implies that p(z) =

Ezercises 2.3 Linear Equations 55

If v = 3, then v/ = 3y?y’. Thus, y*y’ =1'/3, and we have

which is equivalent to (19).
(b) The equation (19) is linear with P(z) =6 and Q(z) = 3z. So,

1(x) = exp ( / 6d9:) e
S p(a) = et / (32¢57)d — 6_2696 (xe&v _ / eﬁxdx)

6—696 6690 T

1
_ 6 _ 7 _ —6x
== (xe 5 +C’1) 5 1o + Ce™™,

where C' = (/2 is an arbitrary constant. The back substitution yields

3/ 1
e P
y \/2 g Toe

2z Following guidelines,

e
first we solve the equation on [0,3]. On this interval, Q(x) = 2. Therefore,
y(z) = e 2* /(Q)ezxdx =1+ Cie ™.
Since y1(0) = 0, we get
14+ Ce’ =0 = Ci=-1 = y(z) =1—e2.
For z > 3, Q(z) = —2 and so
yo(z) = 72" /(—2)e2xdx = —1+4 Che .
We now choose Cs so that

1(B3)=pB)=1-¢" = —1+Chet=1—¢F = Cy=2e —1.

Therefore, yo(z) = —1 + (2 — 1)e~2*, and the continuous solution to the given initial

value problem on [0, 00) is

1—e 22 0<x <3,
y(z) = . L
—14(2e° —1)e **, z > 3.

The graph of this function is shown in Fig. 2-D at the end of the chapter.
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56 Chapter 2 First Order Differential Equations

34. (a)

(b)

(d)

36. (a)

Since P(xz) is continuous on (a,b), its antiderivatives given by [ P(x)dz are con-
tinuously differentiable, and therefore continuous, functions on (a,b). Since the
function e” is continuous on (—oco,o0), composite functions pu(x) = e/ P@% are
continuous on (a, b). The range of the exponential function is (0, 00). This implies
that u(x) is positive with any choice of the integration constant. Using the chain
rule, we conclude that

dp(z) _ efP(xwxdi ( / P(:E)dx) = p(x)P(x)

dx x
for any z on (a,b).
Differentiating (8), we apply the product rule and obtain

d
% = —u=y (/querO) +u Q= —p P (/u@dw+0) +Q,

and so

%+Py_ [_“_lp (/“Qd“c) +Q} +P[u‘1 (/qux+C)] ~Q.

Suggested choice of the antiderivative and the constant C' yields

xT

y(ro) = ()™ / 0Qdz + youlao) || = o) Hyoalao) = vo

o T=x0

We assume that y(z) is a solution to the initial value problem (15). Since p(z) is a
continuous positive function on (a,b), the equation (5) is equivalent to (4). Since,
from the part (a), the left-hand side of (5) is the derivative of the product u(x)y(z),
this function must be an antiderivative of the right-hand side, which is u(x)Q(z).
Thus, we come up with (8), where the integral means one of the antiderivatives, for
example, the one suggested in the part (c) (which has zero value at x(). Substituting
r = o into (8), we conclude that

= C,U/(.Z’(])_l,

T=x0

= i) = o) ([ nte +C)

and so C' = yopu(xo) is uniquely defined.

If pu(z) = exp ([ Pdz) and yj,(z) = p(x)™!, then

W ()2 P )2 p(a) Pla) = () Pl
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(d)

(e)

Ezercises 2.3 Linear Equations 57

and so

% + P(x)yn = —p(x) " P(a) + P(z)p(z) ™" =0,

i.e., yp is a solution to the equation y’ + Py = 0. Now, the formula (8) yields
y = p(z)™! (/M(if)@(x)dx + C) = yn(x)v(x) + Cyn(r) = yp(2) + Cyn(),

where v(z) = [ p(z)Q(z)dx.
Separating variables in (22) and integrating, we obtain
d d
dy _ _3dv dy __ [3dr
) T ) T
Since we need just one solution y;, we take C' =0

= Inly| = —-3nz+C.

Inly|=-3mz =  y==4z73

and we choose, say, y, = 3.

Substituting y, = v(x)yn(z) = v(x)x~? into (21), we get

Therefore, dv/dx = 2? [y, = x°.

6
= [ 2Pdr="1.
v(z) /93 T=2

(We have chosen zero integration constant.)

Integrating yields

The function
3

x
y:C’yh—i-vyh:C'x_g’ng

is a general solution to (21) because

dy 3  d ot 3 gt
dx+xy = dx(C'x +6)+x(0x +6

2 2
= <—30x_4 + %) + (3033_4 + %) = 2%

38. Dividing both sides of (6) by x and multiplying by dz yields

d“:de = /d—ﬂ—/de
L

w
= In |p| :/de = = texp (/Pdw).

Choosing the positive sign, we obtain (7).
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58 Chapter 2 First Order Differential Equations

40. (a) Figure 2-E at the end of this chapter depicts the direction field for a@ = i, = %
fu=1u=—-F<0;if u=0,u=a>0. Thus u(t) is confined to [0,1] if it ever

enters this interval.

(b) The general solution u(t) = ;%5 + Ce~ (@A)t approaches Sig ast — oo

EXERCISES 2.4: Exact Equations

10/3

2. This equation is not separable because the coefficient x — 2y cannot be written as a

product p(x)q(y). Writing the equation in the form

d
ﬁ — 27 ly = —27/3,
we see that the equation is linear. Since M(z,y) = 2'%3 — 2y, N(z,y) =«
oM ON
Ll S
dy ox

and so the equation is not exact.

4. Here M (z,y) = ye*¥ 4+ 2z, N(z,y) = ze™¥ — 2y. Thus

oM 0 0
Ty _zy Y\ _ Ty LY, TY
9 oy (ye™ +2z) =e +ya (™) =™ + ye™r = ™ (1 + yx),
ON 0 0
TV D (e _9y) = e TY) — oy LY, — oY
o = B (ze 2y) =e" 4z pe (™) = ™ 4+ xze™y = ™ (1 + ay),

Since OM /0y = ON/0Ox, the equation is exact.

Writing the equation in the form

@ _ ye+2x

dx xery — 2y’
we conclude that it is not separable, because the right-hand side cannot be represented
as a product of two functions of single variables x and y. Also, the right-hand side is
not linear with respect to y, which implies that the equation is not linear with y as
the dependent variable. Similarly, choosing = as the dependent variable (taking the

reciprocals of both sides), we conclude that the equation is not linear in = either.

6. The differential equation is not separable because (2xy + cosy) cannot be factored. This
equation can be put in standard form by defining = as the dependent variable and y as
the independent variable. This gives

dv 2 —cosy

x b
dy vy y?
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and so we see that it is linear.

If we set M(x,y) = y? and N(z,y) = 2xy + cosy, we see that the differential equation
is also exact, because M, (x,y) =2y = N (z,y).

In this problem, the variables are r and 6, M (r,0) = 0, and N(r,0) = 3r — 6 — 1. Since

oM ON
90 T

the equation is not exact. With r as the dependent variable, the equation takes the form

dr _37’—9—17 §7’ 0+1

do o 0 o
and so it is linear. Since the right-hand side in the above equation cannot be factored

as p(0)q(r), the equation is not separable.

In this problem, M(z,y) = 2z +y, N(z,y) = x — 2y. Thus, M, = N, = 1, and the

equation is exact. We find

F(z,y) = /(21’ +y)de = 2* + zy + g(y),
g—F =r+9'(y) = N(x,y) =2 -2y
y
= 9'(y) =2y = 9(y) = /(—Qy)dy = —y

= F(x,y):x2+a7y—y2,
and so 22 + a2y — y? = C is a general solution.

Taking partial derivatives of M(z,y) = cosx cosy+2z and N(z,y) = —(sinzsiny +2y),

we obtain
oM 0 :
iy (cosxcosy + 2x) = —cosxsiny,
Y Y
ON 0 o :
= [— (sinzsiny + 2y)] = —coszsiny,

and so the equation is exact.

Integrating M (z,y) with respect to z yields

F(z,y) = /M(x,y)da: = /(Cosxcosy+2x) dz
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60 Chapter 2 First Order Differential Equations

= cosy/cosxdx+/2xdx—sinxcosy+x2+g(y).

To find g(y), we compute the partial derivative of F'(x,y) with respect to y and compare
the result with N(z,y).

oF 0
B = e [sinzcosy+ 2* + g(y)] = —sinasiny + ¢'(y) = — (sinzsiny + 2y)
Y Y

=  JWy=-2y = gly= /(—2y)dy = -y
(We have taken zero integration constant.) Therefore,
F(z,y) =sinzcosy +2° —y*>=C
is a general solution to the given equation.

14. In this equation, the variables are y and ¢, M(y,t) =t/y, N(y,t) = 1 + Iny. Since

6M8<t) 1 ON 0

1
IV _ 2 ()2 d 141ny) = -
g A an (1+1Iny) .’

y dy  dy
the equation is exact.
Integrating M (y,t) with respect to y, we get
t
Fy,t) = /;dy =tlnfy[+g(t) = tlny +g(t).
(From N(y,t) =1+ Iny we conclude that y > 0.) Therefore,

oF 0
=t ] =1 ‘) =1+1
5 = 5 LIyt =Iny+g(t)=1+Iny
S J=1 = gn=t
= F(y,t) =ty +1t,
and a general solution is given by tIny 4+t = C' (or, explicitly, t = C'/(Iny + 1)).

16. Computing

oM 0

Ty~ gy W) = b aye hy
ON 0

= (xe:”y + xy_2) = ™ 4 zye™ +y 2,

we see that the equation is exact. Therefore,
F(z,y) = / (ye™ —y ) do = e™ — 2y~ + g(y).
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So,

OF _
o ze™ +xy >+ ¢'(y) = N(z,y) = J(y)=0.

Thus, g(y) = 0, and the answer is ¢ — zy~! = C.

Since

oM _ox
oy Oz

the equation is exact. We find

=2y +sin(z + y),

F(r,y) = / 22+ — cos(x +y)] dw = 2® + 2y® — sin(z +y) + g(y),

aa—]; = 2xy — cos(z +y) + ¢'(y) = 2xy — cos(x + y) — €Y
=  Jy=— = gly)=—¢.
Therefore,
F(x,y) =2 +ay® —sin(z +y) — e =C

gives a general solution.

We find
oM 0 .
oy~ 9y [y cos(zy)] = cos(xy) — zy sin(zy),
ON 0 .
i [ cos(zy)] = cos(zy) — xysin(zy).

Therefore, the equation is exact and

F(z,y) = / (2 cos(zy) — y /%) dy = sin(zy) — gy2/3 + h(x)
oF

2
e ycos(xy) + I (x) = N + 1 cos(zy)
2
= W(x) = ——— = h(z) = 2 arcsin z,
W= (@)
and a general solution is given by
_ 3 e

sin(zy) 5 Y + 2arcsinz = C.
In Problem 16, we found that a general solution to this equation is
e —zy = C.
Substituting the initial condition, y(1) = 1, yields e — 1 = C'. So, the answer is

T—e—1.

e —xy”
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62 Chapter 2 First Order Differential Equations

24. First, we check the given equation for exactness.

oy
de Ot

So, it is exact. We find
F(t,xz) = / (¢ =1)dz =z (e — 1) + g(¢),
aa—];:xet+g’(t):xet+1 = g(t):/dt:t
= z(e—=1)+t=C
is a general solution. With z(1) = 1, we get
He-1)+1=C = C=e,
and the solution is given by

e—t
et —1°

Tr =
26. Taking partial derivatives M, and N,, we find that the equation is exact. So,

F(z,y) = / (tany — 2) dz = x(tany — 2) + g(v),
F
g—y =zsec’y +¢'(y) = vsec?y +y~

= JWw=y

1

! = g(y)=Inlyl,

and

z(tany —2) +Inly| = C

is a general solution. Substituting y(0) = 1 yields C' = 0. Therefore, the answer is
z(tany — 2) +Iny = 0.
(We removed the absolute value sign in the logarithmic function because y(0) > 0.)

28. (a) Computing
8—]M*cos( ) — xysin(zy)
oy — Cos(ay) — aysin(zy),
which must be equal to ON/0x, we find that
Nie,) = [ leostay) ~ aysin(ay)] da

= / [z cos(zy)], dz = x cos(zy) + g(y).
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(b) Since
8_M = (1 +ay)e™y —42° = aa—];[,

we conclude that
N(x,y) = / [(1+ zy)e™ — 42°] do = ze™ — z* + g(y).

30. (a) Differentiating, we find that

oM
8—y = 52?2 + 1223y + 8y,
ON

Since M, # N,, the equation is not exact.

(b) Multiplying given equation by z"y™ and taking partial derivatives of new coeffi-
cients yields

d
d_y (5xn+2ym+1 4 6xn+3ym+2 4 4xn+1ym+2)

:5(m+1) n+2 m-|—6(m-|—2) n+3 m+1_'_4(m_'_2) n+1 m+1
d
% (2 n+3ym+3xn+4ym+l+3xn+2ym+1)

:2(n+3> n+2 m+3(n_'_4) n+3 m+1_'_3(n+2) n+1 m+1

In order that these polynomials are equal, we must have equal coefficients at similar

monomials. Thus, n and m must satisfy the system
5(m+1)=2(n+3)
6(m+2)=3(n+4)
4(m+2) =3(n+2).
Solving, we obtain n = 2 and m = 1. Therefore, multiplying the given equation by

22y yields an exact equation.

(c) We find
F(z,y) = / (52*y® + 62°y® + 42%y?) du
= 2’y + 2%’ + 2"y’ + g(y).
Therefore,
80—1; = 22%y + 32%% + 32*y* + ¢'(y)
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64 Chapter 2 First Order Differential Equations
= 2%y + 325% + 32ty? = g(y) =0,
and a general solution to the given equation is
2Py? 4 25 + atyd = C.

32. (a) The slope of the orthogonal curves, say m,, must be —1/m, where m is the slope

of the original curves. Therefore, we have

_ Fy(z,y) dy _ Fy(z,y)

=y d) _ Hxy) 7 o 0
Fo(z,y) 7 e Fy(z,y) =  Fy(zv,y)de — Fy(z,y)dy=0

(b) Let F(z,y) = 2*+y* Then we have F,(z,y) = 2z and F,(z,y) = 2y. Substituting

these expressions into the result of part (a) gives us
2ydx —2xdy =0 = ydr —xdy = 0.

To find the orthogonal trajectories, we must solve this differential equation. To this

end, note that this equation is separable and thus

1 1
/—dx—/—dy = In|z| =Inly|+ C
x y

= elnlel=C — eyl = y = kx, where k=4e °.

Therefore, the orthogonal trajectories are lines through the origin.
(c) Let F(z,y) = zy. Then we have F,(x,y) =y and F,(z,y) = z. Substituting these
expressions into the result of part (a) yields

rxdr —ydy = 0.

To find the orthogonal trajectories, we must solve this differential equation. To this

end, note that this equation is separable and thus

2 g
/xdx:/ydy = —==+4C = 2 -yl =k,

where k := 2C. Therefore, the orthogonal trajectories are hyperbolas.

34. To use the method described in Problem 32, we rewrite the equation z? + y? = kx in
the form x + 27 1y? = k. Thus, F(z,y) = v + 2792,
oF 9 9 or

- =1-27y, ETn

2x 1y,
ox vy
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Substituting these derivatives in the equation given in Problem 32(b), we get the re-

quired. Multiplying the equation by x"y™, we obtain

20"ty dr 4 (2" Py — 2"y™) dy = 0.

Therefore,
oM
oy~ Am+ Da"ty™,
ON
i (77, Q)xn—3ym+2 - nxn—lym
Ox

Thus, to have an exact equation, n and m must satisfy
n—2=0
{ 2(m+1) = —n.
Solving, we obtain n = 2, m = —2. With this choice, the equation becomes
2xy tdx + (1 — xzy_2) dy = 0,

and so

G(x,y) = /M(x, y)da = /2:611‘161:6 =2’y '+ g(y),
0G

oy = Y +¢'(y) = N(z,y) =1—2°y >

Therefore, g(y) = y, and the family of orthogonal trajectories is given by 2%y~ +y = C.
Writing this equation in the form z2 +y? — Cy = 0, we see that, given C, the trajectory
is the circle centered at (0,C/2) and of radius C//2.

Several given curves and their orthogonal trajectories are shown in Fig. 2—E at the end

of the chapter.
The first equation in (4) follows from (9) and the Fundamental Theorem of Calculus.

oF o | [
= /M(t,y)dt+g(y) = M(t,y)|t=z = M(z,y).

o

For the second equation in (4),

OF 0 | 1
o~ oy /M(t,y)dt+g(y)
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66 Chapter 2 First Order Differential Equations
—Q]Wtw+%)
= By Y g\y

0
—Q]M(t )dt + | N(z )—g/xM(t )dt| = N(z,y)
_ay 7?/ 7y ay 7?/ - 7y'
x0 xo

EXERCISES 2.5: Special Integrating Factors

2. Here, M(x,y) = 2y + 2y* and N(z,y) = 3y*x + 2xy. Computing
oM ON

T 6244 d == =32+2
8y Y-+ 4y an o Yo+ 2y,

we conclude that this equation is not exact. Note that these derivatives, as well as M
itself, depend on y only. Then, clearly, so does the expression (ON/dx — IM/dy)/M,

and the given equation has an integrating factor depending on y alone. Also, since

OM/dy — ON/Ox  (6y* +4y) — (3y* + 2y) 3y +2y 1

N 3yz + 2xy (32 +2y)  w

the equation has an integrating factor depending on z only.

Writing the equation in the form
de  3y’z+2zy  ayBy+2)  yBy+2) .
dy 2y° + y? 2%y +1) 2y +1) 7

we conclude that it is separable and linear with z as the dependent variable.

4. This equation is not separable, because of the factor (y*+ 2xy). It is not linear in either
variable because of the terms y? and x?. To see if it is exact, we compute M,(z,y) and
N.(z,y), and find that

My(z,y) =2y + 2z # =2z = Ny(z,y).

Therefore, the equation is not exact. To see if we can find an integrating factor of the

form p(z), we compute

OM/0y —ON/O0x  2y+ 4z

N —x2
which is not a function of z alone. To see if we can find an integrating factor of the form

w(y), we compute
ON/Ox —OM[dy —dx—2y —2Q2x+y) -2
M oty yly+22) oy

Thus the equation has an integrating factor that is a function of y alone.
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6. In this problem, M(z,y) = 2y*r — y and N(z,y) = x. Therefore,

oM ON ON OM
a—y—llya:—l and 8—x_1 = a—x—a—y—2—4y$.

The equation is not exact, because M /Jy # ON/Ox, but it has an integrating factor,

which depends on y because

ON/Ox —OM /0y  2—4yr  —2Q2yzx—1) -2

M -y yQyr—1) oy
Isolating dy/dx, we obtain

dy y—29°z y
dv T o

— 292,

The right-hand side cannot be written as p(z)q(y), so the equation is not separable.
Also, it is not linear with y as the dependent variable (because of 2y? term). Taking the

reciprocals, we conclude that it is not linear with the dependent variable x.

8. The equation (3z% + y)dz + (2?y — ) dy = 0 is not separable or linear. To see if it is

exact, we compute

oM ON
1Ay —1=""
oy L7 B
Thus, the equation is not exact. To see if we can find an integrating factor, we compute
OM/Oy —ON/Ox 2—2zy —2@y—1) =2
N Sty —ax a(ey—1) x

Thus, an integrating factor p(z) is given by

—2
pu(x) = exp (/ —dx) =exp (—2In|z|) = 272
x
To solve the equation, we multiply it by the integrating factor =2 and get
B+yz ) de+ (y—a ") dy = 0.

This new equation is now exact. Thus, we find F(z,y) integrating M (z,y) = 3 + yz 2

with respect to x.

F(x,y) = / (3+yz™?) de =3z —yz~ ' + g(y)
= Fz,y)=-2""4+4y) =N,y =y —a"

2
Y

= JWw=y = gy=7.
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Therefore,
y?
F(z,y) =3z —yx ' + 5

and an implicit solution to the given equation is

2
L _Yisp=c
2 T

Since u(r) = 272 we must check if the solution 2 = 0 was lost. The function x =0 is a
solution to the original equation, but is not given by the above implicit solution for any
choice of C'. Hence, ,
% +3z=C and =0

give a general solution.

We compute the partial derivatives of M (z,y) = 2y + 2y + 42? and N(z,y) = 2zy + .
o _ o o _ o
dy dy or O
Although the equation is not exact (OM/dy # ON/0z), the quotient
OM/0y —ON/O0x  (4y+2)— (2y+1) 2y+1 1

(2y2—|—2y—|—4x2):4y+2, 2ey +x) =2y + 1.

N 2oy + o S x(2y+1)
depends on x only, and so the equation has an integrating factor, which can be found
by applying formula (8). Namely,

1(z) = exp (/%dm) — exp (Inz]) = |a].

Note that if p is an integrating factor, then —u is an integrating factor as well. This
observation allows us to take p(z) = x. Multiplying the given differential equation by x

yields an exact equation
(20* 4+ 2y + 42*) xdz + 2° 2y + 1) dy = 0.
Therefore,

F(z,y) = /932(2y + 1) dy = 22 (y2 + y) + h(x)
oF 2 / 2 2
= %:233@ +y)+h(w):(2y +2y+4$)33
= B (z) = 42° = h(z) = /4x3dx =z*
= F(z,y) = 2* (y2+y)+x4:x2y2+x2y+x4,
and z%y? 4+ 2%y + 2* = C is a general solution.
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Here, M(x,y) = 2zy® + 1, N(z,y) = 32%y? — y~ L. Since

the equation is exact. So, we find that

F@w%i/@mﬁ+ndw=ﬁf+w+gwx

oF _
S0 =30y g y) =327y —y
Y
=  Jw=-y"' = gy =-ly
and the given equation has a general solution
2?7y +x—Inly| = C.

Multiplying the given equation by x"y™ yields
(]_Qxﬂym + 5xn+1ym+1) d.:lf + (633"+1ym_1 + 3$n+2ym> dy — 0
Therefore,

oM
— = 12ma™y™ "t + 5(m + 12"t y™,
Iy

ON
e 6(n + Da"y™ + 3(n + 2)z"y™.

Matching the coefficients, we get a system

12m = 6(n + 1)
S5(m+1) =3(n+2)

69

to determine n and m. This system has the solution n = 3, m = 2. Thus, the given

equation multiplied by z3y?, that is,
(12x3y2 + 5x4y3) dx + (6x4y + 3x5y2) dy =0,
is exact. We compute
F(x,y) = / (122%y* 4 5a'y?) do = 3*y” + 2°y° + g(y),
g—j = 62ty + 32°y* + ¢'(y) = 62y + 32°y?
=  Jy=0 = gy=0
and so 3z*y? 4+ 2%y = C is a general solution to the given equation.
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16. (a) An equation Mdx + Ndy = 0 has an integrating factor p(z + y) if and only if the
equation

u(z +y)M(z,y)de + p(z + y)N(z,y)dy = 0
is exact. According to Theorem 2, Section 2.4, this means that
0 0

Bn lz +y)M(z,y)] = - [p(e +y)N(z,y)] -

Applying the product and chain rules yields

OM (z,y)
dy

ON(z,y)

= p'(x +y)N(z,y) + p(z +y) o

w (x4 y)M(z,y) + p(x +y)

Collecting similar terms yields

ON(z,y) OM(z,y)
ox oy

f(x+y) [M(z,y) — N(z,y)] = p(z +y)

ON/Ox —OM/[0y  p/(z+y)
M-N  ule+y)

The right-hand side of (2.4) depends on x + y only so the left-hand side does.

(2.4)

To find an integrating factor, we let s = x + y and denote

_ ON/0x — OM /0y
N M —N '

G(s)

Then (2.4) implies that

w(s) = G(s) = In|u(s)| = /G(S) ds

= |u(s)| =exp {/ G(s) ds] = u(s) = texp [/ G(s) ds] . (2.5)
In this formula, we can choose either sign and any integration constant.

(b) We compute
ON/O0x —OM /0y (1+y)—(1+u2)

M- N B+y+ay)— B+z+ay)

Applying formula (2.5), we obtain
p(s) = exp U(l)dS] =" = paty) =,
Multiplying the given equation by p(z + y), we get an exact equation
@B +y+ay)dr + (3 +x + 2y)dy =0
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and follow the procedure of solving exact equations, Section 2.4.

F(z,y) = /6”3’(3 +y+ay)de =€’ {(3 +v) /e‘”dm + y/xe‘”dx}
= ! [B+y)e” +y(z—1)e’]+h(y) =" (3 +2y) + h(y) .

Taking the partial derivative of F' with respect to y, we find h(y).

oF
dy
= h'(y) =0 = h(y) =0.

="M@ +ay+x)+ M (y) =" N(x,y) = Y3+ z + 2y)

Thus, a general solution is
VB +ay)=C.

18. The given condition, M (z,y) + yN(x,y) = 0, is equivalent to yN(z,y) = —aM(x,y).

In particular, substituting x = 0, we obtain
yN(0,y) = —(0)M(0,y) = 0.

This implies that = 0 is a solution to the given equation.
To obtain other solutions, we multiply the equation by x~!y. This gives

a Tty M (2, y)de + 27 yN(z, y)dy = 2~y M (2, y)de — 2~ e M (2, y)dy

=M (z,vy) (3:_2yd3: — x_ldy) = —xM(z,y)d (x_ly) =
Therefore, 7'y = C or y = Cx.
Thus, a general solution is
y=Czx and z=0.
20. For the equation
el PO [P(r)y — Q(x)] da + el PO gy = 0,

we compute

oM 0
= s (7 (Pl = Q@) = PO pa),
ON 0 d
_ [ P(x)dx _ [ P(z)dx _ [ P(z)dx
or  Ox (6 ) ¢ dx (/ P(x)dx) € P(z).

Therefore, M /0y = ON/Oz, and the equation is exact.
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EXERCISES 2.6: Substitutions and Transformations

2. We can write the equation in the form

10.

Yy —tz 1) = [fy — 4a) ~ 1 = Gy — ),

where G(t) = (t — 1)2. Thus, it is of the form dy/dz = G(ax + by).

In this equation, the variables are x and t. Its coefficients, t + = + 2 and 3t — x — 6,
are linear functions of x and ¢t. Therefore, the given equation is an equation with linear

coefficients.

The given differential equation is not homogeneous due to the e~2* terms. Since it can

be written in the form dy/dx + P(x)y = Q(x)y", namely,

dy

2z, .3
dx v

it is a Bernoulli equation. The differential equation does not have linear coefficients, and

it is not of the form ¢y’ = G(ax + by) either.

Here, the variables are y and 6. Writing

dy =0y (y/0)’—(y/9)

do 20%y 2(y/0) ’
we see that the right-hand side is a function of y/6 alone. Hence, the equation is

homogeneous.

First, we write the equation in the form

dy 32> +y*  yP =32 (y/2)’ —3(y/v)
dr  xy— a3y~ -3 (y/x)2—-1

Therefore, it is homogeneous, and we we make a substitution y/x = u or y = zu. Then

Yy = u + zu, and the equation becomes

Separating variables and integrating yields

du  ud—3u 2u N u? —1 2
Tr— = —u=—
dx u? —1 u? — 1 U T
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2 _
= /u 1du:—/gdx = /(u—l)du:—Q du
u x u x

1
= 5 u? —In|u| = —2In|z| + C, = v’ —1In (v*) + In(z*) = C.

Substituting back y/x for u and simplifying, we finally get
% Y " Y Y’
(;) —ln(;)—i—ln(x)—C = ?—ln s =C.

dy 2?4y 1<x y)

12. From

dr 20y 2

making the substitution v = y/x, we obtain

dv 1/1 1+ v? dv 1+ 02 1+ 302
“%——5(;”)—— 2 - T T YT T
N 20 dv :_d_x N /QUdv _ d_x

1 4 3v? x 1 4 3v? T

1
= gln (1+30v*) = —Inlz|+ Cs = 1+ 3v? = Cy|z| 73,
where C; = €3“2 is any positive constant. Making the back substitution, we finally get

T

R

_ — :> _ - —
x |z f? |z ]? |zf?

= 3Blz|y*=C,— |2 = 3Bzl +2P=C = 3xiP+*=0C,

1+3<

where C' = £ is any nonzero constant.

14. Substituting v = y/0 yields

+6@*sec + = Gd—vfsec
VTV T TY 7

do do
= cosvdv = ? = /COSUdU— ?

= sinv =1Inl|f| +C = y = Garcsin (In 0| + C).

16. We rewrite the equation in the form

and substitute v = y/x to get

+ d_v_ (Inv+1) = d_v_ In = / dv__ d—x
v xdx_v v xdx_v v vinv T
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74 Chapter 2 First Order Differential Equations
= In|Inv| =1In|z| + C4 = Inv =4e%2 = Cx = v=e"",

where C' # 0 is any constant. Note that, separating variables, we lost a solution, v = 1,

which can be included in the above formula by letting C' = 0. Thus we have v = €°*.

where C' is any constant. Substituting back y = xv yields a general solution

y = xe”
to the given equation.
18. With z =z +y+2 and 2/ =1+ 3/, we have
dz 9 dz dz
e 1 = —~ _=d = = [d
dx e 22 +1 . /22—1—1 /x

= arctanz =z + C = r+y+2=z=tan(zx+C)

= y=tan(z + C) —x — 2.

20. Substitution z = z — y yields

g o - dz d
— — =sinz — =1—sinz —— =dx
dx dx 1 —sinz

= /diz,:/dx:xjt(?.
1 —sinz

The left-hand side integral can be found as follows.

/ dz B / (1+4sinz)dz / (1 +sinz)dz
1—sinz 1—sin?z cos? z
= /sec2z+/tanzseczdz:tanz+secz.

Thus, a general solution is given implicitly by

tan(z — y) +sec(z —y) =« + C.

22. Dividing the equation by y? yields

dy
-3 2 _ o
= —y =
Yy dr Yy

We now make a substitution v = y~2 so that v' = —2y 3¢/, and get

dv

— 20 = —2e*

dx
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This is a linear equation. So,

p(r) = exp </ 2dg:) —

2z —2z
v(z) = e‘zx/ (—2¢*") ¥ dx = —(1/2)e > (e* + C) = e+ Ce™ ‘

2

Therefore,

I e?r 4 Ce™ 2 N —:l:\/ 2
yz - D) Y= e2r L (=2 :

Dividing the equation by 33, we lost a constant solution y = 0.

24. We divide this Bernoulli equation by y'/? and make a substitution v = y/2.

dy 1
—-1/2% - 1/2 =5 -9
e L (z —2)
dv 1 dv 1 5(x —2)
= 250 = 5(z — 2 = — - .
dx+x—QU (z—-2) dx+2(x—2)v 2

An integrating factor for this linear equation is

e =ewp | [ 5] = Vi

Therefore,

oy — /5@—2%4x—mdx
Ve —2| 2
_ ﬁ (Jx — 2P +C) = (x — 2)* + Cla — 2|V
x_

Since y = v?, we finally get
y=[(z—-2>+Clz— 2|_1/2]2 .
In addition, y = 0 is a (lost) solution.

26. Multiplying the equation by y?, we get

2@ 3 T

yda:

With v = 3, v/ = 35y, the equation becomes
d d
3dr +v=¢" = é + 3v = 3e” = T (63%) = 3e'?
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76 Chapter 2 First Order Differential Equations

3 X
= v=¢e " / 3t dr = % + Ce 32,

Therefore,
3e?

Yy = \3/5: ¥ T—i—C@_Sx.
28. First, we note that y = 0 is a solution, which will be lost when we divide the equation

by ¥ and make a substitution v = y~2 to get a linear equation

d d
By ie—0 = Yo _9
dx dx

An integrating factor for this equation is

1(z) = exp [ / (—Q)dx] s

Thus,
v o= ¥ / 2ve *dy = e** (—xe_% + / e_2xdx)
—2z 1
= ¥ (—xe‘m — 62 + C’) =-r-3 + Ce*.
So,
~1/2 1
\/—x — 1+ Ce
30. We make a substitution z = u+ h, y = v+ k, where h and k satisfy system (14) in
the text:
—4h—k—-1=0
h+k+3=0.

Solving yields h = %, k= —%. Thus, r = u + %, y=v— % Since dx = du, dy = dv,

the substitution leads to

d 4
(—4u —v)du + (u+v)dv =0 = dv_Zutv
du U+ v

Therefore with z = 2, v" = 2z + u2’ we have

z+uz/*4+20ru%*4+z—2*4_22

142 du  1+=z 14z
N 1+zd du
z2=—
4 — 22 U
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3 1
= —Zlog\2—z\—zlog\z+2\:log\u\—l—Cl
= [ul|2 — 224z + 2|4 = e =
9 _|_£ 2/3 _|_£ 1/4
= 'x—g‘Q—y ?2’ Y §+2 = (%

where C} and C, are constants. In dividing by 4 — 22, we lost the constant solutions

z =2 and z = —2, but these are included in our answer if we let C5 = 0.

32. We make a substitution z = u+ h, y = v+ k, where h and k satisfy system (14) in
the text:

2h—k+4=0
h—2k—-2=0.

Solving yields h = —%0, k= —%. Thus, v = u — %0, y=v— %. Since dx = du, dy = dv,

the substitution leads to

dv  —v+2u
(2u —v)du + (u — 2v)dv =0 = i
Therefore with z = 2, v" = 2z + u2’ we have
z+uz = a2 oru%: _Z+2—z:ﬂ
2z —1 du 2z—1 2z —1
= ij:idz:—QdZu

1 3
= §log\1—z|+§log|z+1\:—2log\u\+C'1

1
2

y+3
10
3

_|_§
147 2
x‘i‘?

3
2 10\ 2
<[E + —0> = ecl = 02,

= \1—z|é\z+1|3u2:'1_ ;

where C} and C, are constants. In dividing by 22 — 1, we lost the constant solutions

z =1 and z = —1, but these are included in our answer if we let C5 = 0.

34. In Problem 2, we found that the given equation is of the form dy/dx = G(y — 4x) with
G(u) = (u — 1)%. Thus we make a substitution u = y — 4z to get

d
=(y—dr-17 = 4+ =(u-1)

) _ du B
%:(u—l) —4=(u—-3)(u+1) = /(u—S)(u—i—l)_/daj'
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78 Chapter 2 First Order Differential Equations

To integrate the left-hand side, we use partial fractions decomposition,

(u—3>1(u+1):i<%—3_ui1)'

Thus,
1 u—3
Z(ln\u—3\—ln|u+1|):x+01 = lnu 1':4x+C’2
u—3 4 _ Ce" +3
= u—l—l_Ce = u—l—C'e“
Ce'* + 3

= y=dz+ (2.6)

1—Cet’
where C' # 0 is an arbitrary constant. Separating variables, we lost the constant solutions
u=3and u= —1, that is, y = 4r+3 and y = 4x — 1. While y = 42+ 3 can be obtained
from (2.6) by setting C' = 0, the solution y = 4z — 1 is not included in (2.6). Therefore,

a general solution to the given equation is

Ce** +3

P M e
y x+1—064x

and y=4r — 1.

36. This equation has linear coefficients. Thus we make a substitution t = u+h and x = v+k

with h and k satisfying

htk+2=0, h=1,
=
3h—k—6 =0 k= —3.

As dt = du and dx = dv, the substitution yields
du  u+v  (u/v)+1

dv 3Bu—v 3(u/v) —1°

With z = u/v, we have u = vz, v’ = z + v2/, and the equation becomes

(u+v)dv+ (Bu—v)du=0

n dz z+1 N dz 322 +1
24U — = — V— = —
dv 3z —1 dv 3z —1
3z —1 1 3z —1 1
dz=——d = dz=— [ =d
322+ 1 : » /322+1 : /v Y

dz
- =—1
= /322+1 /322—1—1 n o]+ Cr

1 1
= — In(32* + 1) — — arctan <Z\/§> =—Inv|+C

> 73
= In [(32% + 1)v*] — % arctan <Z\/§> = (5.

Making back substitution, after some algebra we get

9 9 2 r+3 B
In [(z+43)*+3(t —1)?] +ﬁ arctan {m] =C.
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38. In Problem 6, we have written the equation in the form
dy 2, 3 _3dy -2 2
dr y=c¢cy Y dr Yy €
Making a substitution v = =2 (and so u’ = —2y~3y’) in this Bernoulli equation, we get

d
o + 2u = —2e* = pu(x) = exp (/ 2dx) = 2

dx
d (e*®u)
dx

=

o _1 2z —2x -2 _1 2z —2x

= u= 5 € + Ce = y o =-3¢ + Ce .
Also, we lost the constant solution y = 0 when divided the equation by 3.

40. Since the equation is homogeneous, we make a substitution u = y/6. Thus, we get

3 _ 2 3 _ 52 2 _
dy _ (y/0)° —(y/0) S gyt wow W
do 2(y/0) do 2u 2
N ed_ui_u2+u N 2du 7_@
do 2 u(u+1) 6
2du o u?
s [ n—Y  — 1|
= /u(u+1) 0 = H(u+1)2 D| |—|—Cl,
which gives )
u C
EESVI A
Back substitution u = y /6 yields
2
Y ¢ 2 2
- = Oy =C0+y)°, C #0.

1
= 2% = 9t = Xy = / (—2649”) dz = —3 e+ C

When C' = 0, the above formula gives # = 0 or y = 0, which were lost in separating

variables. Also, we lost another solution, u + 1 =0 or y = —0. Thus, the answer is
0> =C(0+y)* and y=—0,
where C' is an arbitrary constant.

42. Suggested substitution, y = va? (so that y’ = 2zv + z%’), yields

dv dv
200 + 12— = 2ux 4+ CcoS v = 22— = cosv.
dx dx
Solving this separable equation, we obtain
dv dx
=— = In|secv + tanv| = —x ' + C4
cosv T
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80 Chapter 2 First Order Differential Equations

= secv + tanv = +eCleV® = Qe V/®
= sec <%> + tan <%) = Ce V" )
T T

where C' = +¢! is an arbitrary nonzero constant. With C' = 0, this formula also

includes lost solutions

Y= [g+(2k+1)ﬂ 22, k=0,%£1,42,....

So, together with the other set of lost solutions,

y = <g+2k7r>a:2, k=0,41,42, ...

we get a general solution to the given equation.

44. From
dy  awmz+by+a

de  asx+by+cy’
using that as = ka; and by = kb, we obtain

@7_ a1$+bly+01 _ a1x+b1y+cl *G(al’—l—b )
dx kaix + kby + co k(aiz + biy) + ¢ ! 1y
where
t+01
G(t) = — )
(> ]{?t+02

48. Apply formula (8), page 50 of Section 2.3, to the transformed Bernoulli equation below
equation (10) of Section 2.6, page 74. (If n = 1, the Bernoulli equation is linear and
formula (8) can be applied directly.)

REVIEW PROBLEMS

2. y=—-82—4dx — 1+ Ce*
6. y2=2In|1—2%+Cand y=0
8. y=(Ca2—22% " and y=0
10. x +y + 2y'/? 4 arctan(z +y) = C
12. 2ye?* e = O
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14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

34.

36.

38.

40.

x:%T_”H(t—nm(t_nmu—u+0(t_1)

y = coszIn|cosx| + Ccosx

y:1—2x+\/§tan<\/§x+0>

1292) 1/3

_ -3 _
Yy = (C’@ 3

By—22+9)(y+z—-2)*=C
2\/ry +sinx — cosy = C'
y=Ce /2

(y+32+2y+3)(z+2)—(z+2)?>=C

1
Y e T 1

y? = 22 In(2?) + 1622

9 . 222
Yy=2zx“sinx + —-
T2

3
2
sin(2z +y) — %+ey:sin2+—

v= o= () oren (5)]

B 8
1 —3e % — 4y

Y
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82 Chapter 2 First Order Differential Equations

TABLES
n Tn Yn n Tn Yn
1 0.1 1475 6 0.6 1.353368921
2 0.2 1.4500625 7 0.7 1.330518988
3 0.3 1.425311875 8 0.8 1.308391369
4 0.4 1.400869707 9 0.9 1.287062756
5 0.5 1.376852388 10 1.0 1.266596983

Table 2—A: Euler’s approximations to ¢’ = = — y, y(0) = 0, on [0, 1] with A = 0.1.
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Figure 2—A: The graph of the solution in Problem 28.
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Figure 2—B: The direction field and solution curve in Problem 32.
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Figures 83

Figure 2—C: The graph of the solution in Problem 32.

Figure 2—E: Curves and their orthogonal trajectories in Problem 34.
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