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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❚❤✐s ♠❛♥✉❛❧ ❝♦♥t❛✐♥s ♦✉t❧✐♥❡ ❛♥s✇❡rs t♦ t❤❡ ❡♥❞✲♦❢✲❝❤❛♣t❡r ❡①❡r❝✐s❡s ✐♥ ▼✐❝r♦❡✲
❝♦♥♦♠✐❝s✿ Pr✐♥❝✐♣❧❡s ❛♥❞ ❆♥❛❧②s✐s ❜② ❋r❛♥❦ ❈♦✇❡❧❧ ✭❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱
s❡❝♦♥❞ ❡❞✐t✐♦♥ ✷✵✶✽✮✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ t❤❡ ✭s❧✐❣❤t❧② ❡❞✐t❡❞✮ ✈❡rs✐♦♥s ♦❢ t❤❡ q✉❡s✲
t✐♦♥s ❛r❡ r❡♣r♦❞✉❝❡❞ ❤❡r❡ ❛s ✇❡❧❧✳ ❆❧♠♦st ❡✈❡r② q✉❡st✐♦♥ ❜❡❣✐♥s ♦♥ ❛ ♥❡✇ ♣❛❣❡
s♦ t❤❛t ✐♥str✉❝t♦rs ❝❛♥ ♣r✐♥t ♦✛ ✐♥❞✐✈✐❞✉❛❧ ♣r♦❜❧❡♠s ❛♥❞ ♦✉t❧✐♥❡ ❛♥s✇❡rs ❢♦r
❝❧❛ssr♦♦♠ ✉s❡✳

❙♦♠❡ ♦❢ t❤❡ ❡①❡r❝✐s❡s ❛r❡ ❜❛s❡❞ ♦♥ ❦❡② ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋♦r
t❤❡ ❜✐❜❧✐♦❣r❛♣❤✐❝ r❡❢❡r❡♥❝❡s ❝♦♥s✉❧t t❤❡ ♦r✐❣✐♥❛❧ q✉❡st✐♦♥ ✐♥ t❤❡ ♣r✐♥t❡❞ t❡①t✳
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❈❤❛♣t❡r ✷

❚❤❡ ❋✐r♠

❊①❡r❝✐s❡ ✷✳✶ ❙✉♣♣♦s❡ t❤❛t ❛ ✉♥✐t ♦❢ ♦✉t♣✉t q ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞ ❜② ❛♥② ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✐♥♣✉ts

z
1 =

[

0.2
0.5

]

, z2 =

[

0.3
0.2

]

, z3 =

[

0.5
0.1

]

✶✳ ❈♦♥str✉❝t t❤❡ ✐s♦q✉❛♥t ❢♦r q = 1✳

✷✳ ❆ss✉♠✐♥❣ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ ❝♦♥str✉❝t t❤❡ ✐s♦q✉❛♥t ❢♦r q = 2✳

✸✳ ■❢ t❤❡ t❡❝❤♥✐q✉❡ z
4 = [0.25, 0.5] ✇❡r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡ ✇♦✉❧❞ ✐t ❜❡ ✐♥❝❧✉❞❡❞ ✐♥

t❤❡ ✐s♦q✉❛♥t ❢♦r q = 1❄

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✶ ❢♦r t❤❡ s✐♠♣❧❡st ❝❛s❡✳ ❍♦✇❡✈❡r✱ ✐❢ ♦t❤❡r ❜❛s✐❝ t❡❝❤♥✐q✉❡s
❛r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡ t❤❡♥ ❛♥ ✐s♦q✉❛♥t s✉❝❤ ❛s t❤❛t ✐♥ ❋✐❣✉r❡ ✷✳✷ ✐s ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ ❞❛t❛ ✐♥ t❤❡ q✉❡st✐♦♥✳

❋✐❣✉r❡ ✷✳✶✿ ■s♦q✉❛♥t✲❙✐♠♣❧❡ ❈❛s❡
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

✷✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✸✳ ❉r❛✇ t❤❡ r❛②s t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥ t❤❛t ♣❛ss t❤r♦✉❣❤ ❡❛❝❤
♦❢ t❤❡ ❝♦r♥❡rs ♦❢ t❤❡ ✐s♦q✉❛♥t ❢♦r q = 1✳ ❊❛❝❤ ❝♦r♥❡r ♦❢ t❤❡ ✐s♦q✉❛♥t ❢♦r
q = 2✳ ❧✐❡s t✇✐❝❡ ❛s ❢❛r ♦✉t ❛❧♦♥❣ t❤❡ r❛② ❛s t❤❡ ❝♦r♥❡r ❢♦r t❤❡ ❝❛s❡ q = 1✳

✸✳ ❈❧❡❛r❧② z
4 s❤♦✉❧❞ ♥♦t ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✐s♦q✉❛♥t s✐♥❝❡ z4 r❡q✉✐r❡s str✐❝t❧②

♠♦r❡ ♦❢ ❡✐t❤❡r ✐♥♣✉t t♦ ♣r♦❞✉❝❡ ♦♥❡ ✉♥✐t ♦❢ ♦✉t♣✉t t❤❛♥ ❞♦❡s z2 s♦ t❤❛t ✐t
❝❛♥♥♦t ❜❡ ❡✣❝✐❡♥t✳ ❚❤✐s ✐s tr✉❡ ✇❤❛t❡✈❡r t❤❡ ❡①❛❝t s❤❛♣❡ ♦❢ t❤❡ ✐s♦q✉❛♥t
✐♥ ✕ s❡❡ ❋✐❣✉r❡s ✷✳✶ ❛♥❞ ✷✳✷
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❊①❡r❝✐s❡ ✷✳✷ ❆♥ ✐♥♥♦✈❛t✐♥❣ ✜r♠ ♣r♦❞✉❝❡s ❛ s✐♥❣❧❡ ♦✉t♣✉t ❢r♦♠ t✇♦ ✐♥♣✉ts✳

✶✳ ■❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ♦r✐❣✐♥❛❧❧② ❣✐✈❡♥ ❜② t❤❡ s✐♥❣❧❡ t❡❝❤♥✐q✉❡

q ≤ min

{

1

3
z1, z2

}

❞r❛✇ t❤❡ ✐s♦q✉❛♥ts✳

✷✳ ❚❤❡ ✜r♠✬s r❡s❡❛r❝❤ ❞❡♣❛rt♠❡♥t ❞❡✈❡❧♦♣s ❛ ♥❡✇ t❡❝❤♥✐q✉❡

q ≤ min

{

z1,
1

3
z2

}

.

❆ss✉♠✐♥❣ t❤❛t ❜♦t❤ t❡❝❤♥✐q✉❡s ❛r❡ ♥♦✇ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ✜r♠✱ ❞r❛✇ t❤❡
✐s♦q✉❛♥ts✳

✸✳ ❚❤❡ ✜r♠✬s r❡s❡❛r❝❤ ❞❡♣❛rt♠❡♥t ♥♦✇ ❞❡✈❡❧♦♣s ❛ t❤✐r❞ t❡❝❤♥✐q✉❡

q ≤ min

{

2

5
z1,

2

5
z2

}

.

❆ss✉♠✐♥❣ t❤❛t ❛❧❧ t❤r❡❡ t❡❝❤♥✐q✉❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ✜r♠✱ ❞r❛✇ t❤❡ ✐s♦✲
q✉❛♥ts✳

❖✉t❧✐♥❡ ❆♥s✇❡r

❋✐❣✉r❡ ✷✳✹✿ ■♥♣✉t ❘❡q✉✐r❡♠❡♥t ❙❡t✱ ❙✐♥❣❧❡ ❚❡❝❤♥✐q✉❡

✶✳ ❋♦r t❤❡ ❝❛s❡ q = 1 s❡❡ t❤❡ s❤❛❞❡❞ ❛r❡❛ ✐♥ ❋✐❣✉r❡ ✷✳✹ ✇❤❡r❡ z
1 ✐s t❤❡ ♣♦✐♥t

(3, 1)✳

✷✳ ❙❡❡ t❤❡ s❤❛❞❡❞ ❛r❡❛ ✐♥ ❋✐❣✉r❡ ✷✳✺ ✇❤❡r❡ z
2 ✐s t❤❡ ♣♦✐♥t (1, 3)✳

✸✳ ❚❤❡ ♥❡✇ t❡❝❤♥✐q✉❡ ✇♦✉❧❞ ❜❡ r❡♣r❡s❡♥t❡❞✱ ❢♦r q = 1✱ ❜② t❤❡ ♣♦✐♥t z
3 =

(2.5, 2.5) ✐♥ ❋✐❣✉r❡ ✷✳✺✳ ❇✉t t❤✐s ✐s ✐♥❡✣❝✐❡♥t ❜❡❝❛✉s❡ ♦♥❡ ❝♦✉❧❞ ❞♦ ❜❡tt❡r
❜② ✉s✐♥❣ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ z1 ❛♥❞ z

2✳ ❚❤❡ ✐♥♣✉t r❡q✉✐r❡♠❡♥t s❡t r❡♠❛✐♥s
t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ❛♥❞ z

3 ❧✐❡s ✐♥ ✐ts ✐♥t❡r✐♦r✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✻✳
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❊①❡r❝✐s❡ ✷✳✸ ❆ ✜r♠ ✉s❡s t✇♦ ✐♥♣✉ts ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ❣♦♦❞✳ ❚❤❡
✐♥♣✉t r❡q✉✐r❡♠❡♥ts ♣❡r ✉♥✐t ♦❢ ♦✉t♣✉t ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐✈❡ t❡❝❤♥✐q✉❡s ❛r❡
❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿

Pr♦❝❡ss ✶ ✷ ✸ ✹ ✺ ✻
■♥♣✉t ✶ ✾ ✶✺ ✼ ✶ ✸ ✹
■♥♣✉t ✷ ✹ ✷ ✻ ✶✵ ✾ ✼

❚❤❡ ✜r♠ ❤❛s ❡①❛❝t❧② ✶✹✵ ✉♥✐ts ♦❢ ✐♥♣✉t ✶ ❛♥❞ ✹✶✵ ✉♥✐ts ♦❢ ✐♥♣✉t ✷ ❛t ✐ts ❞✐s♣♦s❛❧✳

✶✳ ❉✐s❝✉ss t❤❡ ❝♦♥❝❡♣ts ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ❡✣❝✐❡♥❝② ✇✐t❤ r❡❢❡✲
r❡♥❝❡ t♦ t❤✐s ❡①❛♠♣❧❡✳

✷✳ ❉❡s❝r✐❜❡ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣❧❛♥ ❢♦r t❤❡ ✜r♠✳

✸✳ ❲♦✉❧❞ t❤❡ ✜r♠ ♣r❡❢❡r ✶✵ ❡①tr❛ ✉♥✐ts ♦❢ ✐♥♣✉t ✶ ♦r ✷✵ ❡①tr❛ ✉♥✐ts ♦❢ ✐♥♣✉t
✷❄

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✼ ♦♥❧② ♣r♦❝❡ss❡s ✶✱✷✱✹ ❛♥❞ ✻ ❛r❡ t❡❝❤♥✐❝❛❧❧②
❡✣❝✐❡♥t✳

✷✳ ●✐✈❡♥ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥t ✭s❡❡ s❤❛❞❡❞ ❛r❡❛✮✱ t❤❡ ❡❝♦♥♦♠✐❝❛❧❧② ❡✣❝✐❡♥t
✐♥♣✉t ❝♦♠❜✐♥❛t✐♦♥ ✐s ❛ ♠✐①t✉r❡ ♦❢ ♣r♦❝❡ss❡s ✹ ❛♥❞ ✻✳

❋✐❣✉r❡ ✷✳✼✿ ❊❝♦♥♦♠✐❝❛❧❧② ❊✣❝✐❡♥t P♦✐♥t

✸✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤✐s ❡✣❝✐❡♥t ♣♦✐♥t ▼❘❚❙❂✶✳ ❙♦✱ ❛s
✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ❡♥❧❛r❣❡❞ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✉r❡ ✷✳✽✱ ✷✵ ❡①tr❛ ✉♥✐ts ♦❢ ✐♥♣✉t
✷ ❝❧❡❛r❧② ❡♥❛❜❧❡ ♠♦r❡ ♦✉t♣✉t t♦ ❜❡ ♣r♦❞✉❝❡❞ t❤❛♥ ✶✵ ❡①tr❛ ✉♥✐ts ♦❢ ✐♥♣✉t
✶✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✽
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❊①❡r❝✐s❡ ✷✳✹ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✿ C(w, 0) =
0✱ Cq(w, q) = int(q) ✇❤❡r❡ int(x) ✐s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦
x✳ ❙❦❡t❝❤ t♦t❛❧✱ ❛✈❡r❛❣❡ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ❝✉r✈❡s✳

❖✉t❧✐♥❡ ❆♥s✇❡r

❋r♦♠ t❤❡ q✉❡st✐♦♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

C(w, q) = kq − 1

2
k [k − 1] , k − 1 < q ≤ k, k = 1, 2, 3...

s♦ t❤❛t ❛✈❡r❛❣❡ ❝♦st ✐s

k + k
1− k

2q
, k − 1 < q ≤ k, k = 1, 2, 3...

✕ s❡❡ ❋✐❣✉r❡ ✷✳✾✳

❋✐❣✉r❡ ✷✳✾✿ ❙t❡♣✲✇✐s❡ ▼❛r❣✐♥❛❧ ❈♦st

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✶✵
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❊①❡r❝✐s❡ ✷✳✺ ❙✉♣♣♦s❡ ❛ ✜r♠✬s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ❢♦r♠

q = zα1

1 zα2

2

✇❤❡r❡ z1 ❛♥❞ z2 ❛r❡ ✐♥♣✉ts✱ q ✐s ♦✉t♣✉t ❛♥❞ α1✱ α2 ❛r❡ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✳

✶✳ ❉r❛✇ t❤❡ ✐s♦q✉❛♥ts✳ ❉♦ t❤❡② t♦✉❝❤ t❤❡ ❛①❡s❄

✷✳ ❲❤❛t ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ t❤✐s ❝❛s❡❄

✸✳ ❯s✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ✜♥❞ t❤❡ ❝♦st✲♠✐♥✐♠✐s✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥♣✉ts
❛♥❞ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✳

✹✳ ❯♥❞❡r ✇❤❛t ❝✐r❝✉♠st❛♥❝❡s ✇✐❧❧ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❡①❤✐❜✐t ✭❛✮ ❞❡❝r❡❛✲
s✐♥❣ ✭❜✮ ❝♦♥st❛♥t ✭❝✮ ✐♥❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡❄ ❊①♣❧❛✐♥ t❤✐s ✉s✐♥❣ ✜rst
t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✳

✺✳ ❋✐♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❝✉r✈❡ ❢♦r ✐♥♣✉t ✶✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❚❤❡ ✐s♦q✉❛♥ts ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✵✳ ❚❤❡② ❞♦ ♥♦t t♦✉❝❤ t❤❡ ❛①❡s✳

❋✐❣✉r❡ ✷✳✶✵✿ ■s♦q✉❛♥ts ✲ ❈♦❜❜ ❉♦✉❣❧❛s

✷✳ ❚❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

σij := − ∂ log (zj/zi)

∂ log (φj(z)/φi(z))

✇❤✐❝❤✱ ✐♥ t❤❡ t✇♦ ✐♥♣✉t ❝❛s❡✱ ❜❡❝♦♠❡s

σ = −
∂ log

(

z1
z2

)

∂ log
(

φ1(z)
φ2(z)

) ✭✷✳✶✮

✶✶ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮

Microeconomics - Principles and Analysis 2nd edition Cowell Solutions Manual

https://ravanbooks.com/books/9780192527363-solutions


❙♦❧✉t✐♦♥s ▼❛♥✉❛❧ ❈❍❆P❚❊❘ ✷✳ ❚❍❊ ❋■❘▼

■♥ ❝❛s❡ ✶ ✇❡ ❤❛✈❡ φ(z) = zα1

1 zα2

2 ❛♥❞ s♦✱ ❜② ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✇❡ ✜♥❞✿

φ1(z)

φ2(z)
=

α1

α2
/
z1
z2

❚❛❦✐♥❣ ❧♦❣❛r✐t❤♠s ✇❡ ❤❛✈❡

log

(

z1
z2

)

= log

(

α1

α2

)

− log

(

φ1(z)

φ2(z)

)

♦r

u = log

(

α1

α2

)

− v

✇❤❡r❡ u := log (z1/z2) ❛♥❞ v := log (φ1/φ2)✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ u ✇✐t❤ r❡s♣❡❝t
t♦ v ✇❡ ❤❛✈❡

∂u

∂v
= −1. ✭✷✳✷✮

❙♦✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ u ❛♥❞ v ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ✇❡ ❤❛✈❡

σ = −∂u

∂v
= 1.

✸✳ ❚❤✐s ✐s ❛ ❈♦❜❜✲❉♦✉❣❧❛s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✇✐❧❧ ②✐❡❧❞ ❛ ✉♥✐q✉❡ ✐♥t❡✲
r✐♦r s♦❧✉t✐♦♥❀ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s✿

L(z, λ) = w1z1 + w2z2 + λ [q − zα1

1 zα2

2 ] , ✭✷✳✸✮

❛♥❞ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡✿

∂L(z, λ)
∂z1

= w1 − λα1z
α1−1
1 zα2

2 = 0 , ✭✷✳✹✮

∂L(z, λ)
∂z2

= w2 − λα2z
α1

1 zα2−1
2 = 0 , ✭✷✳✺✮

∂L(z, λ)
∂λ

= q − zα1

1 zα2

2 = 0 . ✭✷✳✻✮

❯s✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ r❡❛rr❛♥❣✐♥❣ ✇❡ ❝❛♥ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r ♠✐✲
♥✐♠✐③❡❞ ❝♦st ✐♥ t❡r♠s ♦❢ ❛♥❞ q✿

w1z1 + w2z2 = λα1z
α1

1 zα2

2 + λα2z
α1

1 zα2

2 = [α1 + α2]λq.

❲❡ ❝❛♥ t❤❡♥ ❡❧✐♠✐♥❛t❡ λ✿

w1 − λα1
q
z1

= 0

w2 − λα2
q
z2

= 0

}

✇❤✐❝❤ ✐♠♣❧✐❡s
z∗1 = α1

w1
λq

z∗2 = α2

w2
λq

}

. ✭✷✳✼✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ z∗1 ❛♥❞ z∗2 ❜❛❝❦ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡
❤❛✈❡

[

α1

w1
λq

]α1
[

α2

w2
λq

]α2

= q

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✶✷
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✇❤✐❝❤ ✐♠♣❧✐❡s

λq =

[

q

[

w1

α1

]α1
[

w2

α2

]α2
]

1
α1+α2

✭✷✳✽✮

❙♦✱ ✉s✐♥❣ ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ ✐s

C(w, q) = w1z
∗
1 + w2z

∗
2

= [α1 + α2]

[

q

[

w1

α1

]α1
[

w2

α2

]α2
]

1
α1+α2

.

✹✳ ❯s✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② t > 0✿

φ(tz) = [tz1]
α1 [tz2]

α2 = tα1+α2φ(z).

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❉❘❚❙✴❈❘❚❙✴■❘❚❙ ❛❝❝♦r❞✐♥❣ ❛s α1 + α2 S 1✳ ■❢
✇❡ ❧♦♦❦ ❛t ❛✈❡r❛❣❡ ❝♦st ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ q ✇❡ ✜♥❞ t❤❛t ❆❈ ✐s ✐♥❝r❡❛✲
s✐♥❣✴❝♦♥st❛♥t✴❞❡❝r❡❛s✐♥❣ ✐♥ q ❛❝❝♦r❞✐♥❣ ❛s α1 + α2 S 1✳

✺✳ ❯s✐♥❣ ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥s ❛r❡

H1(w, q) =

[

q

[

α1w2

α2w1

]α2
]

1
α1+α2

H2(w, q) =

[

q

[

α2w1

α1w2

]α1
]

1
α1+α2

❛♥❞ ❛r❡ s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥♣✉t ♣r✐❝❡s✳

✶✸ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❊①❡r❝✐s❡ ✷✳✻ ❙✉♣♣♦s❡ ❛ ✜r♠✬s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ▲❡♦♥t✐❡❢ ❢♦r♠

q = min

{

z1
α1

,
z2
α2

}

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❊①❡r❝✐s❡ ✷✳✺✳

✶✳ ❉r❛✇ t❤❡ ✐s♦q✉❛♥ts✳

✷✳ ❋♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ✐❞❡♥t✐❢② t❤❡ ❝♦st✲♠✐♥✐♠✐s✐♥❣ ✐♥♣✉t ❝♦♠❜✐♥❛✲
t✐♦♥✭s✮ ♦♥ t❤❡ ❞✐❛❣r❛♠✳

✸✳ ❍❡♥❝❡ ✇r✐t❡ ❞♦✇♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥ t❤✐s ❝❛s❡✳ ❲❤② ✇♦✉❧❞ t❤❡ ▲❛❣r❛♥❣✐❛♥
♠❡t❤♦❞ ♦❢ ❊①❡r❝✐s❡ ✷✳✺ ❜❡ ✐♥❛♣♣r♦♣r✐❛t❡ ❤❡r❡❄

✹✳ ❲❤❛t ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥♣✉t ❞❡♠❛♥❞ ❝✉r✈❡ ❢♦r ✐♥♣✉t ✶❄

✺✳ ❘❡♣❡❛t ♣❛rts ✶✲✹ ❢♦r ❡❛❝❤ ♦❢ t❤❡ t✇♦ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s

q = α1z1 + α2z2

q = α1z
2
1 + α2z

2
2

❊①♣❧❛✐♥ ❝❛r❡❢✉❧❧② ❤♦✇ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦st✲♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ❞✐✛❡rs
✐♥ t❤❡s❡ t✇♦ ❝❛s❡s✳

❋✐❣✉r❡ ✷✳✶✶✿ ■s♦q✉❛♥ts ✲ ▲❡♦♥t✐❡❢

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❚❤❡ ■s♦q✉❛♥ts ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✶ ✕ t❤❡ s♦✲❝❛❧❧❡❞ ▲❡♦♥t✐❡❢ ❝❛s❡✱

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✶✹
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❋✐❣✉r❡ ✷✳✶✸✿ ■s♦q✉❛♥ts ✲ ◆♦♥❝♦♥✈❡① t♦ ♦r✐❣✐♥
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✷✳ ■❢ ❛❧❧ ♣r✐❝❡s ❛r❡ ♣♦s✐t✐✈❡✱ ✇❡ ❤❛✈❡ ❛ ✉♥✐q✉❡ ❝♦st✲♠✐♥✐♠✐s✐♥❣ s♦❧✉t✐♦♥ ❛t ❆✿
t♦ s❡❡ t❤✐s✱ ❞r❛✇ ❛♥② str❛✐❣❤t ❧✐♥❡ ✇✐t❤ ♣♦s✐t✐✈❡ ✜♥✐t❡ s❧♦♣❡ t❤r♦✉❣❤ ❆
❛♥❞ t❛❦❡ t❤✐s ❛s ❛♥ ✐s♦❝♦st ❧✐♥❡❀ ✐❢ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛♥② ♦t❤❡r ♣♦✐♥t ❇ ♦♥ t❤❡
✐s♦q✉❛♥t t❤r♦✉❣❤ ❆ t❤❡♥ ❛♥ ✐s♦❝♦st ❧✐♥❡ t❤r♦✉❣❤ ❇ ✭s❛♠❡ s❧♦♣❡ ❛s t❤❡ ♦♥❡
t❤r♦✉❣❤ ❆✮ ♠✉st ❧✐❡ ❛❜♦✈❡ t❤❡ ♦♥❡ ②♦✉ ❤❛✈❡ ❥✉st ❞r❛✇♥✳

✸✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦r♥❡r ❆ ❛r❡ (α1q, α2q) ❛♥❞✱ ❣✐✈❡♥ w✱ t❤✐s ✐♠♠❡✲
❞✐❛t❡❧② ②✐❡❧❞s t❤❡ ♠✐♥✐♠✐s❡❞ ❝♦st✳

C(w, q) = w1α1q + w2α2q.

❚❤❡ ♠❡t❤♦❞s ✐♥ ❊①❡r❝✐s❡ ✷✳✺ s✐♥❝❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t
t❤❡ ❝♦r♥❡r✳

✹✳ ❈♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ✐s ❝♦♥st❛♥t ✐❢ ❛❧❧ ♣r✐❝❡s ❛r❡ ♣♦s✐t✐✈❡

H1(w, q) = α1q

H2(w, q) = α2q.

✺✳ ●✐✈❡♥ t❤❡ ❧✐♥❡❛r ❝❛s❡
q = α1z1 + α2z2

❼ ■s♦q✉❛♥ts ❛r❡ ❛s ✐♥ ❋✐❣✉r❡ ✷✳✶✷✳

❼ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ❡✐t❤❡r ❛t t❤❡ ❝♦r♥❡r (q/α1, 0)
✐❢ w1/w2 < α1/α2 ♦r ❛t t❤❡ ❝♦r♥❡r (0, q/α2) ✐❢ w1/w2 > α1/α2✱ ♦r
♦t❤❡r✇✐s❡ ❛♥②✇❤❡r❡ ♦♥ t❤❡ ✐s♦q✉❛♥t

❼ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② s❤♦✇s ✉s t❤❛t ♠✐♥✐♠✐s❡❞ ❝♦st ♠✉st ❜❡✳

C(w, q) = qmin

{

w1

α1
,
w2

α2

}

❼ ❙♦ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❝❛♥ ❜❡ ♠✉❧t✐✈❛❧✉❡❞✿

H1(w, q) =



























q
α1

✐❢ w1

w2
< α1

α2

z∗1 ∈
[

0, q
α1

]

✐❢ w1

w2
= α1

α2

0 ✐❢ w1

w2
> α1

α2

H2(w, q) =
q − α1H

1(w, q)

α2

❼ ❈❛s❡ ✸ ✐s ❛ t❡st t♦ s❡❡ ✐❢ ②♦✉ ❛r❡ ❛✇❛❦❡✿ t❤❡ ✐s♦q✉❛♥ts ❛r❡ ♥♦t ❝♦♥✈❡①
t♦ t❤❡ ♦r✐❣✐♥ ✕ s❡❡ ❋✐❣✉r❡ ✷✳✶✸✳ ❆♥ ❡①♣❡r✐♠❡♥t ✇✐t❤ ❛ str❛✐❣❤t✲❡❞❣❡
t♦ s✐♠✉❧❛t❡ ❛♥ ✐s♦❝♦st ❧✐♥❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s ❛❧♠♦st ❧✐❦❡ ❝❛s❡ ✷ ✕ t❤❡
s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ❡✐t❤❡r ❛t t❤❡ ❝♦r♥❡r (

√

q/α1, 0) ✐❢ w1/w2 <
√

α1/α2

♦r ❛t t❤❡ ❝♦r♥❡r (0,
√

q/α2) ✐❢ w1/w2 >
√

α1/α2 ✭❜✉t ♥♦✇❤❡r❡ ❡❧s❡✮✳
❙♦ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s ✿

C(w, q) = min

{

w1

√

q

α1
, w2

√

q

α2

}

.

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✶✻

Microeconomics - Principles and Analysis 2nd edition Cowell Solutions Manual

https://ravanbooks.com/books/9780192527363-solutions


❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✐s s✐♠✐❧❛r t♦✱ ❜✉t s❧✐❣❤t❧② ❞✐✛❡r❡♥t
❢r♦♠✱ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✿

H1(w, q) =



































√

q
α1

✐❢ w1

w2
<
√

α1

α2

z∗1 ∈
{

0,
√

q
α1

}

✐❢ w1

w2
=
√

α1

α2

0 ✐❢ w1

w2
>
√

α1

α2

H2(w, q) =

√

q − α1 [H1(w, q)]
2

α2

◆♦t❡ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❡①❛❝t❧② ❛t w1/w2 =
√

α1/α2

✶✼ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❊①❡r❝✐s❡ ✷✳✼ ❆ss✉♠❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥

φ(z) =
[

α1z
β
1 + α2z

β
2

]
1
β

✇❤❡r❡ zi ✐s t❤❡ q✉❛♥t✐t② ♦❢ ✐♥♣✉t i ❛♥❞ αi ≥ 0 ✱ −∞ < β ≤ 1 ❛r❡ ♣❛r❛♠❡t❡rs✳
❚❤✐s ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❈❊❙ ✭❈♦♥st❛♥t ❊❧❛st✐❝✐t② ♦❢ ❙✉❜st✐t✉t✐♦♥✮ ♣r♦❞✉❝t✐♦♥
❢✉♥❝t✐♦♥✳

✶✳ ❙❤♦✇ t❤❛t t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐s 1
1−β ✳

✷✳ ❊①♣❧❛✐♥ ✇❤❛t ❤❛♣♣❡♥s t♦ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❡❧❛s✲
t✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✿ β → −∞✱ β → 0✱
β → 1✳

✸✳ ❘❡❧❛t❡ ②♦✉r ❛♥s✇❡r t♦ t❤❡ ❛♥s✇❡rs t♦ ❊①❡r❝✐s❡s ✷✳✺ ❛♥❞ ✷✳✻✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥

φ(z) :=
[

α1z
β
1 + α2z

β
2

]
1
β

✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ✐♥♣✉t i ✐s

φi(z) :=
[

α1z
β
1 + α2z

β
2

]
1
β
−1

αiz
β−1
i ✭✷✳✾✮

❚❤❡r❡❢♦r❡ t❤❡ ▼❘❚❙ ✐s

φ1(z)

φ2(z)
=

α1

α2

[

z1
z2

]β−1

✭✷✳✶✵✮

✇❤✐❝❤ ✐♠♣❧✐❡s

log

(

z1
z2

)

=
1

1− β
log

α1

α2
− 1

1− β
log

(

φ1(z)

φ2(z)

)

.

❚❤❡r❡❢♦r❡

σ = −
∂ log

(

z1
z2

)

∂ log
(

φ1(z)
φ2(z)

) =
1

1− β

✷✳ ❈❧❡❛r❧② β → −∞ ②✐❡❧❞s σ = 0 ✭φ(z) = min {α1z1, α2z2}✮✱ β → 0 ②✐❡❧❞s
σ = 1 ✭φ(z) = zα1

1 zα2

2 ✮✱ β → 1 ②✐❡❧❞s σ = ∞ ✭φ(z) = α1z1 + α2z2✮✳

✸✳ ❚❤❡ ❝❛s❡ β → −∞ ❝♦rr❡s♣♦♥❞s t♦ t❤❛t ✐♥ ♣❛rt ✶ ♦❢ ❊①❡r❝✐s❡ ✷✳✻❀ β → 0
❝♦rr❡s♣♦♥❞s t♦ t❤❛t ✐♥ ❊①❡r❝✐s❡ ✷✳✺❀ β → 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❛t ✐♥ ♣❛rt ✺
♦❢ ❊①❡r❝✐s❡ ✷✳✻✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✶✽
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❊①❡r❝✐s❡ ✷✳✽ ❋♦r t❤❡ ❈❊❙ ❢✉♥❝t✐♦♥ ✐♥ ❊①❡r❝✐s❡ ✷✳✼ ✜♥❞ H1(w, q)✱ t❤❡ ❝♦♥❞✐t✐✲
♦♥❛❧ ❞❡♠❛♥❞ ❢♦r ❣♦♦❞ ✶✱ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ β 6= 0, 1✳ ❱❡r✐❢② t❤❛t ✐t ✐s ❞❡❝r❡❛s✐♥❣
✐♥ w1 ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ ✵ ✐♥ ✭w1✱w2✮✳

❖✉t❧✐♥❡ ❆♥s✇❡r

❋r♦♠ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛❣r❛♥❣✐❛♥

L(z, λ;w, q) :=

m
∑

i=1

wizi + λ [q − φ(z)]

✇❡ ♦❜t❛✐♥

λ∗α1 [z
∗
1 ]

β−1
q1−β = w1 ✭✷✳✶✶✮

λ∗α2 [z
∗
2 ]

β−1
q1−β = w2 ✭✷✳✶✷✮

❖♥ r❡❛rr❛♥❣✐♥❣✿

w1

α1

1

λ∗q1−β
= [z∗1 ]

β−1

w2

α2

1

λ∗q1−β
= [z∗2 ]

β−1

❯s✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡ ❣❡t

α1

[

w1

α1

1

λ∗q1−β

]

β
β−1

+ α2

[

w2

α2

1

λ∗q1−β

]

β
β−1

= qβ

❘❡❛rr❛♥❣✐♥❣ ✇❡ ✜♥❞

λ∗q1−β =

[

α
− 1

β−1

1 [w1]
β

β−1 + α
− 1

β−1

2 [w2]
β

β−1

]

β−1

β

q1−β

❙✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ✭✷✳✶✶✮ ✇❡ ❣❡t✿

w1 = α1 [z
∗
1 ]

β−1

[

α
− 1

β−1

1 [w1]
β

β−1 + α
− 1

β−1

2 [w2]
β

β−1

]

β−1

β

q1−β

❘❡❛rr❛♥❣✐♥❣ t❤✐s ✇❡ ❤❛✈❡✿

z∗1 =

[

α1 + α2

[

α1

α2

w2

w1

]

β
β−1

]

−1

β

q

❈❧❡❛r❧② z∗1 ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ w1 ✐❢ β < 1✳ ❋✉rt❤❡r♠♦r❡✱ r❡s❝❛❧✐♥❣ w1 ❛♥❞ w2 ❜②
s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇✐❧❧ ❧❡❛✈❡ z∗1 ✉♥❝❤❛♥❣❡❞✳

✶✾ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❋✐❣✉r❡ ✷✳✶✹✿ ■s♦q✉❛♥ts ❙❤✐❢t❡❞ ❈♦❜❜ ❉♦✉❣❧❛s

❊①❡r❝✐s❡ ✷✳✾ ❆ ✜r♠✬s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

φ (z) =

{

[z1 − a]
b
zb2 ✐❢ z1 > a, z2 > 0

0 ♦t❤❡r✇✐s❡

✇❤❡r❡ z1, z2 ❛r❡ q✉❛♥t✐t✐❡s ♦❢ t✇♦ ✐♥♣✉ts✱ ❛♥❞ a, b ≥ 0 ❛r❡ ♣❛r❛♠❡t❡rs✳

✶✳ ❙❦❡t❝❤ t❤❡ ✐s♦q✉❛♥ts ❢♦r t❤✐s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳

✷✳ ❋✐♥❞ t❤❡ ✜r♠✬s ❝♦st ❢✉♥❝t✐♦♥✳ ❙❦❡t❝❤ t❤❡ ❛✈❡r❛❣❡ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ❝✉r✈❡s✳
❉♦❡s t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❡①❤✐❜✐t ✐♥❝r❡❛s✐♥❣ ♦r ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦
s❝❛❧❡❄

✸✳ ❋✐♥❞ t❤❡ ✜r♠✬s ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢♦r t❤❡ t✇♦ ✐♥♣✉ts✱ ❣✐✈❡♥ ✐♥♣✉t ♣r✐❝❡s✳
❍♦✇ ✇♦✉❧❞ ❛ ❞❡❝r❡❛s❡ ✐♥ a ❝❤❛♥❣❡ t❤❡s❡ ❞❡♠❛♥❞s❄

✹✳ ■❢ t❤❡ ✜r♠ ✐s s❡❧❧✐♥❣ ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t ✜♥❞ t❤❡ ✜r♠✬s s✉♣♣❧② ❢✉♥❝t✐♦♥✳
❍♦✇ ✇♦✉❧❞ ❛ ❞❡❝r❡❛s❡ ✐♥ a ❛✛❡❝t t❤❡ s✉♣♣❧② ♦❢ ♦✉t♣✉t❄

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✶✹✳

✷✳ ❚❤❡ ♣r♦❜❧❡♠

minw1z1 + w2z2 s✉❜❥❡❝t t♦ q ≤ φ (z) , z1 > a

✐s ❡q✉✐✈❛❧❡♥t t♦

minw1z1 + w2z2 s✉❜❥❡❝t t♦
1

b
log q ≤ log (z1 − a) + log (z2) .

❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ tr❛♥s❢♦r♠❡❞ ♣r♦❜❧❡♠ ✐s

w1z1 + w2z2 + λ

[

1

b
log q − log (z1 − a)− log (z2)

]

.
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❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥ ✐♥t❡r✐♦r ♦♣t✐♠✉♠ ❛r❡

w1 −
λ∗

z∗1 − a
= 0 ✭✷✳✶✸✮

w2 −
λ∗

z∗2
= 0 ✭✷✳✶✹✮

log (z∗1 − a) + log (z∗2) =
1

b
log q ✭✷✳✶✺✮

❙✉❜st✐t✉t✐♥❣ ❢r♦♠ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✹✮ ✐♥t♦ ✭✷✳✶✺✮ ✇❡ ❣❡t

log

(

λ∗

w1

)

+ log

(

λ∗

w2

)

=
1

b
log q,

1

b
log q + log (w1w2) = 2 log λ∗,

s♦ t❤❛t

λ∗ = q
1
2b
√
w1w2. ✭✷✳✶✻✮

❯s✐♥❣ ✭✷✳✶✸✮✱ ✭✷✳✶✹✮ ❛♥❞ ✭✷✳✶✻✮ ✇❡ ❣❡t

w1z
∗
1 + w2z

∗
2 = w1a+ 2λ∗

= w1a+ 2q
1
2b
√
w1w2. ✭✷✳✶✼✮

❚❤✐s ✐s t❤❡ ❝♦st ❢✉♥❝t✐♦♥ C (w, q)✳ ❋r♦♠ ✭✷✳✶✼✮ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t ❛✈❡r❛❣❡
❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st r❡s♣❡❝t✐✈❡❧② ❛s

C (w, q)

q
=

w1a

q
+ 2qk

√
w1w2 ✭✷✳✶✽✮

∂C (w, q)

∂q
=

1

b
qk
√
w1w2 ✭✷✳✶✾✮

✇❤❡r❡ k := 1
2b − 1✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✳✶✽✮ ✇❡ ❤❛✈❡

∂

∂q

(

C (w, q)

q

)

= −w1a

q2
+ 2kqk−1√w1w2

❈❧❡❛r❧② ❆❈ ♠✉st ❜❡ ❡✈❡r②✇❤❡r❡ ❢❛❧❧✐♥❣ ✐❢ k ≤ 0 ✭b ≥ 0.5✮❀ ✐♥ t❤✐s ❝❛s❡ ✇❡
❝❛♥ ❜❡ s✉r❡ t❤❛t t❤❡r❡ ✐s ✐♥❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡❀ ❋✐❣✉r❡ ✷✳✶✺ ✐❧❧✉str❛t❡s
t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ✈❛❧✉❡s w1 = w2 = a = 1✳

✸✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✐s ❢♦✉♥❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✳
❙♦ ✇❡ ❤❛✈❡

H1 (w, q) =
∂C (w, q)

∂w1
= a+ q

1
2b

√

w2

w1
✭✷✳✷✵✮

H2 (w, q) =
∂C (w, q)

∂w2
= q

1
2b

√

w1

w2
✭✷✳✷✶✮

■❢ a ❞❡❝r❡❛s❡s t❤✐s r❡❞✉❝❡s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢♦r ❣♦♦❞ ✶ ❜✉t ♥♦t t❤❛t
❢♦r ❣♦♦❞ ✷✳

✷✶ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❋✐❣✉r❡ ✷✳✶✺✿ ❆✈❡r❛❣❡ ❈♦sts ❛♥❞ ▼❛r❣✐♥❛❧ ❈♦sts ✐♥ t❤r❡❡ ❝❛s❡s

2 

4 

6 

8 

10 

12 

0 

0.5 1 1.5 2 2.5 3 

AC 

MC 

b=0.25 

2 

4 

6 

8 

10 

12 

0 

0.5 1 1.5 2 2.5 3 

AC 

MC 

b=1 

2 

4 

6 

8 

10 

12 

0 

0.5 1 1.5 2 2.5 3 

AC 

MC 

b=0.5 

✹✳ ❚❤❡ s✉♣♣❧② ❝✉r✈❡ ❢♦r t❤❡ ❝♦♠♣❡t✐t✐✈❡ ✜r♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t✇♦ ❝♦♥❞✐t✐♦♥s
✭❛✮ p =▼❈ ✐❢ ♦✉t♣✉t ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✭❜✮ p ♠✉st ❝♦✈❡r ❆❈✳ ❚❤❡ ❝♦♠♣❡t✐t✐✈❡
✜r♠ ✇✐❧❧ s✉♣♣❧② ❛ ♣♦s✐t✐✈❡ ❛♠♦✉♥t ♦❢ ♦✉t♣✉t ✐❢ t❤❡r❡ ✐s s♦♠❡ q s✉❝❤ t❤❛t
▼❈≥❆❈ ✇❤✐❝❤✱ ✉s✐♥❣ ✭✷✳✶✽✮ ❛♥❞ ✭✷✳✶✾✮ ✐♥ t❤✐s ❝❛s❡ r❡q✉✐r❡s

kqk+1 ≥ 1

2
a

√

w1

w2
. ✭✷✳✷✷✮

■❢ k > 0 ✭b < 0.5✮ t❤❡♥ t❤❡r❡ ✇✐❧❧ ❜❡ s♦♠❡ q s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤ t❤❛t
❝♦♥❞✐t✐♦♥ ✭✷✳✷✷✮ ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❢♦r q ≥ q✳ ❊q✉❛t✐♥❣ ♣r✐❝❡ t♦ ▼❈ ✇❡ ❤❛✈❡

p =
1

b
qk
√
w1w2

❙♦ t❤❡ s✉♣♣❧② ❝✉r✈❡ ✐s

q =







[

bp√
w1w2

]
1
k

✐❢ q ≥ q

0 ♦t❤❡r✇✐s❡

■❢ a ✇❡r❡ t♦ ❞❡❝r❡❛s❡ t❤❡♥ q ✇♦✉❧❞ ❞❡❝r❡❛s❡ ❜✉t t❤❡ s❧♦♣❡ ♦❢ t❤❡ s✉♣♣❧②
❝✉r✈❡ ✇♦✉❧❞ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ✐♥ t❤❡ r❡❣✐♦♥ q ≥ q✳
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❊①❡r❝✐s❡ ✷✳✶✵ ❋♦r ❛♥② ❤♦♠♦t❤❡t✐❝ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ s❤♦✇ t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥
♠✉st ❜❡ ❡①♣r❡ss✐❜❧❡ ✐♥ t❤❡ ❢♦r♠

C (w, q) = a (w) b (q) .

❋✐❣✉r❡ ✷✳✶✻✿ ❍♦♠♦t❤❡t✐❝ ❊①♣❛♥s✐♦♥ P❛t❤

❖✉t❧✐♥❡ ❆♥s✇❡r

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❤♦♠♦t❤❡t✐❝✐t②✱ t❤❡ ✐s♦q✉❛♥ts ♠✉st ❧♦♦❦ ❧✐❦❡ ❋✐❣✉r❡
✷✳✶✻❀ ✐♥t❡r♣r❡t✐♥❣ t❤❡ t❛♥❣❡♥ts ❛s ✐s♦❝♦st ❧✐♥❡s ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ✜❣✉r❡ t❤❛t
t❤❡ ❡①♣❛♥s✐♦♥ ♣❛t❤s ❛r❡ r❛②s t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥✳ ❙♦✱ ✐❢ Hi(w, q) ✐s t❤❡ ❞❡♠❛♥❞
❢♦r ✐♥♣✉t i ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♦✉t♣✉t q✱ t❤❡ ♦♣t✐♠❛❧ ✐♥♣✉t r❛t✐♦

Hi(w, q)

Hj(w, q)

♠✉st ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ q ❛♥❞ s♦ ✇❡ ♠✉st ❤❛✈❡

Hi(w, q)

Hi (w, q′)
=

Hj(w, q)

Hj (w, q′)

❢♦r ❛♥② q, q′✳ ❋♦r t❤✐s t♦ tr✉❡ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ r❛t✐♦ Hi(w, q)/Hi (w, q′) ♠✉st
❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ w✳ ❙❡tt✐♥❣ q′ = 1 ✇❡ t❤❡r❡❢♦r❡ ❤❛✈❡

H1(w, q)

H1(w, 1)
=

H2(w, q)

H2(w, 1)
= ... =

Hm(w, q)

Hm(w, 1)
= b(q)

❛♥❞ s♦

Hi(w, q) = b(q)Hi(w, 1).

✷✸ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❚❤❡r❡❢♦r❡ t❤❡ ♠✐♥✐♠✐③❡❞ ❝♦st ✐s ❣✐✈❡♥ ❜②

C(w, q) =
m
∑

i=1

wiH
i(w, q)

=

m
∑

i=1

wib(q)H
i(w, 1)

= b(q)

m
∑

i=1

wiH
i(w, 1)

= a(w)b(q)

✇❤❡r❡ a(w) =
∑m

i=1 wiH
i(w, 1).

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✷✹
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❊①❡r❝✐s❡ ✷✳✶✶ ❈♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥

q =
[

α1z
−1
1 + α2z

−1
2 + α3z

−1
3

]−1

✶✳ ❋✐♥❞ t❤❡ ❧♦♥❣✲r✉♥ ❝♦st ❢✉♥❝t✐♦♥ ❛♥❞ s❦❡t❝❤ t❤❡ ❧♦♥❣✲r✉♥ ❛♥❞ s❤♦rt✲r✉♥
♠❛r❣✐♥❛❧ ❛♥❞ ❛✈❡r❛❣❡ ❝♦st ❝✉r✈❡s ❛♥❞ ❝♦♠♠❡♥t ♦♥ t❤❡✐r ❢♦r♠✳

✷✳ ❙✉♣♣♦s❡ ✐♥♣✉t ✸ ✐s ✜①❡❞ ✐♥ t❤❡ s❤♦rt r✉♥✳ ❘❡♣❡❛t t❤❡ ❛♥❛❧②s✐s ❢♦r t❤❡
s❤♦rt✲r✉♥ ❝❛s❡✳

✸✳ ❲❤❛t ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉♣♣❧② ✐♥ t❤❡ s❤♦rt ❛♥❞ t❤❡ ❧♦♥❣ r✉♥❄

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ■♥ t❤❡ ❧♦♥❣ r✉♥ ❛❧❧ ✐♥♣✉ts ❛r❡ ❢r❡❡❧② ✈❛r✐❛❜❧❡✱ ✐♥❝❧✉❞✐♥❣ ✐♥♣✉t ✸✳ ❚❤❡
♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❝❧❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ ✶ ✐♥ ❛❧❧ ✐♥♣✉ts ✕
✐✳❡✳ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ✇❡ ❤❛✈❡ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✳ ❇✉t ❈❘❚❙ ✐♠♣❧✐❡s
❝♦♥st❛♥t ❛✈❡r❛❣❡ ❝♦st✳ ❙♦

LRMC = LRAC = constant

❚❤❡✐r ❣r❛♣❤s ✇✐❧❧ ❜❡ ❛♥ ✐❞❡♥t✐❝❛❧ str❛✐❣❤t ❧✐♥❡✳

❋✐❣✉r❡ ✷✳✶✼✿ ■s♦q✉❛♥ts✲ ❉♦ ♥♦t t♦✉❝❤ t❤❡ ❛①❡s

✷✳ ■♥ t❤❡ s❤♦rt r✉♥ z3 = z̄3 s♦ ✐♥♣✉t ✸ r❡♣r❡s❡♥ts ❛ ✜①❡❞ ❝♦st✳ ❲❡ ❝❛♥ ✇r✐t❡
t❤❡ ♣r♦❜❧❡♠ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛❣r❛♥❣✐❛♥

L̂(z, λ̂) = w1z1 + w2z2 + λ̂
[

q −
[

α1z
−1
1 + α2z

−1
2 + α3z̄

−1
3

]−1
]

; ✭✷✳✷✸✮

♦r✱ ✉s✐♥❣ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥t t♦ ♠❛❦❡ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥
❡❛s✐❡r✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ▲❛❣r❛♥❣✐❛♥

L(z, λ) = w1z1 + w2z2 + λ
[

α1z
−1
1 + α2z

−1
2 − k

]

✭✷✳✷✹✮

✇❤❡r❡ λ ✐s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ❢♦r t❤❡ tr❛♥s❢♦r♠❡❞ ❝♦♥str❛✐♥t ❛♥❞

k := q−1 − α3z̄
−1
3 . ✭✷✳✷✺✮

✷✺ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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◆♦t❡ t❤❛t t❤❡ ✐s♦q✉❛♥t ✐s

z2 =
α2

k − α1z
−1
1

.

❋r♦♠ t❤❡ ❋✐❣✉r❡ ✷✳✶✼ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ✐s♦q✉❛♥ts ❞♦ ♥♦t t♦✉❝❤ t❤❡ ❛①❡s
❛♥❞ s♦ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✳ ❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡

wi − λαiz
−2
i = 0, i = 1, 2 ✭✷✳✷✻✮

✇❤✐❝❤ ✐♠♣❧②

zi =

√

λαi

wi
, i = 1, 2 ✭✷✳✷✼✮

❚♦ ✜♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✇❡ ♥❡❡❞ t♦ s♦❧✈❡ ❢♦r λ✳ ❯s✐♥❣ t❤❡
♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ❡q✉❛t✐♦♥s ✭✷✳✷✺✮✱ ✭✷✳✷✼✮ ✇❡ ❣❡t

k =

2
∑

j=1

αj

[

λαj

wj

]−1/2

✭✷✳✷✽✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ✜♥❞ √
λ =

b

k
✭✷✳✷✾✮

✇❤❡r❡
b :=

√
α1w1 +

√
α2w2.

❙✉❜st✐t✉t✐♥❣ ❢r♦♠ ✭✷✳✷✾✮ ✐♥t♦ ✭✷✳✷✼✮ ✇❡ ❣❡t ♠✐♥✐♠✐s❡❞ ❝♦st ❛s

C̃ (w, q; z̄3) =

2
∑

i=1

wiz
∗
i + w3z̄3 ✭✷✳✸✵✮

=
b2

k
+ w3z̄3 ✭✷✳✸✶✮

=
qb2

1− α3z̄
−1
3 q

+ w3z̄3. ✭✷✳✸✷✮

▼❛r❣✐♥❛❧ ❝♦st ✐s
b2

[

1− α3z̄
−1
3 q

]2 ✭✷✳✸✸✮

❛♥❞ ❛✈❡r❛❣❡ ❝♦st ✐s
b2

1− α3z̄
−1
3 q

+
w3z̄3
q

. ✭✷✳✸✹✮

▲❡t q ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ q ❢♦r ✇❤✐❝❤ ▼❈❂❆❈ ✐♥ ✭✷✳✸✸✮ ❛♥❞ ✭✷✳✸✹✮ ✕ ❛t t❤❡
♠✐♥✐♠✉♠ ♦❢ ❆❈ ✐♥ ❋✐❣✉r❡ ✷✳✶✽ ✕ ❛♥❞ ❧❡t p ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♥✐♠✉♠
✈❛❧✉❡ ♦❢ ❆❈✳ ❚❤❡♥✱ ✉s✐♥❣ p =▼❈ ✐♥ ✭✷✳✸✸✮ ❢♦r p ≥p t❤❡ s❤♦rt✲r✉♥ s✉♣♣❧②
❝✉r✈❡ ✐s ❣✐✈❡♥ ❜②

q =
z̄3
α3

[

1− b√
p

]

❋♦r p <p t❤❡ ✜r♠ ✇✐❧❧ ♣r♦❞✉❝❡ ✵ ✐❢ w3z̄3 r❡♣r❡s❡♥ts ❛ ✜①❡❞ ❝♦st ❜✉t ♥♦t ❛
✏s✉♥❦ ❝♦st✑ ✕ ✐✳❡✳ ✐❢ ✐♥♣✉t ✸ ❝❛♥ ❥✉st ❜❡ ❞✐s♣♦s❡❞ ♦❢ ❛♥❞ t❤❡ ❝♦st r❡❝♦✈❡r❡❞✱
s❤♦✉❧❞ t❤❡ ✜r♠ ❞❡❝✐❞❡ t♦ ❝❡❛s❡ ♣r♦❞✉❝t✐♦♥✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✷✻
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❋✐❣✉r❡ ✷✳✶✽✿ ❙❤♦rt r✉♥ ▼❛r❣✐♥❛❧ ❝♦st ❛♥❞ ❆✈❡r❛❣❡ ❈♦st

✸✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❧❛st ❧✐♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛ ✇❡ ❣❡t

d ln q

d ln p
=

p

q

dq

dp
=

1

2

1√
p/b− 1

> 0

◆♦t❡ t❤❛t t❤❡ ❡❧❛st✐❝✐t② ❞❡❝r❡❛s❡s ✇✐t❤ b✳ ■♥ t❤❡ ❧♦♥❣ r✉♥ t❤❡ s✉♣♣❧② ❝✉r✈❡
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ▼❈✱❆❈ ❝✉r✈❡s ❛♥❞ s♦ ❤❛s ✐♥✜♥✐t❡ ❡❧❛st✐❝✐t②✳

✷✼ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❊①❡r❝✐s❡ ✷✳✶✷ ❆ ❝♦♠♣❡t✐t✐✈❡ ✜r♠✬s ♦✉t♣✉t q ✐s ❞❡t❡r♠✐♥❡❞ ❜②

q = zα1

1 zα2

2 ...zαm
m

✇❤❡r❡ zi ✐s ✐ts ✉s❛❣❡ ♦❢ ✐♥♣✉t i ❛♥❞ αi > 0 ✐s ❛ ♣❛r❛♠❡t❡r i = 1, 2, ...,m✳ ❆ss✉♠❡
t❤❛t ✐♥ t❤❡ s❤♦rt r✉♥ ♦♥❧② k ♦❢ t❤❡ m ✐♥♣✉ts ❛r❡ ✈❛r✐❛❜❧❡✳

✶✳ ❋✐♥❞ t❤❡ ❧♦♥❣✲r✉♥ ❛✈❡r❛❣❡ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ❢✉♥❝t✐♦♥s ❢♦r t❤✐s ✜r♠✳ ❯♥❞❡r
✇❤❛t ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ♠❛r❣✐♥❛❧ ❝♦st r✐s❡ ✇✐t❤ ♦✉t♣✉t❄

✷✳ ❋✐♥❞ t❤❡ s❤♦rt✲r✉♥ ♠❛r❣✐♥❛❧ ❝♦st ❢✉♥❝t✐♦♥✳

✸✳ ❋✐♥❞ t❤❡ ✜r♠✬s s❤♦rt✲r✉♥ ❡❧❛st✐❝✐t② ♦❢ s✉♣♣❧②✳ ❲❤❛t ✇♦✉❧❞ ❤❛♣♣❡♥ t♦ t❤✐s
❡❧❛st✐❝✐t② ✐❢ k ✇❡r❡ r❡❞✉❝❡❞❄

❖✉t❧✐♥❡ ❆♥s✇❡r
❲r✐t❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠✿

log q =

m
∑

i=1

αi log zi ✭✷✳✸✺✮

❚❤❡ ✐s♦q✉❛♥t ❢♦r t❤❡ ❝❛s❡ m = 2 ✇♦✉❧❞ t❛❦❡ t❤❡ ❢♦r♠

z2 =
[

qz−α1

1

]
1

α2 ✭✷✳✸✻✮

✇❤✐❝❤ ❞♦❡s ♥♦t t♦✉❝❤ t❤❡ ❛①✐s ❢♦r ✜♥✐t❡ ✭z1, z2✮✳

✶✳ ❚❤❡ ❝♦st✲♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ♠✐♥✐♠✐s✐♥❣ t❤❡ ▲❛✲
❣r❛♥❣✐❛♥

m
∑

i=1

wizi + λ

[

log q −
m
∑

i=1

αi log zi

]

✭✷✳✸✼✮

✇❤❡r❡ wi ✐s t❤❡ ❣✐✈❡♥ ♣r✐❝❡ ♦❢ ✐♥♣✉t i✱ ❛♥❞ λ ✐s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r
❢♦r t❤❡ ♠♦❞✐✜❡❞ ♣r♦❞✉❝t✐♦♥ ❝♦♥str❛✐♥t✳ ●✐✈❡♥ t❤❛t t❤❡ ✐s♦q✉❛♥t ❞♦❡s ♥♦t
t♦✉❝❤ t❤❡ ❛①✐s ✇❡ ♠✉st ❤❛✈❡ ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✿ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡

wi − λαiz
−1
i = 0, i = 1, 2, ..,m ✭✷✳✸✽✮

✇❤✐❝❤ ✐♠♣❧②

zi =
λαi

wi
, i = 1, 2, ..,m ✭✷✳✸✾✮

◆♦✇ s♦❧✈❡ ❢♦r λ✳ ❯s✐♥❣ ✭✷✳✸✺✮ ❛♥❞ ✭✷✳✸✾✮ ✇❡ ❣❡t

zαi

i =

[

λαi

wi

]αi

, i = 1, 2, ..,m ✭✷✳✹✵✮

q =

m
∏

i=1

zαi

i =

[

λ

A

]γ m
∏

i=1

w−αi

i ✭✷✳✹✶✮

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✷✽
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

✇❤❡r❡ γ :=
∑m

j=1 αj ❛♥❞ A := [
∏m

i=1 α
αi

i ]
−1/γ

❛r❡ ❝♦♥st❛♥ts✱ ❢r♦♠ ✇❤✐❝❤
✇❡ ✜♥❞

λ = A

[

q
∏m

i=1 w
−αi

i

]1/γ

= A [qwα1

1 wα2

2 ...wαm
m ]

1/γ
. ✭✷✳✹✷✮

❙✉❜st✐t✉t✐♥❣ ❢r♦♠ ✭✷✳✹✷✮ ✐♥t♦ ✭✷✳✸✾✮ ✇❡ ❣❡t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥✿

Hi (w, q) = z∗i =
αi

wi
A [qwα1

1 wα2

2 ...wαm
m ]

1/γ
✭✷✳✹✸✮

❛♥❞ ♠✐♥✐♠✐s❡❞ ❝♦st ✐s

C (w, q) =
m
∑

i=1

wiz
∗
i = γA [qwα1

1 wα2

2 ...wαm
m ]

1/γ
✭✷✳✹✹✮

= γBq1/γ ✭✷✳✹✺✮

✇❤❡r❡ B := A [wα1

1 wα2

2 ...wαm
m ]

1/γ
✳ ■t ✐s ❝❧❡❛r ❢r♦♠ ✭✷✳✹✺✮ t❤❛t ❝♦st ✐s

✐♥❝r❡❛s✐♥❣ ✐♥ q ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ wi ✐❢ αi > 0 ✭✐t ✐s ❛❧✇❛②s ♥♦♥❞❡❝r❡❛s✐♥❣
✐♥ wi✮✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✳✹✺✮ ✇✐t❤ r❡s♣❡❝t t♦ q ♠❛r❣✐♥❛❧ ❝♦st ✐s

Cq (w, q) = Bq
1−γ
γ ✭✷✳✹✻✮

❈❧❡❛r❧② ♠❛r❣✐♥❛❧ ❝♦st ❢❛❧❧s✴st❛②s ❝♦♥st❛♥t✴r✐s❡s ✇✐t❤ q ❛s γ T 1✳

✷✳ ■♥ t❤❡ s❤♦rt r✉♥ ✐♥♣✉ts 1, ..., k ✭k ≤ m✮ r❡♠❛✐♥ ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣
✐♥♣✉ts ❛r❡ ✜①❡❞✳ ■♥ t❤❡ s❤♦rt✲r✉♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s

log q =

k
∑

i=1

αi log zi + log θk ✭✷✳✹✼✮

✇❤❡r❡

θk := exp

(

m
∑

i=k+1

αi log z̄i

)

✭✷✳✹✽✮

❛♥❞ z̄i ✐s t❤❡ ❛r❜✐tr❛r② ✈❛❧✉❡ ❛t ✇❤✐❝❤ ✐♥♣✉t i ✐s ✜①❡❞✳ ❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠
♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✭✷✳✸✼✮ r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✱ ❜✉t ✇✐t❤ q r❡♣❧❛❝❡❞ ❜② q/θk
❛♥❞ m r❡♣❧❛❝❡❞ ❜② k✳ ❙♦ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡✐r ❝♦r♦❧❧❛r✐❡s
✭✷✳✸✽✮✲✭✷✳✹✷✮ ❛r❡ ❡ss❡♥t✐❛❧❧② ❛s ❜❡❢♦r❡✱ ❜✉t γ ❛♥❞ A ❛r❡ r❡♣❧❛❝❡❞ ❜②

γk :=

k
∑

j=1

αj ✭✷✳✹✾✮

❛♥❞ Ak :=
[

∏k
i=1 α

αi

i

]−1/γk

✳ ❍❡♥❝❡ s❤♦rt✲r✉♥ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ ✐s

H̃i (w, q; z̄k+1, ..., z̄m) =
αi

wi
Ak

[

q

θk
wα1

1 wα2

2 ...wαk

k

]1/γk

✭✷✳✺✵✮

✷✾ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❛♥❞ ♠✐♥✐♠✐s❡❞ ❝♦st ✐♥ t❤❡ s❤♦rt r✉♥ ✐s

C̃ (w, q; z̄k+1, ..., z̄m) =

k
∑

i=1

wiz
∗
i + ck

= γkAk

[

q

θk
wα1

1 wα2

2 ...wαk

k

]1/γk

+ ck ✭✷✳✺✶✮

= γkBkq
1/γk + ck ✭✷✳✺✷✮

✇❤❡r❡

ck :=

m
∑

i=k+1

wiz̄i ✭✷✳✺✸✮

✐s t❤❡ ✜①❡❞✲❝♦st ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ s❤♦rt r✉♥ ❛♥❞Bk := Ak [w
α1

1 wα2

2 ...wαk

k /θk]
1/γk ✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✳✺✷✮ ✇❡ ✜♥❞ t❤❛t s❤♦rt✲r✉♥ ♠❛r❣✐♥❛❧ ❝♦st ✐s

C̃q (w, q; z̄k+1, ..., z̄m) = Bkq
1−γk
γk

✸✳ ❯s✐♥❣ t❤❡ ✏▼❛r❣✐♥❛❧ ❝♦st❂♣r✐❝❡✑❝♦♥❞✐t✐♦♥ ✇❡ ✜♥❞

Bkq
1−γk
γk = p ✭✷✳✺✹✮

✇❤❡r❡ p ✐s t❤❡ ♣r✐❝❡ ♦❢ ♦✉t♣✉t s♦ t❤❛t✱ r❡❛rr❛♥❣✐♥❣ ✭✷✳✺✹✮ t❤❡ s✉♣♣❧②
❢✉♥❝t✐♦♥ ✐s

q = S (w, p; z̄k+1, ..., z̄m) =

[

p

Bk

]

γk
1−γk

✭✷✳✺✺✮

✇❤❡r❡✈❡r ▼❈≥❆❈✳ ❚❤❡ ❡❧❛st✐❝✐t② ♦❢ ✭✷✳✺✺✮ ✐s ❣✐✈❡♥ ❜②

∂ logS (w, p; z̄k+1, ..., z̄m)

∂ log p
=

γk
1− γk

> 0 ✭✷✳✺✻✮

■t ✐s ❝❧❡❛r ❢r♦♠ ✭✷✳✹✾✮ t❤❛t γk > γk−1 > γk−2... ❛♥❞ s♦ t❤❡ ♣♦s✐t✐✈❡ s✉♣♣❧②
❡❧❛st✐❝✐t② ✐♥ ✭✷✳✺✻✮ ♠✉st ❢❛❧❧ ❛s k ❢❛❧❧s✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✸✵
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❋✐❣✉r❡ ✷✳✶✾✿ ❋❡❛s✐❜❧❡ ❙❡t

❊①❡r❝✐s❡ ✷✳✶✸ ❆ ✜r♠ ♣r♦❞✉❝❡s ❣♦♦❞s ✶ ❛♥❞ ✷ ✉s✐♥❣ ❣♦♦❞s ✸✱✳✳✳✱✺ ❛s ✐♥♣✉ts✳ ❚❤❡
♣r♦❞✉❝t✐♦♥ ♦❢ ♦♥❡ ✉♥✐t ♦❢ ❣♦♦❞ i ✭i = 1, 2✮ r❡q✉✐r❡s ❛t ❧❡❛st aij ✉♥✐ts ♦❢ ❣♦♦❞ j✱ ✭
j = 3, 4, 5✮✳

✶✳ ❆ss✉♠✐♥❣ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ ❤♦✇ ♠✉❝❤ ♦❢ r❡s♦✉r❝❡ j ✇✐❧❧ ❜❡ ♥❡❡❞❡❞
t♦ ♣r♦❞✉❝❡ q1 ✉♥✐ts ♦❢ ❝♦♠♠♦❞✐t② ✶❄

✷✳ ❋♦r ❣✐✈❡♥ ✈❛❧✉❡s ♦❢ q3, q4, q5 s❦❡t❝❤ t❤❡ s❡t ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧❧② ❢❡❛s✐❜❧❡ ♦✉t✲
♣✉ts ♦❢ ❣♦♦❞s ✶ ❛♥❞ ✷✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❚♦ ♣r♦❞✉❝❡ q1 ✉♥✐ts ♦❢ ❝♦♠♠♦❞✐t② ✶ a1jq1 ✉♥✐ts ♦❢ r❡s♦✉r❝❡ j ✇✐❧❧ ❜❡
♥❡❡❞❡❞✳

q1a1i + q2a2i ≤ Ri.

✷✳ ❚❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥t ❢♦r r❡s♦✉r❝❡ j ✐s t❤❡r❡❢♦r❡ ❣♦✐♥❣ t♦ ❜❡

q1a1j + q2a2j ≤ Rj .

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛❧❧ t❤r❡❡ r❡s♦✉r❝❡s✱ t❤❡ ❢❡❛s✐❜❧❡ s❡t ✐s ❣✐✈❡♥ ❛s ✐♥ ❋✐❣✉r❡
✷✳✶✾

✸✶ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❊①❡r❝✐s❡ ✷✳✶✹ ❆♥ ❛❣r✐❝✉❧t✉r❛❧ ♣r♦❞✉❝❡r r❛✐s❡s s❤❡❡♣ t♦ ♣r♦❞✉❝❡ ✇♦♦❧ ✭❣♦♦❞ ✶✮
❛♥❞ ♠❡❛t ✭❣♦♦❞ ✷✮✳ ❚❤❡r❡ ✐s ❛ ❝❤♦✐❝❡ ♦❢ ❢♦✉r ❜r❡❡❞s ✭❆✱ ❇✱ ❈✱ ❉✮ t❤❛t ❝❛♥ ❜❡
✉s❡❞ t♦ st♦❝❦ t❤❡ ❢❛r♠❀ ❡❛❝❤ ❜r❡❡❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s❡♣❛r❛t❡ ✐♥♣✉t t♦ t❤❡
♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ②✐❡❧❞ ♦❢ ✇♦♦❧ ❛♥❞ ♦❢ ♠❡❛t ♣❡r ✶✵✵✵ s❤❡❡♣ ✭✐♥ ❛r❜✐tr❛r②
✉♥✐ts✮ ❢♦r ❡❛❝❤ ❜r❡❡❞ ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✶✳

❆ ❇ ❈ ❉

✇♦♦❧ ✷✵ ✻✺ ✽✺ ✾✵
♠❡❛t ✼✵ ✺✵ ✷✵ ✶✵

❚❛❜❧❡ ✷✳✶✿ ❨✐❡❧❞ ♣❡r ✶✵✵✵ s❤❡❡♣ ❢♦r ❜r❡❡❞s ❆✱✳✳✳✱❉

✶✳ ❖♥ ❛ ❞✐❛❣r❛♠ s❤♦✇ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s ✐❢ t❤❡ ♣r♦❞✉❝❡r st♦❝❦s ❡①✲
❛❝t❧② ✶✵✵✵ s❤❡❡♣ ✉s✐♥❣ ❥✉st ♦♥❡ ❜r❡❡❞ ❢r♦♠ t❤❡ s❡t ④❆✱❇✱❈✱❉⑥✳

✷✳ ❯s✐♥❣ t❤✐s ❞✐❛❣r❛♠ s❤♦✇ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s ✐❢ t❤❡ ♣r♦❞✉❝❡r✬s ✶✵✵✵
s❤❡❡♣ ❛r❡ ❛ ♠✐①t✉r❡ ♦❢ ❜r❡❡❞s ❆ ❛♥❞ ❇✳ ❉♦ t❤❡ s❛♠❡ ❢♦r ❛ ♠✐①t✉r❡ ♦❢
❜r❡❡❞s ❇ ❛♥❞ ❈❀ ❛♥❞ ❛❣❛✐♥ ❢♦r ❛ ♠✐①t✉r❡ ♦❢ ❜r❡❡❞s ❈ ❛♥❞ ❉✳ ❍❡♥❝❡ ❞r❛✇
t❤❡ ✭✇♦♦❧✱ ♠❡❛t✮ tr❛♥s❢♦r♠❛t✐♦♥ ❝✉r✈❡ ❢♦r ✶✵✵✵ s❤❡❡♣✳ ❲❤❛t ✇♦✉❧❞ ❜❡ t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ ❝✉r✈❡ ❢♦r ✷✵✵✵ s❤❡❡♣❄

✸✳ ❲❤❛t ✐s t❤❡ ▼❘❚ ♦❢ ♠❡❛t ✐♥t♦ ✇♦♦❧ ✐❢ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜r❡❡❞s ❆ ❛♥❞ ❇ ❛r❡
✉s❡❞❄ ❲❤❛t ✐s t❤❡ ▼❘❚ ✐❢ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜r❡❡❞s ❇ ❛♥❞ ❈ ❛r❡ ✉s❡❞❄❆♥❞
✐❢ ❜r❡❡❞s ❈ ❛♥❞ ❉ ❛r❡ ✉s❡❞❄

✹✳ ❲❤② ✇✐❧❧ t❤❡ ♣r♦❞✉❝❡r ♥♦t ✜♥❞ ✐t ♥❡❝❡ss❛r② t♦ ✉s❡ ♠♦r❡ t❤❛♥ t✇♦ ❜r❡❡❞s❄

✺✳ ❆ ♥❡✇ ❜r❡❡❞ ❊ ❜❡❝♦♠❡s ❛✈❛✐❧❛❜❧❡ t❤❛t ❤❛s ❛ ✭✇♦♦❧✱ ♠❡❛t✮ ②✐❡❧❞ ♣❡r ✶✵✵✵
s❤❡❡♣ ♦❢ ✭✺✵✱✺✵✮✳ ❊①♣❧❛✐♥ ✇❤② t❤❡ ♣r♦❞✉❝❡r ✇♦✉❧❞ ♥❡✈❡r ❜❡ ✐♥t❡r❡st❡❞ ✐♥
st♦❝❦✐♥❣ ❜r❡❡❞ ❊ ✐❢ ❜r❡❡❞s ❆✱✳✳✳✱❉ ❛r❡ st✐❧❧ ❛✈❛✐❧❛❜❧❡ ❛♥❞ ✇❤② t❤❡ tr❛♥s❢♦r✲
♠❛t✐♦♥ ❝✉r✈❡ r❡♠❛✐♥s ✉♥❛✛❡❝t❡❞✳

✻✳ ❆♥♦t❤❡r ♥❡✇ ❜r❡❡❞ ❋ ❜❡❝♦♠❡s ❛✈❛✐❧❛❜❧❡ t❤❛t ❤❛s ❛ ✭✇♦♦❧✱ ♠❡❛t✮ ②✐❡❧❞ ♣❡r
✶✵✵✵ s❤❡❡♣ ♦❢ ✭✼✹✱✹✻✮✳ ❊①♣❧❛✐♥ ❤♦✇ t❤✐s ✇✐❧❧ ❛❧t❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥
❝✉r✈❡✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✷✵✳

✷✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✷✵✳

✸✳ ❚❤❡ ▼❘❚ ✐❢ A ❛♥❞ B ❛r❡ ✉s❡❞ ✐s
70− 50

20− 65
= −4

9
✳ ■❢ B ❛♥❞ C ❛r❡ ✉s❡❞ ✐t

✐s ❣♦✐♥❣ t♦ ❜❡
20− 50

85− 65
= −3

2
.

✹✳ ■♥ ❣❡♥❡r❛❧ ❢♦r m ✐♥♣✉ts ❛♥❞ n ♦✉t♣✉ts ✐❢ m > n t❤❡♥ m − n ✐♥♣✉ts ❛r❡
r❡❞✉♥❞❛♥t✳

✺✳ ❆s ✇❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥ ❋✐❣✉r❡ ✷✳✷✵✱ ❜② ✉s✐♥❣ ❜r❡❡❞ E t❤❡ ♣r♦❞✉❝❡r ❝❛♥♥♦t
♠♦✈❡ t❤❡ ❢r♦♥t✐❡r ✭t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝✉r✈❡✮ ♦✉t✇❛r❞s✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✸✷
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❋✐❣✉r❡ ✷✳✷✵✿ ❚❤❡ ✇♦♦❧ ❛♥❞ ♠❡❛t tr❛❞❡♦✛

❋✐❣✉r❡ ✷✳✷✶✿ ◆❡✇ ❇r❡❡❞

✸✸ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧ ❈❍❆P❚❊❘ ✷✳ ❚❍❊ ❋■❘▼

✻✳ ❆s ✇❡ ❝❛♥ ♦❜s❡r✈❡ ✐♥ ❋✐❣✉r❡ ✷✳✷✶ ♥♦✇ t❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ ❢r♦♥t✐❡r ❤❛s ♠♦✈❡❞
♦✉t✇❛r❞s✿ ♦♥❡ ♦❢ t❤❡ ❢♦r♠❡r t❡❝❤♥✐q✉❡s ✐s ♥♦ ❧♦♥❣❡r ♦♥ t❤❡ ❢r♦♥t✐❡r✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✸✹
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❈❤❛♣t❡r ✸

❚❤❡ ❋✐r♠ ❛♥❞ t❤❡ ▼❛r❦❡t

❊①❡r❝✐s❡ ✸✳✶ ✭❚❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ ✏♥❛t✉r❛❧ ♠♦♥♦♣♦❧②✑✮ ❈♦♥s✐❞❡r ❛♥ ✐♥❞✉str②
✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ♣♦t❡♥t✐❛❧ ♠❡♠❜❡r ✜r♠s ❤❛✈❡ t❤❡ s❛♠❡ ❝♦st ❢✉♥❝t✐♦♥ C✳ ❙✉♣♣♦s❡
✐t ✐s tr✉❡ t❤❛t ❢♦r s♦♠❡ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t q ❛♥❞ ❢♦r ❛♥② ♥♦♥♥❡❣❛t✐✈❡ ♦✉t♣✉ts q, q′ ♦❢
t✇♦ s✉❝❤ ✜r♠s s✉❝❤ t❤❛t q+ q′ ≤ q t❤❡ ❝♦st ❢✉♥❝t✐♦♥ s❛t✐s✜❡s t❤❡ ✏s✉❜❛❞❞✐t✐✈✐t②✑
♣r♦♣❡rt②

C (w, q + q′) < C (w, q) + C (w, q′) ✳

✶✳ ❙❤♦✇ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ ✐♥t❡❣❡rs N > 1

C (w, q) < NC
(

w,
q

N

)

✱ ❢♦r 0 ≤ q ≤ q

✷✳ ❲❤❛t ❛r❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ s❤❛♣❡ ♦❢ ❛✈❡r❛❣❡ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ❝✉r✲
✈❡s❄

✸✳ ▼❛② ♦♥❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ♠♦♥♦♣♦❧② ♠✉st ❜❡ ♠♦r❡ ❡✣❝✐❡♥t ✐♥ ♣r♦❞✉❝✐♥❣
t❤✐s ❣♦♦❞❄

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ■❢ q′ = q t❤❡♥
C (w, 2q) < 2C (w, q) ✳

❍❡♥❝❡
C (w, q) + C (w, 2q) < 3C (w, q) ✳

❛♥❞ s♦✱ ♣✉tt✐♥❣ q′ = 2q ✇❡ ❤❛✈❡

C (w, 3q) < C (w, q) + C (w, 2q) < 3C (w, q) ✳

❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❜② ✐t❡r❛t✐♦♥✳

✷✳ ■❢ t❤❡r❡ ❛r❡ ❡❝♦♥♦♠✐❡s ♦❢ s❝❛❧❡ t❤❡ ❛✈❡r❛❣❡ ❝♦st ♦❢ ♣r♦❞✉❝t✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣
❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ✇✐❧❧ ❛❧✇❛②s ❜❡ ❜❡❧♦✇ ✐t✳ ◆❡✈❡rt❤❡❧❡ss ✏s✉❜❛❞❞✐t✐✈✐t②✑
❞♦❡s ♥♦t ✐♠♣❧② ❡❝♦♥♦♠✐❡s ♦❢ s❝❛❧❡ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ ❛
st❛♥❞❛r❞ ❯✲s❤❛♣❡❞ ❛✈❡r❛❣❡ ❝♦st ❝✉r✈❡✳

✸✳ ■t ✐s ❝❤❡❛♣❡r t♦ ♣r♦❞✉❝❡ ✐♥ ❛ s✐♥❣❧❡ ♣❧❛♥t r❛t❤❡r t❤❛♥ ✉s✐♥❣ t✇♦ ✐❞❡♥t✐❝❛❧
♣❧❛♥ts✳ ❇✉t ❛ ♠♦♥♦♣♦❧② ♠❛② ❞✐st♦rt ♣r✐❝❡s✳

✸✺
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧ ❈❍❆P❚❊❘ ✸✳ ❚❍❊ ❋■❘▼ ❆◆❉ ❚❍❊ ▼❆❘❑❊❚

❊①❡r❝✐s❡ ✸✳✷ ❆ ♠♦♥♦♣♦❧✐st ❤❛s ❝♦sts ❣✐✈❡♥ ❜②

c0 + c1q + c2q
2

✇❤❡r❡ q ✐s ♦✉t♣✉t ❛♥❞ c0, c1, c2 ❛r❡ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡
❞❡♠❛♥❞ ✐♥ t❤❡ ♠❛r❦❡t s❡r✈❡❞ ❜② t❤❡ ♠♦♥♦♣♦❧✐st ❤❛s ❝♦♥st❛♥t ❡❧❛st✐❝✐t②✳ ❉✐s❝✉ss
t❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ❝❤♦✐❝❡ ♦❢ q

✶✳ ✐❢ ♠❛r❦❡t ❞❡♠❛♥❞ ✐s ✈❡r② ❡❧❛st✐❝ ✭❡❧❛st✐❝✐t② ❝❧♦s❡ t♦ −∞✮❀

✷✳ ✐❢ ♠❛r❦❡t ❞❡♠❛♥❞ ✐s ✈❡r② ✐♥❡❧❛st✐❝ ✭❡❧❛st✐❝✐t② ❝❧♦s❡ t♦ 0✮✳

❖✉t❧✐♥❡ ❆♥s✇❡r
●✐✈❡♥ t❤❛t t❤❡ ❡❧❛st✐❝✐t② ♦❢ ♠❛r❦❡t ❞❡♠❛♥❞ ✐s ❣✐✈❡♥ ❜② η ✇❡ ❤❛✈❡

d log p (q)

d log q
=

1

η

❚❤✐s ✐♥t❡❣r❛t❡s t♦

log p (q) = logA+
1

η
log q

✇❤❡r❡ A ✐s ❛ ❝♦♥st❛♥t✳ ❙♦ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✐s

p (q) = Aq
1
η

❚❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r♦✜ts ❛r❡

p (q) q − C (q) = Aq1+
1
η − c0 − c1q − c2q

2

❚❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦♥ ♣r♦✜ts ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ q ✐s ❣✐✈❡♥ ❜②

A

[

1 +
1

η

]

q
1
η − c1 − 2c2q ✭✸✳✶✮

❚❤❡ ❋❖❈ ❢♦r ❛♥ ✐♥t❡r✐♦r ♠❛①✐♠✉♠ ✭✐❢ ✐t ❡①✐sts✮ ✐s ✇❤❡r❡ ✭✸✳✶✮ ✐s ③❡r♦✳

✶✳ ■❢ η → −∞ t❤❡♥ t❤❡ ♦♣t✐♠✉♠ s❛t✐s✜❡s t❤❡ r✉❧❡ ✏P ❂ ▼❈✳✑ ❛♥❞ ✇❡ ❤❛✈❡ ❛
✇❡❧❧✲❞❡✜♥❡❞ ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ♦✉t♣✉t ❛t

q∗ =
A− c1
2c2

✷✳ ❇✉t ✐❢ ❞❡♠❛♥❞ ✐s ✐♥❡❧❛st✐❝✱ s✉❝❤ t❤❛t −1 < η < 0✱ ✇❡ ❤❛✈❡ 1 + 1
η < 0 ❛♥❞

✐t ✐s ❝❧❡❛r t❤❛t ✭✸✳✶✮ ✐s ❡✈❡r②✇❤❡r❡ ♥❡❣❛t✐✈❡✳ ❚❤❡r❡ ✐s ♥♦ ♣r♦✜t✲♠❛①✐♠✐s✐♥❣
♦✉t♣✉t✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✸✻
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❊①❡r❝✐s❡ ✸✳✸ ■♥ ❛ ♣❛rt✐❝✉❧❛r ✐♥❞✉str② t❤❡r❡ ❛r❡ n ♣r♦✜t✲♠❛①✐♠✐s✐♥❣ ✜r♠s ❡❛❝❤
♣r♦❞✉❝✐♥❣ ❛ s✐♥❣❧❡ ❣♦♦❞✳ ❚❤❡ ❝♦sts ❢♦r ✜r♠ i ❛r❡

C0 + cqi

✇❤❡r❡ C0 ❛♥❞ c ❛r❡ ♣❛r❛♠❡t❡rs ❛♥❞ qi ✐s t❤❡ ♦✉t♣✉t ♦❢ ✜r♠ i✳ ❚❤❡ ❣♦♦❞s ❛r❡
♥♦t r❡❣❛r❞❡❞ ❛s ❜❡✐♥❣ ❡①❛❝t❧② ✐❞❡♥t✐❝❛❧ ❜② t❤❡ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞
❢✉♥❝t✐♦♥ ❢♦r ✜r♠ i ✐s ❣✐✈❡♥ ❜②

pi =
Aqα−1

i
∑n

j=1 q
α
j

✇❤❡r❡ α ♠❡❛s✉r❡s t❤❡ ❞❡❣r❡❡ ♦❢ s✉❜st✐t✉t❛❜✐❧✐t② ♦❢ t❤❡ ✜r♠s✬ ♣r♦❞✉❝ts✱ 0 < α ≤ 1✳

✶✳ ❆ss✉♠✐♥❣ t❤❛t ❡❛❝❤ ✜r♠ t❛❦❡s t❤❡ ♦✉t♣✉t ♦❢ ❛❧❧ t❤❡ ♦t❤❡r ✜r♠s ❛s ❣✐✈❡♥✱
✇r✐t❡ ❞♦✇♥ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ②✐❡❧❞✐♥❣ ✜r♠ ✶✬s ♦✉t♣✉t ❝♦♥❞✐t✐♦♥❛❧
♦♥ t❤❡ ♦✉t♣✉ts q2, ..., qn✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱
s❤♦✇ t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♦♣t✐♠❛❧ ♦✉t♣✉t ❢♦r ❛♥② ✜r♠ ✐s

q∗i =
Aα [n− 1]

n2c

❛♥❞ t❤❛t t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞ ❢♦r ✜r♠ i ✐s

n

n− nα+ α

✷✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ α = 1✳ ❲❤❛t ♣❤❡♥♦♠❡♥♦♥ ❞♦❡s t❤✐s r❡♣r❡s❡♥t❄ ❙❤♦✇
t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♥✉♠❜❡r ♦❢ ✜r♠s ✐♥ t❤❡ ✐♥❞✉str② ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧

t♦
√

A
C0

✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❲❡ ❜❡❣✐♥ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❛ t②♣✐❝❛❧ ✜r♠ i✳ Pr♦✜ts ❢♦r
t❤❡ ✜r♠ ❛r❡

Πi =
Aqαi
K

− C0 − cqi ✭✸✳✷✮

✇❤❡r❡

K :=

n
∑

j=1

qαj

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ♠❛①✐♠✐s✐♥❣ ✭✸✳✷✮ ✇✐t❤ r❡s♣❡❝t t♦ qi ✭t❛❦✐♥❣
❛❧❧ t❤❡ ♦t❤❡r qj ❛s ❣✐✈❡♥✮ ✐s

∂Πi

∂qi
=

Aαqα−1
i

K
− Aαq2α−1

i

K2
− c = 0 ✭✸✳✸✮

■❢ ❛❧❧ ✜r♠s ❛r❡ ✐❞❡♥t✐❝❛❧✱ t❤❡♥ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛❧❧ ✜r♠s ♠✉st ♣r♦❞✉❝❡ t❤❡
s❛♠❡ ❛♠♦✉♥t ❛♥❞ s♦

K = nq∗αi ✭✸✳✹✮

❙✉❜st✐t✉t✐♥❣ ✭✸✳✹✮ ✐♥ ✭✸✳✸✮ ✇❡ ❣❡t

Aα

n
− Aα

n2
− cq∗i = 0 ✭✸✳✺✮

✸✼ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❢r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳ ❚♦ ✜♥❞ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞
❢♦r ✜r♠ i t❛❦❡ ❧♦❣s ♦❢ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❝✉r✈❡ ✭✐♥ t❤❡ q✉❡st✐♦♥✮ ❛♥❞
❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ qi

− qi
pi

∂pi
∂qi

= 1− α+
αqαi
K

✭✸✳✻✮

❚♦ ✜♥❞ t❤❡ ❡❧❛st✐❝✐t② ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉❜st✐t✉t❡
✭✸✳✹✮ ✐♥ ✭✸✳✻✮ ❛♥❞ t❛❦❡ t❤❡ r❡❝✐♣r♦❝❛❧✳

✷✳ ❚❤❡ ❝❛s❡ α = 1 r❡♣r❡s❡♥ts ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❣♦♦❞s ❛r❡ ♣❡r❢❡❝t s✉❜st✐✲
t✉t❡s✳ ❲❡ t❤❡♥ ✜♥❞ t❤❛t ✜r♠ i✬s ♣r♦✜ts ❛r❡

Π∗
i =

Aq∗i
K

− C0 − cq∗i ✭✸✳✼✮

=
A

n
− C0 −

A[n− 1]

n2

=
A

n2
− C0 ✭✸✳✽✮

❘❡q✉✐r✐♥❣ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✽✮ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♠♣❧✐❡s

n ≤
√

A

C0
✭✸✳✾✮

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✸✽
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❊①❡r❝✐s❡ ✸✳✹ ❆ ✜r♠ ❤❛s t❤❡ ❝♦st ❢✉♥❝t✐♦♥

F0 +
1

2
aq2i

✇❤❡r❡ qi ✐s t❤❡ ♦✉t♣✉t ♦❢ ❛ s✐♥❣❧❡ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞ ❛♥❞ F0 ❛♥❞ a ❛r❡ ♣♦s✐t✐✈❡
♥✉♠❜❡rs✳

✶✳ ❋✐♥❞ t❤❡ ✜r♠✬s s✉♣♣❧② r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♦✉t♣✉t ❛♥❞ ♣r✐❝❡ p❀ ❡①♣❧❛✐♥
❝❛r❡❢✉❧❧② ✇❤❛t ❤❛♣♣❡♥s ❛t t❤❡ ♠✐♥✐♠✉♠✲❛✈❡r❛❣❡✲❝♦st ♣♦✐♥t p :=

√
2aF0✳

✷✳ ■♥ ❛ ♠❛r❦❡t ♦❢ ❛ t❤♦✉s❛♥❞ ❝♦♥s✉♠❡rs t❤❡ ❞❡♠❛♥❞ ❝✉r✈❡ ❢♦r t❤❡ ❝♦♠♠♦❞✐t②
✐s ❣✐✈❡♥ ❜②

p = A− bq

✇❤❡r❡ q ✐s t♦t❛❧ q✉❛♥t✐t② ❞❡♠❛♥❞❡❞ ❛♥❞ A ❛♥❞ b ❛r❡ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡rs✳
■❢ t❤❡ ♠❛r❦❡t ✐s s❡r✈❡❞ ❜② ❛ s✐♥❣❧❡ ♣r✐❝❡✲t❛❦✐♥❣ ✜r♠ ✇✐t❤ t❤❡ ❝♦st str✉❝t✉r❡
✐♥ ♣❛rt ✶ ❡①♣❧❛✐♥ ✇❤② t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✐❢ b ≤ a

[

A/p− 1
]

❛♥❞
♥♦ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♣♦s✐t✐✈❡ ♦✉t♣✉t ♦t❤❡r✇✐s❡✳

✸✳ ◆♦✇ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❧❛r❣❡ ♥✉♠❜❡r N ♦❢ ✜r♠s✱ ❡❛❝❤ ✇✐t❤ t❤❡ ❛❜♦✈❡
❝♦st ❢✉♥❝t✐♦♥✿ ✜♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛✈❡r❛❣❡ s✉♣♣❧② ❜② t❤❡ N ✜r♠s
❛♥❞ ♣r✐❝❡ ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❛♥s✇❡r ✇✐t❤ t❤❛t ♦❢ ♣❛rt ✶✳ ❲❤❛t ❤❛♣♣❡♥s ❛s
N → ∞❄

✹✳ ❆ss✉♠❡ t❤❛t t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛r❦❡t ✐s ❛❧s♦ ✐♥❝r❡❛s❡❞ ❜② ❛ ❢❛❝t♦r N ❜✉t t❤❛t
t❤❡ ❞❡♠❛♥❞ ♣❡r t❤♦✉s❛♥❞ ❝♦♥s✉♠❡rs r❡♠❛✐♥s ❛s ✐♥ ♣❛rt ✷ ❛❜♦✈❡✳ ❙❤♦✇
t❤❛t ❛s N ❣❡ts ❧❛r❣❡ t❤❡r❡ ✇✐❧❧ ❜❡ ❛ ❞❡t❡r♠✐♥❛t❡ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡
❛♥❞ ♦✉t♣✉t ❧❡✈❡❧✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ●✐✈❡♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥

F0 +
1

2
aq2i

♠❛r❣✐♥❛❧ ❝♦st ✐s aqi ❛♥❞ ❛✈❡r❛❣❡ ❝♦st ✐s F0/qi +
1
2aqi✳ ▼❛r❣✐♥❛❧ ❝♦st ✐♥t❡r✲

s❡❝ts ❛✈❡r❛❣❡ ❝♦st ✇❤❡r❡

aqi = F0/qi +
1

2
aqi

✐✳❡✳ ✇❤❡r❡ ♦✉t♣✉t ✐s
q :=

√

2F0/a ✭✸✳✶✵✮

❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ✐s
p :=

√

2aF0 ✭✸✳✶✶✮

❋♦r p > p t❤❡ s✉♣♣❧② ❝✉r✈❡ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ❝✉r✈❡ qi = p/a❀
❢♦r p < p t❤❡ ✜r♠ s✉♣♣❧✐❡s 0 t♦ t❤❡ ♠❛r❦❡t❀ ❛t p = p t❤❡ ✜r♠ s✉♣♣❧✐❡s
❡✐t❤❡r 0 ♦r q✳ ❚❤❡r❡ ✐s ♥♦ ♣r✐❝❡ ✇❤✐❝❤ ✇✐❧❧ ✐♥❞✉❝❡ ❛ s✉♣♣❧② ✐♥ t❤❡ ✐♥t❡r✐♦r

♦❢ t❤❡ ✐♥t❡r✈❛❧
(

0, q
)

✳ ❙✉♠♠❛r✐s✐♥❣✱ ✜r♠ i✬s ♦♣t✐♠❛❧ ♦✉t♣✉t ✐s ❣✐✈❡♥ ❜②

q∗i = S(p) :=























p/a, ✐❢ p > p

q ∈ {0, q} ✐❢ p = p

0, ✐❢ p < p

✭✸✳✶✷✮

✸✾ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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✷✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♣♦s✐t✐✈❡ ♦✉t♣✉t✱ ✐❢ ✐t ❡①✐sts✱ ✐s ❢♦✉♥❞ ✇❤❡r❡ s✉♣✲
♣❧②❂❞❡♠❛♥❞ ❛t ❛ ❣✐✈❡♥ ♣r✐❝❡✳ ■❢ ❛ ♣♦s✐t✐✈❡ ❛♠♦✉♥t ✐s s✉♣♣❧✐❡❞ t♦ t❤❡
♠❛r❦❡t t❤✐s ✇♦✉❧❞ ✐♠♣❧②

p

a
=

A− p

b

p =
aA

a+ b

✇❤✐❝❤ ✇♦✉❧❞✱ ✐♥ t✉r♥✱ ✐♠♣❧② ❛♥ ❡q✉✐❧✐❜r✐✉♠ q✉❛♥t✐t②

q =
A

a+ b

❜✉t ✐t ❝❛♥ ♦♥❧② ❜❡ ✈❛❧✐❞ ✐❢ A
a+b ≥ q✳ ◆♦t✐♥❣ t❤❛t q = p/a t❤✐s ❝♦♥❞✐t✐♦♥ ✐s

❡q✉✐✈❛❧❡♥t t♦ a
[

A
p − 1

]

≥ b ♦r p ≤ A a
a+b ✳ ■❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛♥❞ p ≥ Q

t❤❡r❡ ♠❛② ❛❧s♦ ❜❡ ❛♥ ✉♥✐♥t❡r❡st✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ③❡r♦ ♦✉t♣✉t✳

✸✳ ■❢ t❤❡r❡ ❛r❡ N s✉❝❤ ✜r♠s✱ ❡❛❝❤ ✜r♠ r❡s♣♦♥❞s t♦ ♣r✐❝❡ ❛s ✐♥ ✭✸✳✶✷✮✱ ❛♥❞ s♦

t❤❡ ❛✈❡r❛❣❡ ♦✉t♣✉t q := 1
N

∑N
i=1 q

∗
i ✐s ❣✐✈❡♥ ❜②

q =























p/a, ✐❢ p > p

q ∈ J(q) ✐❢ p = p

0, ✐❢ p < p

✭✸✳✶✸✮

✇❤❡r❡ J(q) := { i
N q : i = 0, 1, ..., N}✳ ❆s N → ∞ t❤❡ s❡t J(q) ❜❡❝♦♠❡s

❞❡♥s❡ ✐♥ [0, q]✱ ❛♥❞ s♦ ✇❡ ❤❛✈❡ t❤❡ ❛✈❡r❛❣❡ s✉♣♣❧② r❡❧❛t✐♦♥s❤✐♣✿

q =























p/a, ✐❢ p > p

q ∈ [0, q] ✐❢ p = p

0, ✐❢ p < p

✭✸✳✶✹✮

✹✳ ●✐✈❡♥ t❤❛t ✐♥ t❤❡ ❧✐♠✐t t❤❡ ❛✈❡r❛❣❡ s✉♣♣❧② ❝✉r✈❡ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♦❢ t❤❡
♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❢♦r♠ ✭✸✳✶✹✮✱ ❛♥❞ t❤❛t t❤❡ ❞❡♠❛♥❞ ❝✉r✈❡ ✐s ❛ ❞♦✇♥✇❛r❞✲
s❧♦♣✐♥❣ str❛✐❣❤t ❧✐♥❡✱ t❤❡r❡ ♠✉st ❜❡ ❛ ✉♥✐q✉❡ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✳ ■♥ ❛❞✲
❞✐t✐♦♥ t♦ t❤❡ ❝❛s❡s ❞✐s❝✉ss❡❞ ✐♥ ♣❛rt ✷ t❤❡r❡ ✐s ♥♦✇ ❛❧s♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ t♦

❜❡ ❢♦✉♥❞ ❛t
(

p,
A−p

b

)

✇❤✐❝❤✱ ✉s✐♥❣ ✭✸✳✶✶✮ ✐s
(√

2aF0,
A−

√
2aF0

b

)

✳ ❯s✐♥❣

✭✸✳✶✵✮ t❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥
(

p, βq
)

✇❤❡r❡

β :=
A− p

bp/a

■♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❛ ♣r♦♣♦rt✐♦♥ β ♦❢ t❤❡ ✜r♠s ♣r♦❞✉❝❡ q ❛♥❞ 1− β ♦❢ t❤❡
✜r♠s ♣r♦❞✉❝❡ 0✳

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✹✵
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❊①❡r❝✐s❡ ✸✳✺ ❆ ✜r♠ ❤❛s ❛ ✜①❡❞ ❝♦st F0 ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦sts

c = a+ bq

✇❤❡r❡ q ✐s ♦✉t♣✉t✳

✶✳ ■❢ t❤❡ ✜r♠ ✇❡r❡ ❛ ♣r✐❝❡✲t❛❦❡r✱ ✇❤❛t ✐s t❤❡ ❧♦✇❡st ♣r✐❝❡ ❛t ✇❤✐❝❤ ✐t ✇♦✉❧❞ ❜❡
♣r❡♣❛r❡❞ t♦ ♣r♦❞✉❝❡ ❛ ♣♦s✐t✐✈❡ ❛♠♦✉♥t ♦❢ ♦✉t♣✉t❄ ■❢ t❤❡ ❝♦♠♣❡t✐t✐✈❡ ♣r✐❝❡
✇❡r❡ ❛❜♦✈❡ t❤✐s ❧❡✈❡❧✱ ✜♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ♦✉t♣✉t q∗ t❤❛t t❤❡ ✜r♠ ✇♦✉❧❞
♣r♦❞✉❝❡✳

✷✳ ■❢ t❤❡ ✜r♠ ✐s ❛❝t✉❛❧❧② ❛ ♠♦♥♦♣♦❧✐st ❛♥❞ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✐s

p = A− 1

2
Bq

✭✇❤❡r❡ A > a ❛♥❞ B > 0✮ ✜♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✜r♠✬s ♠❛r❣✐♥❛❧
r❡✈❡♥✉❡ ✐♥ t❡r♠s ♦❢ ♦✉t♣✉t✳ ■❧❧✉str❛t❡ t❤❡ ♦♣t✐♠✉♠ ✐♥ ❛ ❞✐❛❣r❛♠ ❛♥❞ s❤♦✇
t❤❛t t❤❡ ✜r♠ ✇✐❧❧ ♣r♦❞✉❝❡

q∗∗ :=
A− a

b+B

❲❤❛t ✐s t❤❡ ♣r✐❝❡ ❝❤❛r❣❡❞ p∗∗ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st c∗∗ ❛t t❤✐s ♦✉t♣✉t
❧❡✈❡❧❄ ❈♦♠♣❛r❡ q∗∗ ❛♥❞ q∗.

✸✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ❞❡❝✐❞❡s t♦ r❡❣✉❧❛t❡ t❤❡ ♠♦♥♦♣♦❧②✳ ❚❤❡ r❡❣✉❧❛t♦r ❤❛s t❤❡
♣♦✇❡r t♦ ❝♦♥tr♦❧ t❤❡ ♣r✐❝❡ ❜② s❡tt✐♥❣ ❛ ❝❡✐❧✐♥❣ pmax✳ P❧♦t t❤❡ ❛✈❡r❛❣❡ ❛♥❞
♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ❝✉r✈❡s t❤❛t ✇♦✉❧❞ t❤❡♥ ❢❛❝❡ t❤❡ ♠♦♥♦♣♦❧✐st✳ ❯s❡ t❤❡s❡
t♦ s❤♦✇✿

✭❛✮ ■❢ pmax > p∗∗ t❤❡ ✜r♠✬s ♦✉t♣✉t ❛♥❞ ♣r✐❝❡ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ❛t q∗∗

❛♥❞ p∗∗

✭❜✮ ■❢ pmax < c∗∗ t❤❡ ✜r♠✬s ♦✉t♣✉t ✇✐❧❧ ❢❛❧❧ ❜❡❧♦✇ q∗∗✳

✭❝✮ ❖t❤❡r✇✐s❡ ♦✉t♣✉t ✇✐❧❧ r✐s❡ ❛❜♦✈❡ q∗∗✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❚♦t❛❧ ❝♦sts ❛r❡

F0 + aq +
1

2
bq2

❙♦ ❛✈❡r❛❣❡ ❝♦sts ❛r❡
F0

q
+ a+

1

2
bq

✇❤✐❝❤ ❛r❡ ❛ ♠✐♥✐♠✉♠ ❛t

q =

√

2
F0

b
✭✸✳✶✺✮

✇❤❡r❡ ❛✈❡r❛❣❡ ❝♦sts ❛r❡
√

2bF0 + a ✭✸✳✶✻✮

▼❛r❣✐♥❛❧ ❛♥❞ ❛✈❡r❛❣❡ ❝♦sts ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✿ ♥♦t✐❝❡ t❤❛t ▼❈
✐s ❧✐♥❡❛r ❛♥❞ t❤❛t ❆❈ ❤❛s t❤❡ t②♣✐❝❛❧ ❯✲s❤❛♣❡ ✐❢ F0 > 0✳ ❋♦r ❛ ♣r✐❝❡ ❛❜♦✈❡
t❤❡ ❧❡✈❡❧ ✭✸✳✶✻✮ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r ♠❛①✐♠✉♠ ♣r♦✜ts ✐s ❣✐✈❡♥ ❜②

p = a+ bq

✹✶ ❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮
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❋✐❣✉r❡ ✸✳✶✿ P❡r❢❡❝t ❈♦♠♣❡t✐t✐♦♥

❢r♦♠ ✇❤✐❝❤ ✇❡ ✜♥❞

q∗ :=
p− a

b

✕ s❡❡ ❋✐❣✉r❡ ✸✳✶✳

✷✳ ■❢ t❤❡ ✜r♠ ✐s ❛ ♠♦♥♦♣♦❧✐st ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ✐s

∂

∂q

[

Aq − 1

2
Bq2

]

= A−Bq

❍❡♥❝❡ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♠♦♥♦♣♦❧✐st ✐s

A−Bq = a+ bq ✭✸✳✶✼✮

❢r♦♠ ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ q∗∗ ❢♦❧❧♦✇s✳ ❙✉❜st✐t✉t✐♥❣ ❢♦r q∗∗ ✇❡ ❛❧s♦ ❣❡t

c∗∗ = A−Bq∗∗ =
Ab+Ba

B + b
✭✸✳✶✽✮

p∗∗ = A− 1

2
Bq∗∗ = c∗∗ +

1

2
B
A− a

b+B
✭✸✳✶✾✮

✕ s❡❡ ❋✐❣✉r❡ ✸✳✷✳

✸✳ ❈♦♥s✐❞❡r ❤♦✇ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♣r✐❝❡ ❝❡✐❧✐♥❣ ✇✐❧❧ ❛✛❡❝t ❛✈❡r❛❣❡ r❡✈❡♥✉❡✳
❈❧❡❛r❧② ✇❡ ♥♦✇ ❤❛✈❡

AR(q) =

{

pmax ✐❢ q ≤ q0
A− 1

2Bq ✐❢ q ≥ q0

}

✭✸✳✷✵✮

✇❤❡r❡ q0 := 2 [A− pmax] /B✿ ❛✈❡r❛❣❡ r❡✈❡♥✉❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢
q ❜✉t ❤❛s ❛ ❦✐♥❦ ❛t q0✳ ❋r♦♠ t❤✐s ✇❡ ♠❛② ❞❡r✐✈❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ✇❤✐❝❤
✐s

MR(q) =

{

pmax ✐❢ q < q0
A−Bq ✐❢ q > q0

}

✭✸✳✷✶✮

✕ ♥♦t✐❝❡ t❤❛t t❤❡r❡ ✐s ❛ ❞✐s❝♦♥t✐♥✉✐t② ❡①❛❝t❧② ❛t q0✳ ❚❤❡ ♠♦❞✐✜❡❞ ❝✉r✈❡s
✭✸✳✷✵✮ ❛♥❞ ✭✸✳✷✶✮ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✸✿ ♥♦t✐❝❡ t❤❛t t❤❡② ❝♦✐♥❝✐❞❡ ✐♥

❈♦✇❡❧❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✴✷❡ ✭❖❯P✮ ✹✷
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧

❋✐❣✉r❡ ✸✳✷✿ ❯♥r❡❣✉❧❛t❡❞ ▼♦♥♦♣♦❧②

❋✐❣✉r❡ ✸✳✸✿ ❘❡❣✉❧❛t❡❞ ▼♦♥♦♣♦❧②

t❤❡ ✢❛t s❡❝t✐♦♥ t♦ t❤❡ ❧❡❢t ♦❢ q0✳ ❈❧❡❛r❧② t❤❡ ♦✉t❝♦♠❡ ❞❡♣❡♥❞s ❝r✉❝✐❛❧❧②
♦♥ ✇❤❡t❤❡r ▼❈ ✐♥t❡rs❡❝ts ✭♠♦❞✐✜❡❞✮ ▼❘ ✭❛✮ t♦ t❤❡ ❧❡❢t ♦❢ q0✱ ✭❜✮ t♦ t❤❡
r✐❣❤t ♦❢ q0✱ ✭❝✮ ✐♥ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❡①❛❝t❧② ❛t q0✳ ❈❛s❡ ✭❝✮ ✐s ✐❧❧✉str❛t❡❞✱
❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t ♦✉t♣✉t ✇✐❧❧ ❤❛✈❡ r✐s❡♥ ❢r♦♠ q∗∗ t♦ q0✳ ❚❤❡ ♦t❤❡r ❝❛s❡s
❝❛♥ ❡❛s✐❧② ❜❡ ❢♦✉♥❞ ❜② ❛♣♣r♦♣r✐❛t❡❧② s❤✐❢t✐♥❣ t❤❡ ❝✉r✈❡s ♦♥ ❋✐❣✉r❡ ✸✳✸✳
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❙♦❧✉t✐♦♥s ▼❛♥✉❛❧ ❈❍❆P❚❊❘ ✸✳ ❚❍❊ ❋■❘▼ ❆◆❉ ❚❍❊ ▼❆❘❑❊❚

❊①❡r❝✐s❡ ✸✳✻ ■♥ t❤❡ ♠❛r❦❡t ❢♦r ❛ s✐♥❣❧❡ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞ t❤❡r❡ ❛r❡ N ✜r♠s✳
❊❛❝❤ ✜r♠ ❤❛s t❤❡ ❝♦st ❢✉♥❝t✐♦♥

16 + q3i

✇❤❡r❡ qi ✐s t❤❡ ♦✉t♣✉t ♦❢ ✜r♠ i✳ ❚❤❡ ♠❛r❦❡t ❞❡♠❛♥❞ ❢♦r t❤❡ ❣♦♦❞ ✐s ❣✐✈❡♥ ❜②

N
[

A−
√

p/3
]

✇❤❡r❡ p ✐s t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❛♥❞ A ✐s ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✳

✶✳ ❋✐♥❞ ❛✈❡r❛❣❡ ❝♦st ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ❢♦r ✜r♠ i✳ ❲❤❛t ✐s t❤❡ s♠❛❧❧❡st
♣♦s✐t✐✈❡ ❛♠♦✉♥t t❤❛t t❤❡ ✜r♠ ✇♦✉❧❞ s✉♣♣❧② t♦ t❤❡ ♠❛r❦❡t❄

✷✳ ❙✉♣♣♦s❡ t❤❛t N = 1 ❜✉t t❤❛t t❤❡ ✜r♠ ❛❝ts ❛s ❛ ♣r✐❝❡✲t❛❦❡r✳

✭❛✮ ■❢ A = 6✱ s❤♦✇ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐s ✷✼ ❛♥❞ t❤❡ ✜r♠ s✉♣♣❧✐❡s
✸ ✉♥✐ts ♦❢ ♦✉t♣✉t✳

✭❜✮ ❊①♣❧❛✐♥ ✇❤❛t ❤❛♣♣❡♥s ✐♥ t❤❡ ♠❛r❦❡t ✐♥ t❤❡ ❝❛s❡s A = 2✱ A = 3✱
A = 4✳

✸✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t N ✐s ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ❜✉t t❤❛t ♦t❤❡r ❛s♣❡❝ts ♦❢ t❤❡
♣r♦❜❧❡♠ r❡♠❛✐♥ t❤❡ s❛♠❡✳ ❊①♣❧❛✐♥ ❤♦✇ t❤❡ ❛♥s✇❡rs t♦ ♣❛rt ✭❜✮ ✇♦✉❧❞
❝❤❛♥❣❡✱ ✐❢ ❛t ❛❧❧✱ ✐♥ t❤❡ ❝❛s❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ A✳

❖✉t❧✐♥❡ ❆♥s✇❡r

✶✳ ❆✈❡r❛❣❡ ❝♦st ✐s ❣✐✈❡♥ ❜②

AC =
16

qi
+ q2i

❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st ✐s✿
MC = 3q2i

▼❈❂❆❈ ✇❤❡r❡

3q2i =
16

qi
+ q2i

2q3i = 16

qi =
3

√

16

2
= 2

❙♦ t❤❡ ♠✐♥✐♠✉♠ ♣♦✐♥t ♦❢ t❤❡ ❆❈ ❝✉r✈❡ ✐s ❛t qi = 2 ✇❤❡r❡ AC = MC =
p = 12❀ qi ✐s t❤❡ s♠❛❧❧❡st ❛♠♦✉♥t t❤❛t t❤❡ ✜r♠ ✇♦✉❧❞ s✉♣♣❧②✳

✷✳ ❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥ p = MC ✇❤❡r❡ p ≥ AC ✇❡ ✜♥❞ t❤❡ s✉♣♣❧② ❝✉r✈❡

qi =







√

p
3 ✐❢ p > 12

0 ♦r 2 ✐❢ p = 12
0 ✐❢ p < 12

◆♦t❡ t❤❛t ✐t ✐s ❞✐s❝♦♥t✐♥✉♦✉s✳ ●✐✈❡♥ t❤❛t t❤❡ ❞❡♠❛♥❞ ❝✉r✈❡ ✐s A −
√

p
3

t❤❡ r✉❧❡ ✏❞❡♠❛♥❞ ❂ s✉♣♣❧②✑ ②✐❡❧❞s

√

p

3
= A−

√

p

3

✇❤✐❝❤ ✇♦✉❧❞ ✐♠♣❧②
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