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CHAPTER 2. DIFFERENTIATION 7. Slope of y = +/x + 1T atx =3 is
A+ h=2 JA+h+2
m = lim P . Jieh
Section 2.1 Tangent Lines and Their Slopes h=0 a4 4+h+2
(page 100) - lim R4
hoo h(Vh T h+2)
. 1 1
1. Slope of y =3x —1 at (1,2) is = lim —— = _,
h—>0 A+ h+2 4
m—lim3(1+h)_l_(3X1_l)—lim3h—3 o 1
= 7 = T Tangent line is y —2 = Z(x —3),or x —4y = 5.
1
The tangent line is y —2 =3(x — 1), or y = 3x — 1. (The 8. Theslope of y = — at x =9 is
tangent to a straight line at any point on it is the same Vx
straight line.) o ( 1 1)
m = lim — - =
2. Since y = x/2 is a straight line, its tangent at any point o h\9+h 3
(a,a/2) on it is the same line y = x/2. i 3-J9+h 3+V9+1h
= lim .
3. Slope of y =2x% —5 at (2,3) is h=0 3h‘9;—h9 3;‘9+h
= lim
2024 h)? —5—(2(22) - 5) h—03h/9+h(3+ 9+ h)
m = lim 1 1
h—0 h = — = ——.
iy 3 8h+212 -8 3(3)(6) 54
= lim ——
h—0 h The tangent line at (9, %) isy= % — 5L4(x —9), or
— 1 — 1_ 1
9. Slope of y = — =2
Tangent line is y —3 = 8(x —2) or y = 8x — 13. : opeoy—x+2atx_ 18
4. The slope of y = 6 —x —x2? at x = —2 is 22+h)
o 24+ h+2
e 6= (2 h) = (<24 12— 4 T
=S h 44 2h-2-h-2
=lim ——
. 3h—h? , 0 hQ+h+2)
= lim = lim(3—h) = 3. 1
h=0 h=0 = lim ——— = —.
The tangent line at (=2,4) is y = 3x + 10. k>0 h(4+h) 4
L. 1
5. Slope of y =x3+8at x = 2 is Tangent line is y — 1 = Z(X -2),
or x —4y = -2.
3
m = lim (2+71)°+8—(-8+8) 10. The slope of y = v/5—xZ at x =1 is
h—0 h
_ _6h2 L 13 _ V5—-(0+h)?2-2
— Lm 84+ 12h —6h* +h> +8—-0 m— lim (I+h)
h—0 h h—0 h
— 1 _ 2y _ 5—(1+h)?—4
_I}g(lz 6h + h?) =12 — im (1+h)
h=0 h(,/s —(+h)7+2)
Tangent line is y —0 = 12(x + 2) or y = 12x + 24. —2—h 1

= lim —— =
h=0 /5 (1+h)2+2 2

The tangent line at (1,2) is y =2 — %(x —1), or
5_1

1 .
6. The slope of y = poaY at (0,1) is

y=3z-2%
1 —h
m=lim - ————1] = lim —— =0. 11. Slope of y = x2 at x = xq is
h—>0 h \ h2 + 1 h—0 h2 + 1 pe ot y 0
(x0 + h)? — x2 . 2xoh + h?
=1 0 =1 =2
The tangent line at (0,1) is y = 1. =0 h = o h = oo
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SECTION 2.1 (PAGE 100)

Tangent line is y — xZ = 2xo(x — Xo),

or y = 2x9x — x%.

1
The slope of y = — at (a, 0—11) is
x

. 1 N 5 a—a—h 1

m= lim — - )=Im- -—-—=—-——.

r—oh\a+h a r—0 h(a + h)(a) a?
1

The tangent line at (a,—) is y = — — —(x —a), or
a a a

2 X

Y=a

Since li VIO+ k=0 1 d .
ince lim, ~————— = lim ——— does no
h=0 h 70 [h|sen ()
exist (and is not co or —oo), the graph of f(x) = /|x|
has no tangent at x = 0.
The slope of f(x) = (x— D*3 at x =1 is
1+h—1*3-0
m=tim LTV Z0 s,
=0 h h—0

The graph of f has a tangent line with slope 0 at x = 1.
Since f(1) = 0, the tangent has equation y = 0

The slope of f(x) = (x + 2)3/5 atx = -2 is

2+ h+2)35-0
m:lim( +h+2) = lim h™2/% = .
h—0 h h—0

The graph of f has vertical tangent x = —2 at x = —2.

The slope of f(x) = [xZ2 — Ijatx = 1is

[(1+h)2—1]—]1-1] i [2h + h2|
= lim

h h—0 h ’
which does not exist, and is not —oo or oco. The graph of
f has no tangent at x = 1.

Jx lfxzo,then

m = limh*)()

If f(x) =

—/—x ifx<0
. fO+h)— f(0) _h
lim ——m ¥~ = lim — =
h—0+ h >0+ h
. f0O+h)— f(0) N
lim ¥——@4mF———~ = lim ——— =00
h—0— h h—>0— h

Thus the graph of f has a vertical tangent x = 0.

The slope of y = x> — 1 at x = xp is

o +h)?=1]=(xg = 1)
m

19.

20.

21.

22,
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a) Slope of y =x3 at x =a is

C (a+h?P-dd
m=lim ———
h—0 h
Coad+3a%h+3ah? + WP —-ad
= lim
h—0 h

= lim (3¢? + 3ah + h?) = 342
h—0

b) We have m = 3 if 3a%2 = 3, ie., if a = 1.
Lines of slope 3 tangent to y = x> are
y=14+3x—-1Dandy = -1+ 3(x + 1), or

y=3x—2and y =3x + 2.
The slope of y = x> —3x at x = a is

m :I}i_rﬂ)%[(a+h)3—3(a+h)—(a3—3a)]

1
= lim —[a3 +3a?h + 3ah® + h® —3a — 3h — a® +3a]
h—0 h

= lim [3¢? 4 3ah + h* — 3] = 34> - 3.
h—0

At points where the tangent line is parallel to the x-axis,
the slope is zero, so such points must satisfy 3a%> —3 = 0.
Thus, a = 1. Hence, the tangent line is parallel to the
x-axis at the points (1,—2) and (—1,2).

3

The slope of the curve y = x° —x + 1l atx =a is

@+h?—@+h+1—@*—a+1)

" hf}) h
o 3a2h+3ah? +ad —h
= lim
h—0 h

=1}in%(3a2 +3ah +h?* —1) =3a® - 1.

The tangent at x = a is parallel to the line y = 2x + 5 if
3a? —1 =2, that is, if @ = %1. The corresponding points
on the curve are (—1,1) and (1, 1).

The slope of the curve y = 1/x at x = a is

1 1
m= lim@: 1imw:_i
h—0 h h—0 ah(a + h) a?’

The tangent at x = a is perpendicular to the line
y = 4x — 3 if —1/a® = —1/4, thatis, if a = +2.
The corresponding points on the curve are (—2,—1/2) and

2,1/2).

m=li 23. The slope of the curve y = x? at x = a is
h—0 h
. 2xoh + h? a+ h)?—a?
= lim =00 — 2y, m—lim( +h) = lim 2a + h) = 2a.

h—0 h h—0 h h—0
If m = =3, then xo = —%. The tangent line with slope The normal at x = a has slope —1/(2a), and has equation
m = =3 at (—%,%) isy = % —3(x + %), that is, ) 1 X 1 )
y=-3x-4 y—a =—Z(X—a), or —+y=3+a
40 Copyright © 2018 Pearson Canada Inc.
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This is the line x + y = k if 2a = 1, and so
k=(1/2) + (1/2)% = 3/4.

The curves y = kx? and y = k(x — 2)? intersect at (1,k).
The slope of y = kx? at x =1 is

k(1 4+ h)? —k
mp = lim KA+ -k lim (2 + h)k = 2k.
h—0 h h—0
The slope of y = k(x —2)% at x = 1 is

k-0 +h)>—k
myp = lim
h—0 h

= lim (=2 + h)k = —2k.
h—0

The two curves intersect at right angles if
2k = —1/(=2k), that is, if 4k = 1, which is satisfied
if k ==+1/2.

Horizontal tangents at (0, 0), (3, 108), and (5, 0).
V4 (3,108)

Fig. 2.1-25

26. Horizontal tangent at (—1,8) and (2,—19).

AN

20 1
T 943 342
(-1.8) 101 y =2x"—-3x 12x +

4 | 1 2 3 x
.10 +
201 2,-19)
301
Fig. 2.1-26

27. Horizontal tangent at (—1/2,5/4). No tangents at (—1, 1)

and (1,-1).

Copyright © 2018 Pearson Canada Inc.
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3 2 1 v 2 x
Ry
=[x2—-1|—x
L= !
-3
Fig. 2.1-27

28. Horizontal tangent at (a,2) and (—a,—2) for all a > 1.

No tangents at (1,2) and (—1,—-2).

yu
y=|x+1—-|x—1]

20

14

5r B

11

21

-3
Fig. 2.1-28

29. Horizontal tangent at (0, —1). The tangents at (+1,0) are

vertical.
y 'Y

y = (x2 _ 1)1/3 51

Fig. 2.1-29

30. Horizontal tangent at (0, 1). No tangents at (—1,0) and

(1,0).

41
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y=((x* =13

Fig. 2.1-30

31. The graph of the function f(x) = x2/3 (see Figure 2.1.7
in the text) has a cusp at the origin O, so does not have
a tangent line there. However, the angle between OP and
the positive y-axis does — 0 as P approaches 0 along the

graph. Thus the answer is NO.
32. The slope of P(x) at x =a is

m = lim
h—0

Since P(a + h) = ag + arh + ayh? + -+ + a,h"™ and

P(a) = ay, the slope is

m = lim

P(a+h)— P(a)

ap +arh + ah? + -+ a,h* —ag

h—0

= lima; +azh+ - +a,h" ' =ay.
h—0

Thus the line y = £(x) = m(x — a) + b is tangent to
y = P(x) at x = q if and only if m = a; and b = ay,

that is, if and only if

P(x)—L(x) = ar(x —a)®> + az(x —a)® + -+ + ap(x —a)"
= (= aPfaz +a3(x @)+ + anlr — )2

= (r—a)?Q()

where Q is a polynomial.

Section 2.2 The Derivative (page 107)
1.
y A
y=f'(x)
o—o + o—o

42
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2.
y
o0——O0
y=2g'(x)
o—-0 )
+ o—o
3.
y '
y =h'(x)
b } } } —
4.
y A
b t t 2
b y=KW

5. Assuming the tick marks are spaced 1 unit apart, the func-
tion f is differentiable on the intervals (—2,—1), (-1, 1),
and (1,2).

6. Assuming the tick marks are spaced 1 unit apart, the func-
tion g is differentiable on the intervals (—2,—1), (—1,0),
(0,1), and (1,2).

7. y = f(x) has its minimum at x = 3/2 where f’(x) =0

Copyright © 2018 Pearson Canada Inc.
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y=f(x)=3x—x2-1

/—\
1

y
y=/'(x)
Fig. 2.2-7

¥ = f(x) has horizontal tangents at the points near 1/2
and 3/2 where f/(x) =0

yo/\/
/ ; ;

T y=fx)=x>-3x2+2x +1

y /

' t t
X

y=f'(%

y >

X

Fig. 2.2-8

y = f(x) fails to be differentiable at x = —1, x = 0,
and x = 1. It has horizontal tangents at two points, one
between —1 and O and the other between 0 and 1.

SECTION 2.2

(PAGE 107)

y
y=f@) ==

y +
y=f(x) Il
| N I~_ X
\A, \ X
Fig. 2.2-9

10. y = f(x) is constant on the intervals (—oo, —2), (—1,1),
and (2,00). It is not differentiable at x = +£2 and

x = =*1.
y

'

y= ) =Ix? 1] x> - 4]

s

y=f'(x)

: : »
X

/

Fig. 2.2-10

11. y=x2—3x

(x +h)?=3(x + h) — (x? = 3x)

/:1-
Y hf}) h
2xh + h? —3h
= limL=2x—3
h—0 h

dy = (2x —3)dx

Copyright © 2018 Pearson Canada Inc.
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f(x) =1+ 4x —5x2 17.
144 h)—5 h)? — (1 + 4x — 5x2
£1(x) = Tim +4(x+h)=5x+h)"—(1+4x —5x7)
0 h
4h — _ 2
= tim SO ox
h—0 h
df(x) = (4—10x)dx
fx) =x*
3_ .3
) = 1 (x—|—h})l X
2 2 3
— lm 3x*h +3xh* + h _ 342
h—0 h
df(x) = 3x%dx
18.
1
s =
3+ 41
ds o1 1 1
= — lim = _
dt ~ hSoh 3+4(+h) 3+4¢
o 3434 —d4h 4
= l1im = —
h—0 h(3 + 41)[3 + (41 + h)] (3 + 41)?
4
ds = —————dt
ST TG a2
19.
gx) = 2+x
(x+h)_2—x
¢'(x) = lim 2+x+h 2+ x
h—0 h
— lm Q-x—-MN2+x)—2+x+h2—x)
T >0 h2+x +h)Q2+x)
_ 4
2+ x)?
dg(x) = 4 d
g =" 002
y=%x3—x 20.

’r_ 3 _ (1.3
y' = lim [(x+h) —(x+h)—(Lx

= lim
h—0

= lim (x% + xh + %hz -
h—0

h( x2h + xh® + L — 1)

dy = (x> —1)dx

44

_ x)]

1) =x2-1
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F(t) = V2t +1
V2@ +h) +1-2r+1
h
, 20 +2h+1-2t—1
= lim
h_’oh(\/Z(t+h)+1+«/2t+l)
. 2
= lim
h=0 \/2(t +h) + 1+ 21 +1
1

F'(t) = lim
h—0

V2t 4+ 1
1
dF(t) = dt
® V2t + 1
fx)=2v2—x
3 Hh_— h—32=
Fi) = tim A2 O 2 a2
h—0 h
— lim % 2—x—-—h—-2+x
h=04 | h(\/2—(x +h) + V2 —x)
_ 3
84/2—x
3
df (x) = — dx
N
y=x+-=
1
X+ht — —x——
y' = lim + X
h—0 h
, l+x—x—h
= lim —_—
=0 h(x + h)x
1
=1+ lim

-
h—0 (x + h)x x2

n=(1-%)

N

Z_1+s
d_z:hml[is—{—h -2 ]
ds hsoh|1l4+s+h 1+
:hm(s—l—h)(l—l—s)—s(l—l—s—i—h): 1
h—>0 h(1+s)(1+s+h) (1+s)2
1
dZ—mdS

Copyright © 2018 Pearson Canada Inc.
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1
21. F(X):ﬁ 25.
1 1
VIFGx+h?2 J1+x2

, .
F) = lim h
im VI+x2 =1+ (x +h)?
h=0 BT+ (x + h)2V/1 + x2
14+ x%2—1—x%—2hx —h?

= lim 27.

=0 /1 4+ (x + h)2V/1 + x2 («/1 +x24 1+ (x+h)2>
—2x X

= 2(1 + x2)3/2 = T+ x2)32
dF(x) = al

TSR

28.

1
22. y = x_2

1 1
T L
Y= [(x+h)2 xZ]
x2 —(x + h)? 2
m -—— = ——
h—0 hx2(x + h)? x3

| v

23. y =
1 1

Jitxth JI+x
h

VI+x—V1+x+h

/ = i
y(x) Jim

= lim
=0 ha/14+x+h/14+x 29.

i l+x—1—x—h
= lim
h=>0 h/T+x +hy/T+x (VT+x+V/1+x+h)
1
= lim —
=0 JT+x+hJ/T+x(VT+x+VT+x+h)
1
T 2(1+x)32

1
dy=-————d
YT T

2-3
24. f(l):;‘zj
1 h? -3

7o = jim 2 (G

[(t +1)% =3](t2 +3) — (12 =3)[(t + h)? + 3]

26.

t2-3
(t+h2+3 1243 30.

SECTION 2.2 (PAGE 107)

Since f(x) = xsgnx = |x|, for x # 0, f will become
continuous at x = 0 if we define f(0) = 0. However,
f will still not be differentiable at x = 0 since |x| is not
differentiable at x = 0.

x? if x>0
—x2 ifx <0
become continuous and differentiable at x = 0 if we define

g(0) =0.

h(x) = |x% 4+ 3x + 2| fails to be differentiable where

x2 4+3x 4+2=0, that is, at x = —2 and x = —1. Note:
both of these are single zeros of x2 4+ 3x + 2. If they
were higher order zeros (i.e. if (x +2)" or (x + 1)" were
a factor of x2 4+ 3x + 2 for some integer n > 2) then h
would be differentiable at the corresponding point.

Since g(x) = x%sgnx = x|x| = , g will

y =x3—2x
) N S0
x—1 x—1
0.9 0.71000 1.1 1.31000
0.99 0.97010 1.01 1.03010
0.999 0.99700 1.001 1.00300
0.9999 0.99970 1.0001 1.00030
d  , (A +h)?-20+h) - (-1
— (x> =2 =1
Frai 30 h
x=1
. h+3h%+h3
= lim ——
h—0 h
=lim 1 +3h+h* =1
h—0
Sx)=1/x
. fx) -2 . Jx) - /@
x—=2 x—2
1.9 —0.26316 2.1 —0.23810
1.99 —0.25126 2.01 —0.24876
1.999 | —0.25013 2.001 —0.24988
1.9999| —0.25001 2.0001 [ —0.24999
1 2
24 h 2-2+h)
'‘2) =1 =
f@) = lim = n50 R+ h)2
i 1 1
=lim-———=—-
=0 (2+h)2 4
The slope of y =5+ 4x —x? at x = 2 is

= lim dy 544+ -2+ h)?>-9
2 2 ay _
=0 h(t2 + 3)[(t + h)? + 3] I }}g}r}) 7
, 12th + 6h* 12¢ x=

= lim - 2 =12 2 —h?

h—0 h(t2 +3)[(t +h)>+3] (12 +3) = lim — = 0.

12¢ h—0 h
df(t) = ——— ar . .
(t2 +3)2 Thus, the tangent line at x = 2 has the equation y = 9.
Copyright © 2018 Pearson Canada Inc. 45

Calculus Single Variable (Canadian) 9th edition Adams Solutions Manual


https://ravanbooks.com/books/9780134579801-solutions

31.

32.

33.

34.
35.

36.

37.

38.

39.

40.

41.

42,

43.

SECTION 2.2 (PAGE 107)

¥ = +/x 4+ 6. Slope at (3,3) is 44. The slope of y = /x at x = xg is
. V9+h-3 , 94+h-9 1 J |
m= lim —— = lim ——— = —. y
h—0 h h—=>0 h(v/9+h +3 6 — = .
- - ( tht ) dx 2./Xo
1 X=X(
Tangent line is y — 3 = g(x —3), or x — 6y = —15.
, Thus, the equation of the tangent line is
- — - _1; 1 . X + Xo
The slope of y = att =—2and y = —1is - — (x— -
P y 2_2 y 1 y_,/x0+2 xo(x Xg), that is, y = N
dy 1 —2+h
— =lm—- | ——————-(-1)
dt iy o0 h(=2+h)?-2
2 1 1 1
= lim —2+h4 (=240 _2]:_3 45. Slopeof y=—atx=ais —— = —.
70 h[(=2 + h)? = 2] 2 x X izs @
1
2 : L2
Thus, the tangent line has the equation Normal has slope a”, and equation a a’(x —a),
y=—1—%(t+2),thatis,y=—%t—4. ory:azx—a3+l
2 a
yzm Slope at t = a is
2 2
m = lim 9t W24+ (@+h) da*>+a 46. The intersection points of y = x2 and x + 4y = 18 satisfy
h—0 h
_ 1m2(a2—|—a—a2—2ah—h2—a—h) 4x2 4+ x—18=0
h—0 h[(d +h)2 +a+h](a2 +a) (4X +9)(x_2) =0.
) —4a—-2h -2
= lim
=0 [(a@ + h)? + a + h](a? + a) °
da +2 Therefore x = —Z or x = 2.
- _ d
(a% + a)? The slope of y = x2 is m; = oy
o2 2Qa +1) 9 9 dx
Tangent line is y = a2 +a (a2 +a)? (t —a) At x = —pm=-z At x =2, m = 4.
F(x) = —17x18 for x £ 0 The slope of x + 4y = 18,ie. y = —%x + %, is
'(t) = 22¢?! for all ¢ n2= _%'
g - Thus, at x = 2, the product of these slopes is
dy [y (4)(—%) = —1. So, the curve and line intersect at right
ax 3% for x # 0 angles at that point.
d 1
ﬁ = —gx_4/3 for x #0
dif2-25 = -2257325 for t > 0 47. Let the point of tangency be (a,a?). Slope of tangent is
t
d ,
—X =2a
dis119/4 _ lTlgsllsM for s > 0 dx s
§ This is the slope from (a,a?) to (1,—3), so
d 1 1 a*+3
- = = _. = 2a, and
ds Vs _ 2./s o 6 a—1
1 / 1 4 1 2 2
F(.X)Z_,F(x)z_—,F — =—16 a +3:2a —2a
X x2 4 »
a“—2a—-3=0
2 _ 1 =3or —1
"(8) = —Z=x—5/3 __ a or
S ®)=—3x 18
x=
J | | The two tangent lines are
@y — 34 L (fora=3): y—9==6(x—3) or 6x—9
dt (=4 4 t=4 82 (fora=-1) y—1=-2(x+1)ory=-2x—-1
46 Copyright © 2018 Pearson Canada Inc.
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(a,a?)

1,-3)

Fig. 2.2-47

1
48. The slope of y = — at x =a is
X

1

dy
¥ =

dx

Xx=a

. 1 1
If the slope is —2, then 2 =-2,0ora= i«/_j There-

fore, the equations of the two straight lines are

yzﬁ_z(x—%) andy:—ﬁ—Z(x—!—%),
or y =—2x £242.

49. Let the point of tangency be (a, v/a)
1

d
Slope of tangent is —ﬁ‘
dx

=a: 2/a
1 -0
Thus =f ,s0a+2=2a, and a = 2.
24/a a+2
1
The required slope is ——.
¥y A
(a,/a)
/ y=vx
5 x

Fig. 2.2-49

50. If a line is tangent to y = x2 at (¢,¢?), then its slope is

d
d_y = 2¢t. If this line also passes through (a, b), then
X

. xX=I .
its slope satisfies

t2—b
t—a

=2¢, thatis 2 —2at+b=0.

SECTION 2.2 (PAGE 107)

2a + ~4a? — 4b
% =a+~a>—b.

Ifb < a2, ie. a2 —b > 0, thent = a £ Va2 —b
has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through (a, b) with equations
y=25b —|—2(aﬂ:«/a2—b)(x —a). If b = a2, then

t = a. There will be only one tangent line with slope 2a
and equation y = b + 2a(x — a).

If b > a?, then a? — b < 0. There will be no real solution
for t. Thus, there will be no tangent line.

Hence ¢t =

51. Suppose f is odd: f(—x) = —f(x). Then
S=x+h) - f(=x)

f(=x) = Jim

h
i SG = = ()
=lm -
h—0 h

(let h = —k)
— i f(x+k)—f(x)_
= lim —M >~ =

k—0 k
Thus f” is even.

Now suppose f is even: f(—x) = f(x). Then
/ _ o S+ - f(=x)
f!(=x) = lim

1)

h
— i LD - )
= lim ——~
h—0 h
— i LR - f)
= lim ¥—/—/™M8MM > —=
k—0 —k
=—f'(x)
so f' is odd.
52. Let f(x) =x"". Then
ren o R =X
70 = i, S
i 1 1
TS0 ((x+h)” _x—”)
_ x"—(x +h)"
T >0 hx"(x + h)"

1 x—(x+h) y
= lim ————
h—0 hx™((x + h)*

(xnfl +xn72(x+h)+.”+(x+h)n71)

= —— xnx"' = —px~ @D,

x2n
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53, f(x)=x!/3

/3 _ 1/3
Fl(x) = l}im (x—l—)—x
—0

h

(x + h)l/3 —x1/3

=lim —————
h—0 h

(X +h)2/3 4 (X —|—h)1/3x1/3 +X2/3
(x + h)2/3 + (x + h)1/3x1/3 + x2/3
. x+h—x
= lim
h—0 h[(x + h)2/3 + (x + h)1/3x1/3 4 x2/3]
1
= lim
h—0 (x + h)2/3 + (x + h)1/3x1/3 4 x2/3
1 1

2/3

T 3523 3x

54. Let f(x) = x'/". Then

(x + bt/ — x1/n

f’(x):;}i_r)r}) (et x +h =a", x =b")

ADAMS and ESSEX: CALCULUS 9

If f/(a+) is finite, call the half-line with equation

y = f(@) + f'(a+)(x —a), (x > a), the right tan-
gent line to the graph of f at x = a. Similarly, if f'(a—)
is finite, call the half-line y = f(a) + f'(a—)(x — a),
(x < a), the left tangent line. If f'(a+) = oo (or —00),
the right tangent line is the half-line x = a, y > f(a) (or
x =a,y < f(a). If f'(a—) = oo (or —o0), the right
tangent line is the half-line x = a, y < f(a) (or x = a,
y = fa)).

The graph has a tangent line at x = a if and only if
f’(a+) = f’(a—). (This includes the possibility that
both quantities may be +o0o or both may be —oc.) In this
case the right and left tangents are two opposite halves of
the same straight line. For f(x) = x2/3, f'(x) = %x’1/3.
At (0,0), we have f/(0+) = +o0 and f/(0—) = —oo.
In this case both left and right tangents are the positive
y-axis, and the curve does not have a tangent line at the
origin.

For f(x) = |x|, we have

if x>0
if x <O.

£ =sene) = {1

h
a—>b At (0,0), f'(0+) = 1, and f'(0—) = —1. In this case
al_)b ah — pn the right tangent is y = x, (x > 0), and the left tangent is
, 1 y = —Xx, (x <0). There is no tangent line.
T T fan2h £ an3p2 4 . -l
AR S eV Section 2.3 Differentiation Rules
= =—-Xx .
nb"1  n (page 115)
1. y=3x2—-5x—7 y =6x-5.
5
2. y=4x2_Z y =2xV2 45572
X
C (x+h)r—x" 3. f(x)=Ax>2+Bx+C, f'(x)=24x+ B.
5. —x"=lm —-+F——
dx h—0 h 6 2 , 18 4
A 1y, M=) L IW=gtar SWEmgos
= lim —|x" + —x"""h+ ———=x"""h
h—0 h 1 1x2 §5 3 dz 1 1
—D(n-2) 5, z=—"T7"+— —— = _g*t—_42
”(”—xn—3h3+...+hn_xn] 15 dx 3 5
Ix2x3 y= x5 x5 45t | 45y
_ -1 ,_
— n—1 n(n n—2 _ 1/3 1/4 1/5
hg}r%)(nx +h|:—1><2 x"%h 7. g tl + 2t 1—|—3t \
") = —¢~2/3 4 Z4=3/4 4 2 4mars
n(nl—xlz)(:;z)xn—3h2 N hn—l]) g' (1) 3 22 5
8. y=3Vi2— S =323 _9732
= nx""! NS
d
d—i =273 4 375/2
9. U= E)c5/3 - éx_3/5
56. Let p ] 3
h) — au _ 2/3 . —8/5
Fla) = tim J@rP =@ E= g
h—0+ h
, _ fla+h)— f(a) 10. F(x) = (3x—2)(1 —5x)
fa=) = lim h F'(x) = 3(1 — 5x) 4+ (3x — 2)(—5) = 13 — 30x
48 Copyright © 2018 Pearson Canada Inc.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
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2
1
y:ﬁ(S—X—%):S\/_—xyz—gxs/z

5 3 5
r_ = _Z _2.3/2
W A

2
!
s )= ———
2t -3 g (2t — 3)2

g(r) =
1
x2 4+ 5x

1
[ — () 5) =
P S CACAY

y =
2x 45
(x2 + 5x)2

_ 4
T (3-x)2

/

y

bid
2—mt

f@) =
2

oy =
fio= = G-

7
(2 — 1) (=)

4y
(1—-y%)?

2
s =13 gy =

2
_ —ny—1/2 3/2
y="——""=2¢ + N+t
Vi

13
_ 3 _

— = —— + =Vt =

o +2\/;+2f

312 4t-2

2/t

x—1_ 43 —2/3
x2/3 =X — X
dz _ lx—2/3 i zx_5/3 _x+2

zZ =

dx 3 3 3x5/3

3 —4x

3+ 4x

B+4x)(—4) - 3—-4x)4)
(3 + 4x)2

_ 24

TR

f(x) =
fx) =

P4+
To2-1
o 2 — )2t +2) — (12 4+ 21)(21)

Z

(=172
22+ 4+
GCEE

23.

24.

25.

26.

27.

28.

29.

SECTION 2.3

(PAGE 115)

s = L+ i
=i
1 1
ﬁ_(l_ﬁ)z—ﬁ_(l—’_ﬁ)(_ﬁ)
dr (1= 1)?
1
T Vi = Vi
x3—4
f(x) = o
o (DB — (P —4)(1)
fix) = 1)
_2x3+3x2—|—4
o (x+1)?
ax +b
f(x):cx+d
/o (ex+d)a—(ax + b)c
fix) = (ex +d)?
_ad —bc
T (ex +d)?
t2+7t -8
="
sy (=t 4+ DQE+T) = (2 + 71 —8)(2r — 1)
Fo = (t2—1+1)?
8 4181
T2 -+ 1)2

JS(x) =14+ x)(1 4+ 2x)(1 + 3x)(1 4 4x)

S'(x) = (1 +2x)(1 +3x)(1 + 4x) + 2(1 + x)(1 + 3x)(1 + 4x)
301+ 201+ 20)(1 + 4x) + 4(1 + x)(1 + 2x)(1 + 3x)

OR

fx) =114+ x)(1 4+ 40)][(1 + 2x)(1 + 3x)]

= (14 5x +4x2)(1 + 5x + 6x?)

=14 10x + 25x% 4+ 10x2(1 + 5x) + 24x*

=1+ 10x + 35x2 + 50x> + 24x*
f(x) = 10 + 70x + 150x2 + 96x3
fO) =02+ =90+ + 1)
i) =2r3 =32+ 3 + 1)

+ (r_2 +r73 - 4H(2r + 3r2)

or

f)==2+r""+r 243 4 r—4r2— 453
flr)=—r"2—=2r3 - 3r* 4 1-8r— 1212

y = (2 +4)(Vx+DGEx?-2)
y = 2x(J/x + 1)(5x%/3 = 2)
+ a2 o)
2./x

7

10
+ ?x*m(xz +4)(Vx+1)
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(2 + (x> +2) d f(x)
30. =———— fadl
YT @+ S (x2 T f(x)) )
X534 2x2 42 ) x—/2 ,
= x5 + 2x3 +X2 +2 — ('x + f(x))f (X) - f(-x)(zx + f (x))
. (x° +2x3 + x2 +2)(5x* + 3x2 + 4x) (2 + f(x))? x=2
= S 120 122122 _ @)@ - fQEH fQ) _18-14 1
B (x° + x3 4+ 2x% +2)(5x* + 6x2 + 2x) 4+ f(2)? 62 9
(x5 +2x3 +x24+2)2 d 2 _ d
2x7 —3x6 —3x* — 627 4 4x 3. - (;—Jj) =2 = — (1 - x28+4)
- (XS + 2x3 + x2 + 2)2 x==2
_ 2x7 —3x% —3x* — 6x2 + 4x _ 8 (2x)
= 2 1223 £ 1)2 (x2 + 4)2 —s
_ 2 _ 1
By X 3% +x 64 2
) B 1 6x242x+ 1 d [t + vt
ST 38. E[ — )}
;o (6x2 4+ 2x + 1D)(6x + 1) — (3x2 + x)(12x + 2) 1=4
v (6x2 +2x + 1)2 _d o
_ 6x +1 dt 5—t s
(6x2+2x+ 1)2 3 (5—l)(1 + %t1/2)_(1+t3/2)(_1)
(JF—DE -1 - ) | o =t
x—1D2—-x)(1—-x
. = (H(#) — (12)(=1)
32, f(x) TG 120 = 0?2 =16
1 2—x—2x% +x3
_(1_ﬁ)‘ 3+ 2x . f) = Y5
" , | x+1 |
o = Ly )2ox 2 L LI
S = (2x ) 312 + (1 ﬁ) P (x+ 1)2ﬁ Vx(1)
L G201 —dx 362 - 2= x =262 + x)(2) (v + 1)
(3 +2x)? B A .
_2-x001-x? ') = 2‘/59 =_
T 2x3/2(3 4 2x) 182
I O P Sl o e 40. L1014+ (1 + 201 + 301 + 40)
Jx (3 +2x)2 dt =0
=) +20A+3t)(1+41) + A+ )21 +3)(1 + 41)+
d x2 F(x)(2x) = x2 f/(x) I+ +20)B)( +4t) + (1 4+ 1)(1 +21)(1 + 3¢)(4)
o (2 Lswen s
xS/, L, £ ()] x=2 =1+24+3+4=10
4/(2) 412 4
= =—,=-1 2 2 4
F@P 4 A oy — = (_ )
34 i Jx) = X2 f1(x) = 2x/(x) Slope of tangent at (1,-2) ism = ——> =4
dx X2 x4 ) i (-1)22
x=2 x=2 Tangent line has the equation y = —2 + 4(x — 1) or
A4 41 V= dx—6
- 16 16 4 o
42, For y = v we calculate
d 2 2 zf/( )> vl
35. — =
£ (/) . (2o + 71 - L DM - 2
=4f(2) +4f'(2) = 20 r = x—1)2 BT
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43.

44.

45.

46.

47.
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At x =2 we have y =3 and y’ = —2. Thus, the equation
of the tangent lineis y =3 —-2(x —2),or y = —2x + 7.
The normal line is y =3 + %(x —2),0ory= %x + 2.

1, 1
y=x+—-,)y = 1— -
X X |
For horizontal tangent: 0 = y’ = 1 — — so x> = 1 and
X
x ==l
The tangent is horizontal at (1,2) and at (—1,—2)

If y = x?(4 — x?), then
y = 2x(4 —x?) + x2(—2x) = 8x —4x> = 4x(2 — x?).

The slope of a horizontal line must be zero, so

4x(2 — x2) = 0, which implies that x = 0 or x = £+/2.
Atx=0,y=0and at x = ++/2,y = 4.

Hence, there are two horizontal lines that are tangent to
the curve. Their equations are y = 0 and y = 4.

_ 1 ;L 2x + 1
YT eyt T (x24+x+1)2
For
horizontal tangent we want 0 ! 2t
Z WweE Wi = - ——
. Y x24+x+1)2
1
Thus 2x +1=0and x = —=
2 1 4
The tangent is horizontal only at (—5 5)
1
Ify= i, then
x+2
G-t DO) 1
y (x +2)?2 (x+272

In order to be parallel to y = 4x, the tangent line must
have slope equal to 4, i.e.,

1
— =4, or (x +2)? =1
(x +2)2 ( =4
Hencex+2=:i:%,andx=—% or—%‘ Atxz—%,

y:—l,andatx:—%,yz"j.
Hence, the tangent is parallel to y = 4x at the points

(-3.-1) and(~3.3).

48.

49.

50.

SECTION 2.3 (PAGE 115)

Fig. 2.3-47

2

1
Since — =y = x2 = x%/2 = 1, therefore x = 1 at
N

the intersection point. The slope of y = x2 at x = 1 is

1
2x =2. Theslopeof y=—atx =11is

x=1 \[;

ay
dx

1
— 132
2

1
X

x=1 x=1

The product of the slopes is (2) (—3) = —1. Hence, the
two curves intersect at right angles.

The tangent to y = x3 at (a,a>) has equation

y = a® +3a%(x —a), or y = 3a®x — 2a3. This line
passes through (2, 8) if 8 = 64 — 2a> or, equivalently, if
a®—3a?>+4 = 0. Since (2,8) lies on y = x3, a = 2 must
be a solution of this equation. In fact it must be a double
root; (a — 2)? must be a factor of a3 — 3a? + 4. Dividing
by this factor, we find that the other factor is a + 1, that is,

a®>=3a> +4=(a—-2)%@a+1).

The two tangent lines to y = x> passing through (2, 8)
correspond to @ = 2 and a = —1, so their equations are
y=12x —16 and y = 3x + 2.

The tangent to y = x2/(x — 1) at (a,a?/(a — 1)) has slope

_ (x — 1)2x —x2(1) _ a?—2a
D RN
The equation of the tangent is

a? _a2—2a(x a)
Y a—1 (a—1)?2 '

This line passes through (2, 0) provided

a? a®>—2a
Let the point of tang;:ncy be (a, %). The slope of the tan- L1 m(z —a),
: 1 b— a 1 1 2
gentis — 5 = 9=, Thus b — 3 = g and a = p or, upon simplification, 3a®> — 4a = 0. Thus we can have
T has sl 2 h . b b? either @ = 0 or a = 4/3. There are two tangents through
angent has slope Ty o equation y =5 — 2 (2,0). Their equations are y = 0 and y = —8x + 16.
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VG +h) —/fx)

d .
51. Ix fx) = }}11})

h
o S~ !
h=0 h VI +h) +f(x)
S
2/ f(x)
imz 2x _ X
dx 2Vx2+1 Jx2+1

3 .
52. f(x)=|x3 =% 3 ?f * =20 Therefore f is differen-
—x° iftx <0
tiable everywhere except possibly at x = 0, However,

ADAMS and ESSEX: CALCULUS 9

Proof: The case n = 2 is just the Product Rule. Assume
the formula holds for n = k for some integer k > 2.
Using the Product Rule and this hypothesis we calculate

(Nrfo freSks1)

=[(/1fa " fi) fies]

=(fifar Ji) Josr + (i fa i) fil

=(flfa St A fot ot fifor S fesn
+(f1f2"'fk)fk/+1

=fifa feSesr+ [ifs o fifirr + -
+ e fifesr + NS S i

so the formula is also true for n = k + 1. The formula is

. fO+h)—fO .
h£r€+ -, = hgfgl+ h* =0 therefore for all integers n > 2 by induction.
o JOED SO _ _
oy h =, im (=h") =0. Section 2.4 The Chain Rule (page 120)
Thus f’(0) exists and equals 0. We have L y=02x+3)° )y =602x+3)°2=122x+3)°
X\ 99
](‘/(x) — 3x2 if x > 0 2. y= (l - E)
’ —3x2 if x <O. — x>98 1 13 (1 x>98
y'=99(1-3 3) 7 3
d _ (4 2310
53. To be proved: —x"/2 = %x(”/z)_l forn=1,2,3,.... 3. fy=0-x )2 . -
x vy — —
Proof: It is already known that the case n = 1 is true: the J1(x) = 10(4 = x7)7(=2x) = —20x(4 — x7)
derivative of x1/2 is (1/2')x*1/'2. " d_y _ im _ —6x __ 3x
Ass.u.me Fhat the formula is valid for n = k for some dx ~ dx 21 =32 V1 —3x2
positive integer k: 3710
5. F(@) = (2 + —)
A k2 _ kw1 ‘
ax* T 2" ' N3 30, 3\ 7!
F’(t)=—10(2+—) —2=—2(2+—)
Then, by the Product Rule and this hypothesis, ! ! ! !
6. z=(1+ x2/3)3/2
d d _ _
kD2 T 1/2yh2 2= 3+ 2223 = xR 4 k312
U i k2 kK 1o k=1 _ K+ 1 egnyo— 3
_1 K _crl 7. =
2x X =+ 2x X 3 X . y 5_4x
L 3 oo 12
Thus the formula is also true for n = k + 1. Therefore it Y= T (5—4x)2 (=4 = (5 —4x)2
is true for all positive integers n by induction. 2—3/2
For negative n = —m (where m > 0) we have 8. y=(0-2r%
Y ==3(1 -2 (—41) = 61(1 — 2275/
d d 1
Lon2 4 0 ) a 2x3—2x
dx dx xm/2 9. y=I1-x7, y'=-2xsgn(l—x%)="——x
_Zlm 2 1=
x’;’n 2 . 10.  f() =]2+13
— _y—m/2)-1 _ 7 ,.(n/2)-1 2 3
X =X - 3t°2+1°)
2 2 '(t) = 2+ )3 = —————
S0 = b @+ OIGR) = T
54. To be proved: 1.y =dx+dx -1
¥ =4+ 4(gn(4x —1))
(fifa o) 8 ifx>1
=fife ot N3ttt fifa Sy 0 ifx<1
52 Copyright © 2018 Pearson Canada Inc.
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12, y=Q+ P73 18. »
¥ = 1@+ xP) 723 31x[P)sgn (x)
— [P+ IxP) 2/3(| |) = x|x|@ + [x]P) 2 slope 8
y=4x+|4x—1|
1
13. = lope 0
SR oy E— (1)
1 3 1,
/ 4
y=- 5 ( ) ) N
(2+ m) 2V3x 44
3
= d d 1 1 1
2 19. x4 2 = x_— — _x"34
2/3x +4(2+ V3x +4) dx" dx vx 2V /x RPN
4 d d 3
-2 20, —x4t=—/ )=y
1. f(x)=(1+ x3 ) P I x/x = ST WG \/_—f— i
3 d d 1 3
ey — x—2 1 3 1 2. —x?2 = —Vx3 = (3x2) = x1/?
fx) = 4(1 +V ) (5 . _2) (3 dx dx 23 2
3 d
_2 03 (4 222 2. S f@r+3) =212t +3)
3Vx—2 3 dt
d
| 5/3 23, — f(5x —x%) = (5=2x)f"(5x — x?)
15. (u l) dx
-

z——z(u+u11) (R * sl OI =)
() () - () ()]

d 2/ (x) f'(x)
53+ x6 25, —\3+2 = =
16. y= ﬁ V2T 23 4+2f(x) V3421

3 5
=m((4+x2>3 [Sx“ 3+x6+x5(\/31—xé)] 2% 4 WETa —fwm)
—x°V3+ x6[3(4 + x2)2(2x)])

(4 +22)[56G + x6) + 3x1°] = x° (3 + x6) (6%)

243
3+2t

- ~/3 T2

27. if(3 +2x) = Lf’(3 +2.4/x)

SOV x N
_60x* —3x® 4 32x10 4 2x12 J
R TRV 3. 4 r (2 (34))
17.
) =724 (37 ) ) 27/ (31@) 37

- 6f/(x)f/(3f(x))f/(2f (3f(x)))

[ 2. L r(a-316-s0)
= f'(2-31@-50)(=3/'@4=50)(=5)
—15/"(4— St)f’(Z— 3f(4— 51))

_51/3 t
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30.

31.

32.

33.

34.

35.

36.

SECTION 2.4 (PAGE 120)

d x2—1
dx \ x2+1
x==2
x2+1 L—VXZ—IZX
(2412

G (—i) iy

x==2

2
25 253

3

3
t=3 2\/§

3
N

t=3

1
(x4 1)32

f) = -5

x=

y = (X3 + 9)17/2

!/

17
y = 5 (* +9)19/23x2

x=—2

x=—2

F(x)=(14+x)Q2+x)206+x)34 + x)*
F'(x) =2+ x)?@+x)° @+ x)"+
204+ )24+ x)G +x)3@ + 0)*+
31+ )24 )26 +x)2 (4 + x)*+
40 4+x)Q2+x)2C+x)3@ +x)3
F'(0) = 203 @H + 20 3HEH+
3(HRHEBHEY +4(1)(2*)(3%)(#)
=4(2%.33.4% = 110,592

y = (x + ((3x)5 —2)_1/2)_6

y = —6(x + ((3)c)5 - 2>_1/2)_7

17
= 5 (12) =102

38.

39.

40.

ADAMS and ESSEX: CALCULUS 9

Slope of y = (1 +x2/3)3/2 at x = —1 is
5(1 +x2/3)1/2 (2x_1/3) -\
2 3

x=—1

The tangent line at (—1,23/2) has equation
y =232 /2(x + 1).

b
The slope of y = (ax + b)® at x = = is
a

dy

= 1024ab’.
dx “

x=b/a

= 8a(ax + b)’
x=b/a

The equation of the tangent line at x = é and
y = (2b)® = 256b% is ¢

y = 256b% + 1024ab’ (x - g) or

y =210%bh7x — 3 x 28h8.

Slope of y = 1/(x2—x+3)32 at x = -2 is

_g(XZ_x-f—:&)*S/Z(zx_l) — _2(975/2)(_5) — @

x=-2
The tangent line at (—2, f) has equation
y= L + i(x +2).

27 162
Given that f(x) = (x —a)™(x — b)" then

) =mx—a)™ Hx —b)" +n(x —a)™(x —b)" !

(x —a)y" Y (x = b)Y Ymx —mb + nx — na).

If x #a and x # b, then f/(x) = 0 if and only if
mx —mb +nx —na =0,

which is equivalent to

X = a+ .
m-+n m-+n

This point lies lies between a and b.

1 -3/2 4. x(x* +2x2 —2)/(x2 + 1)/?
x (1 - —((3x)5 - z) (5(3x)43)) ( ) )
2 42, 4(7x* — 49x% + 54)/x7
15 afin s \73/2
= —6(1- 5 G0* (G0 -2) 43. 857,59
-1/2\77 44. 5/8
X (x + ((3)6)5 — 2) ) /
45. The Chain Rule does not enable you to calculate the
. derivatives of |x|? and |x2| at x = 0 directly as a com-
The slope of y = /1 +2x2Z at x =2 is position of two functions, one of which is |x|, because |x|
is not differentiable at x = 0. However, |x|> = x? and
dy _ 4x 4 |x2| = x2, so both functions are differentiable at x = 0
dx o 2 3 and have derivative O there.
dx| o 2VT+2x2| _ 3
46. It may happen that k = g(x 4+ h) — g(x) = 0 for values
Thus, the equation of the tangent line at (2, 3) is of h arbitrarily close to O so that the division by k in the
y=3+ %(x —2),ory= %x + % “proof” is not justified.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

INSTRUCTOR’S SOLUTIONS MANUAL

Section 2.5 Derivatives of Trigonometric

Functions (page 126)
d 1 cos X .
—cscx = —— = — = —cscxcotx
dx dx sinx sin? x
. d cosx  —cos?x —sin®x 5
—cotx = — = = —cscox
dx dx sinx sin? x

y =cos3x, y = —3sin3x
1

= sin =~ cos X
y = 5 y—5 5"

y =tanwx, y =mwsec®mx

y =secax, y =asecaxtanax.
y =cot(4 —3x), y =3csc?(4—3x)

d . m—x 1 T —X
— sin = —— cos
dx 3 3 3

f(x) =cos(s —rx), f'(x) =rsin(s —rx)

y =sin(Ax + B), y' = Acos(Ax + B)

d
— sin(rx?) = 27x cos(wx?)

dx
9 cos(/X) = == sin(+/x)
— cos =— sin
dx o 24/x ! x
= VT Fcosx. p_ _ —sinx
Y Y 2+/1 4+ cosx

d
I sin(2 cos x) = cos(2 cos x)(—2 sin x)
= —2sinx cos(2 cos x)

f(x) = cos(x + sinx)
f'(x) = —(1 + cos x) sin(x + sin x)

g(0) = tan(0 sin 0)
g’ () = (sin6 + 0 cos 0) sec? (6 sin 0)

3
u=sin’(nx/2), u = 77[ cos(mrx/2) sin?(rx/2)

y =sec(l/x), ¥y =—(1/x?)sec(1/x)tan(1/x)
F(t) = sinat cosat (= %sinZat)

F'(t) = acosat cosat — asinat sinat

(= acos2at)

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

SECTION 2.5 (PAGE 126)

d
d—(tanx + cotx) = sec? x —csc? x
X

d
d—(secx —cscx) = sec x tan x + csc x cotx
X

2

d
—(tanx —x) = sec’ x — 1 = tan®x
dx

d d

I tan(3x) cot(3x) = E(l) =0

d . . .
E(t cost —sint) = cost —tsint —cost = —t sint

d . . :
E(tsmt + cost) = sint + tcost —sint =t cost

d sinx  (1+cosx)(cosx) — sin(x)(—sin x)

dx 1+ cosx (1 + cos x)2
_cosx+1 1
T (1+cosx)2  1+4cosx
d cosx (I +sinx)(—sinx) — cos(x)(cos x)
dx 1 +sinx (1 + sinx)?2
_ —sinx—-1 -1
T (1+sinx)2 ~ 14sinx

d
d—x2 cos(3x) = 2x cos(3x) — 3x2 sin(3x)
X

g(r) = V/(sint)/1

1 tcost —sint
g =

2./(sint)/1 * 12

tcost —sint

 213/2./sint
v = sec(x?) tan(x?)

v = 2x sec(x?) tan?(x2) + 2x sec (x?)

_ sinyx
T + cos /X
o (Ltcos VX)(cos /x/24/x) — (sin /x) (= sin /x/2/)
(1 + cos 4/x)?
_ 1 + cos /x _ 1
T2 x(1+cos/x)2  2/x(1 4 cos /X)

% sin(cos(tan?)) = —(sec? r)(sin(tan ¢)) cos(cos(tan¢))

f(s) = cos(s + cos(s + cos 5))
f’(s) = —[sin(s + cos(s + coss))]

G) = sinaf x [1 — (sin(s + cos s))(1 — sins)]
cos hf

, acoshd cosab + bsinab sinbho 37. Differentiate both sides of sin(2x) = 2sinx cosx and
G'(0) = cos2 bo : divide by 2 to get cos(2x) = cos? x — sin? x.
d /. . 38. Differentiate both sides of cos(2x) = cos? x — sin? x and
dx (sm(2x) B cos(2x)) = 2¢05(2x) + 2sin(2x) divide by —2 to get sin(2x) = 2sin x cos x.
i(coszx —sin2x) = i cos(2x) 39. Slope of y = sinx at (r’r, 0) is cos = —1. Therefore
dx dx the tangent and normal lines to y = sinx at (7, 0) have

= —2sin(2x) = —4sinx cos x equations y = —(x — ) and y = x — 7, respectively.
Copyright © 2018 Pearson Canada Inc. S5
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40.

41.

42.

43.

44.

45.

46.

47.

48.

SECTION 2.5 (PAGE 126)

The slope of y = tan(2x) at (0,0) is 2sec?(0) = 2.
Therefore the tangent and normal lines to y = tan(2x) at
(0,0) have equations y = 2x and y = —x/2, respectively.

The slope of y = +/2cos(x/4) at (7, 1) is
—(+/2/4)sin(r/4) = —1/4. Therefore the tangent and
normal lines to y = /2 cos(x/4) at (i, 1) have equations
y=1—(x—m)/4 and y = 1 + 4(x — 7), respectively.

The slope of y = cos? x at (r/3,1/4) is

—sin(27/3) = —+/3/2. Therefore the tangent and normal
lines to y = tan(2x) at (0,0) have equations

y = (1/4) = (+/3/2)(x = (/3)) and

y = (1/4) + (2/+3)(x — (7/3)), respectively.

Slope of y = sin(x°) = sin (ﬂ) isy = % cos(nx )

S \180/ 180
At x = 45 the tangent line has equation
1 b4
=—+ (x —45).
T2 T 1s0v2

F (x°) (x” ) h
or = SeCc (X = S€C —_— WweE nave
Y 180

dy b4 b4 X
= = = tan(—).
dx 180 Sec(lso) an(lso)
/3
9
and has equation

At x = 60 the slope is %(2\/5) =

Thus, the normal line has slope —

b4
2 20 (x —60)
=2— ——=(x—60).
y 7'[\/5
The slope of y = tanx at x = a is sec?a. The tan-
gent there is parallel to y = 2x if sec’a = 2, or

cosa = =1/+/2. The only solutions in (—x/2,7/2)
are a = £ /4. The corresponding points on the graph are
(7/4,1) and (—7/4,1).

The slope of y = tan(2x) at x = a is 2sec?>(2a). The
tangent there is normal to y = —x/8 if 2sec?(2a) = 8,
or cos(2a) = +1/2. The only solutions in (—n/4,/4)
are ¢ = £m/6. The corresponding points on the graph are
(7/6,+/3) and (—7/6,—+/3).

j—x sinx = cosx = 0 at odd multiples of /2.

I cosx = —sinx = 0 at multiples of 7.
X

d .
I secx = sec x tanx = O at multiples of 7.
X
d
— cscx = —cscxcotx = 0 at odd multiples of /2.
X
Thus each of these functions has horizontal tangents at
infinitely many points on its graph.

2

— tanx = sec” x = 0 nowhere.
dx

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.
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y = x + sinx has a horizontal tangent at x = & because
dy/dx =1+ cosx = 0 there.

y = 2x + sinx has no horizontal tangents because
dy/dx = 2+ cosx > 1 everywhere.

y = x + 2sinx has horizontal tangents at x = 2x/3 and
x = 4m/3 because dy/dx = 1 + 2cosx = 0 at those
points.

y = x + 2cos x has horizontal tangents at x = 7/6 and
x = 5m/6 because dy/dx = 1 —2sinx = 0 at those
points.

2 in(2 2

lim [1CY) _ gy, SIDCY) —1x2=2
x>0 X x—>0 2x  cos(2x)

lim sec(1 4+ cosx) =sec(l —1) =sec0 =1

X—>T

2
lim x2 cscx cotx = lim ( - ) cosx=12x1=1
x—0 x—0 \S1in x

. 77— 7 cos? X . sinx |2
lim cos — | = lim cos =cosmw = —1
x—0 X x—>0 X
i 1 —cosh 2sin?(h/2) i 1 (sin(h/2) 2
m-———=Ilim —=1lm-|—— ) ==
h—0 h? h—0 h? h—0 2 h/2 2
f will be differentiable at x = 0 if

2sin0 + 3cos0 = b, and

=da.

d
—(2sinx 4+ 3 cos x)
dx x=0

Thus we need b = 3 and a = 2.

There are infinitely many lines through the origin that are
tangent to y = cosx. The two with largest slope are
shown in the figure.

- \\i/ -

y =cosx
Fig. 2.5-59

The tangent to y = cosx at x = a has equation

y = cosa — (sina)(x — a). This line passes through

the origin if cosa = —asina. We use a calculator with

a “solve” function to find solutions of this equation near

a = —n and a = 27 as suggested in the figure. The so-

lutions are a &~ —2.798386 and a ~ 6.121250. The slopes
of the corresponding tangents are given by —sina, so they
are 0.336508 and 0.161228 to six decimal places.

— cotx = —csc? x = 0 nowhere. 60. 1

X
Thus neither of these functions has a horizontal tangent. 6l. —2m + 3(2713/ 2 _4x +3)/n
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a) As suggested by the figure in the problem, the square 5. y = x1/3—x71/3
of the length of chord AP is (1—cos )%+ (0—sin §)2, PR STy S
e B2 y =X + =X
and the square of the length of arc AP is 6=. Hence 3 3
2 4
nm_ _2.-5/3_7,.-7/3
(14 cos )% +sin 6 < 62, Y 9x 9x
10 28
. , ' y/// — _x—8/3 + _x—10/3
and, since squares cannot be negative, each term in 27 27
: 2
the sum on the left is less than 6#. Therefore 6. y= X104 o8 Y = 90x® 4+ 11245

!’ 9 7 " o__ 7 5
0<|1—cosB| < 0], 0<]|sind|<]dl. y =10x" + 16x y© =720x" + 672x

7. = (x2 4 3)/x = x%/2 4 3x1/2
Since limg_,¢ |#| = 0, the squeeze theorem implies y = Wx

that y = §x3/2 + %x‘l/z
lim1—cosf =0, limsinf = 0. 15 3
0—0 6—0 y// — _xl/z _ _x—3/2
, 4 4
From the first of these, limg_,ocosf = 1. = Ex—1/2 N gx—s/z
b) Using the result of (a) and the addition formulas for 8 8
cosine and sine we obtain x—1 4
8. y= =
x+1 (x+1)3
lim cos(6y + h) = lim (cos By cos h — sin By sin ) = cos 6y 2 12
h—0 h—0 y’ =— y/// —
lim sin(6p + /&) = lim (sin 8y cos i + cos Oy sin k) = sin . (x+1) (x+1)*
h—0 h—0
9. y=tanx y” = 2sec? x tan x

y =sec?x y" =2sec* x + 4sec? x tan? x

This says that cosine and sine are continuous at any
point 6g.
10. y =secx y” = sec x tan” x + sec> x
/
y' =secxtanx )" =secxtan® x + 5sec’ x tanx

Section 2.6 Higher-Order Derivatives

(page 131) 11.  y = cos(x?) y" = —2sin(x?) — 4x? cos(x?)
y' = —2xsin(x2) y” = —12xcos(x?) + 8x3 sin(x?)
_ 7
y =(3-2x) L _sinx
y = —14(3 — 2x)° R -
y" =168(3 —2x)° L sin x

X x2

" = -1680(3 — 2x)*
Y ( ) s (2—x%)sinx  2cosx

| 5 3 )
y=x2—— y'=2-= w (6—=x%)cosx  3(x%2—2)sinx
X yo= 3 + 4
) 4= " o__ i
yo=ax 2 T ox4 1
13. f(x)=—=x""
X
6 TN =2
y=——=6(x—17" Si(x)=—x
(x—1 ) =2x73
y' =—12(x — 1)_3 F7(x) = 314
y" =36(x —1)7* ) -5
. s P (x) =4x
Yy =—l4x =) Guess: f(x) = (=1)'nlx~"+D (%)
Proof: (*) is valid for n = 1 (and 2, 3, 4).
a? Assume f® (x) = (=D)*kIx~&+D for some k > 1
— ./ b n_____ 4 . >
Y= vaxd Y = T lax £ b2 Then /1) (x) = (~1/Fk1(~(k + 1) )0+
/ p—
Y axtb e 3a’ = (=1)F+1(k 4+ 1)1x—@+D+D which is (*) for n = k + 1.
8(ax + b)°/2 Therefore, (*) holds for n = 1,2,3,... by induction.
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14.

15.

16.

SECTION 2.6 (PAGE 131)

S ==

1) =273

f"(x) = =2(=3)x~* =31x~*
FOx) = =2(=3)(—4)x™° = —4lx~*
Conjecture:

FM ) = (=D + 1)x~ @+ forn=1,23,...

Proof: Evidently, the above formula holds for n 1,2

and 3. Assume it holds for n = k,
ie., f®(x) = (=DFk + DIx~*®+2) Then

f(k+1)(x) — j_xf(k)(x)
= (=1)* (e + D=1k + 2)x~*F2!
= (=)F 1 (k 4 21 [EFD+2],

Thus, the formula is also true for n = k + 1. Hence it is
true for n = 1, 2, 3, ... by induction.

1 _
Sx) = 7 x 2-x"
f1@) =+ -2
/1w =22-x7
f(x) = +312—-x)"*
Guess: f™(x) = n!(2 — x)~+D
Proof: (*) holds for n = 1,2, 3.
Assume f®(x) = k12 — x)~*+D (e, (*) holds for
n==k)
Then f*+D(x) = k!(—(k e - x)—(k+1)—1(—1))
= (k + 112 — x)~(*+DFD,
Thus (*) holds for n = k + 1 if it holds for k.
Therefore, (*) holds for n = 1,2, 3,... by induction.
f) = x=x!/?
fl) = 1x12
1) =S
710 = H=h=3as
FO@) = 3=HEHEiT?
Conjecture:

(*)

0 = iy BRI ez 2 )

Proof: Evidently, the above formula holds for n = 2,3 and
4. Assume that it holds for n = k, i.e.
11352k —=3) _or_
f(k)(x) — (_1)k 1 2k X 2k 1)/2.
Then

f(k+1)(x) - dd_xf(k)(x)
e 1-3- 5-~;c(2k -3) [—(2’C - 1)] lek-1/21-1
2 2

eyt 1135 QR = DR+ D = 3] oy
2k+1 :

58
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Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

17.

Sx) = T bx =(a+bx)"!

fl(x) = —bla+bx)"?
f"(x) =2b%*(a + bx)3
7 (x) = =3 (a + bx)™*
Guess: f™(x) = (=1)"nlb"(a + bx)~@+D
Proof: (*) holds for n =1,2,3
Assume (*) holds for n = k:
F®(x) = (~1)kk1bk (a + bx)=k+D
Then
f(k+l)(x) = (—l)kk!bk (—(k + 1))(a + bx)—(k+l)—1(b)
= (=1 (k + D)1 (@ + bx)KADED

So (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds for n = 1,2,3,4,... by induction.

fx) = 2213
) = 3713
£ = 2(=Hx

1) = 354
Conjecture:

(%)

18.

SO = 2yt LT BN s gy
n>2.

Proof: Evidently, the above formula holds for n = 2 and
3. Assume that it holds for n = k, i.e.

4:7----Bk =5) _ir-2y3
x .
3k

FO ) = 2-nf1 L

Then,

f(k+1)(x) — if(k)(x)
dx

ey 147 3k —5)
) 3k °
— 2(_1)(k+1)—1 1-4.7--

=2(-1

[—(3" - 2)} lGE-2)/31
3

Bk =53k +1) - 5])6_[3(,€+1)_2]/3
3k +1) '

Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.
f(x) = cos(ax)
f'(x) = —asin(ax)
f"(x) = —a® cos(ax)
" (x) = a®sin(ax)
f(4) (x) = a* cos(ax) = a* f(x)
It follows that £ (x) = a* f®#=¥(x) for n > 4, and

a"cos(ax) if n =4k
), _ ) —a"sin(ax) ifn=4k+1 _
) = —a"cos(ax) ifn=4k+2 k=012 ..)
a” sin(ax) ifn =4k +3
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20.

21.

22.
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Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the
overall formula.

f(x) = xcosx

f'(x) = cosx — xsinx
1" (x) = —2sinx — x cos x
1" (x) = —3cosx + xsinx

f(4)(x) = 4sinx 4+ x cosx

This suggests the formula (for k =0, 1, 2, ...)
nsinx + x cos x if n =4k

£ () = ncosx —xsinx  ifn =4k +1

") —nsinx —xcosx ifn =4k +2

—ncosx +xsinx ifn =4k +3

Differentiating any of these four formulas produces the one
for the next higher value of n, so induction confirms the
overall formula.

f(x) = xsin(ax)
f'(x) = sin(ax) + ax cos(ax)
f"(x) = 2a cos(ax) — a’x sin(ax)
F"(x) = =3a?sin(ax) — a’x cos(ax)

f4) (x) = —4a® cos(ax) + a*x sin(ax)
This suggests the formula

—na" 1 cos(ax) + a"xsin(ax) if n = 4k
f(")(x) _ na" lsin(ax) + a"xcos(ax) ifn =4k +1

na""! cos(ax) — a"x sin(ax) if n =4k +2

—na"sin(ax) —a*xcos(ax) if n =4k +3

for k = 0, 1, 2, .... Differentiating any of these four
formulas produces the one for the next higher value of n,
so induction confirms the overall formula.

1 d
f(x) = — = |x|7!. Recall that —|x| = sgnx, so
] dx

f') = =|x[sgnx.

If x # 0 we have

d
—sgnx =0 and (sgnx)? = 1.
dx

Thus we can calculate successive derivatives of f using
the product rule where necessary, but will get only one
nonzero term in each case:

f"(x) = 20| (sgnx)? = 2Jx| 7>
f(3)(x) = —3l|x[*sgnx
F®(x) = 4l|x|75.

23.

24.

25.

26.

SECTION 2.6 (PAGE 131)

The pattern suggests that

—n!|x|~ "+t Dsgnx if n is odd
nlx|~¢+D if n is even

S @) =

Differentiating this formula leads to the same formula with
n replaced by n + 1 so the formula is valid for all n > 1
by induction.

fx) = V1=3x = (1 _3x)1/2
f’(x) = %(_3)(1 _3x)71/2

776 = 5 (=3) 90 -3

" _l _l _E 301 _ —5/2
=5 (=5) (-3) eara-am

@y = LIV (23 (22) 23t — 3072
19w =3(-3)(3)(3) »a-m

I1x3x5x---x2n—-3
Guess: f™(x) = — X3x5x- X (2n )3”

2}1

(1 —3x)~@n=D/2 (4)
Proof: (*) is valid for n = 2, 3,4, (but not n = 1)
Assume (*) holds for n = k for some integer k > 2
fe, fE(yy = 1X3%5 on)§ x 2k =3)
(1 _ 3x)—(2k—l)/2

Then /60 (x) = 1 X3X5Xé}('x @K =3) 3

(_2(k2— 1)) (1 — 3x)~@k=D/2-1(_3)

1><3><5x...(2(k+1)—1)
= Sk+1
(1 — 3x)-@U+D-1/2

Thus (*) holds for n = k + 1 if it holds for n = k.
Therefore, (*) holds for n = 2,3,4,... by induction.

If y = tan(kx), then y’ = k sec?(kx) and

3k+l

y" = 2k2sec?(kx)tan(kx)
= 2k2(1 + tan? (kx)) tan(kx) = 2k2y(1 + y?).

If y = sec(kx), then y’ = k sec(kx) tan(kx) and

y" = k?(sec?(kx) tan(kx) + sec?(kx))
=k2y@2sec?(kx) — 1) = k2y(2y? —1).

To be proved: if f(x) = sin(ax + b), then

if n =2k

")y (=Dka" sin(ax + b)
f (x)_{ if n =2k +1

(=1 a” cos(ax + b)

for k =0, 1, 2, ... Proof: The formula works for k = 0
m=2x0=0andn=2x04+1=1):

{f(o) (x) = f(x) = (=1)%°ssin(ax + b) = sin(ax + b)
FOx) = f'(x) = (—=1)% cos(ax + b) = acos(ax + b)
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27.

28.

29.

SECTION 2.6 (PAGE 131)

Now assume the formula holds for some k > 0.

ADAMS and ESSEX: CALCULUS 9

Section 2.7 Using Differentials and

If n = 2(k + 1), then Derivatives (page 137)
d 1 2k+1 0.01
SO = O = xf( (%) L Ay~ dy = —— dx = —— = —0.0025.
d If x =2.01 th)én ~05—200025—04975
= —((—l)ka2k+1cos(ax+b)) T y ' T
o 2. Af(x)~d 3dx 0.08) = 0.06
= (_1)k+1a2k+2 sin(ax + b) . S(x) = df(x) = ZW _( )
1.08) ~ f(1) + 0.06 = 2.06.
and if n = 2(k + 1) + 1 = 2k + 3, then FUL08) ~ 7 |
3. Ah(t)~dh(t) = _Z sin = dt — —( ) =~
f(n)(x) (( 1)k+1 2k+2 sin(ax + b) | | O
= (—1)’<+1a2k+3 cos(ax + b).
1 s 1
Thus the formula also holds for k 4+ 1. Therefore it holds 4. Aur~du= 1 sec” (Z) ds = 1(2)(—0-04) = —0.04.
for all positive integers k by induction. If s = 7 —0.06, then u ~ 1 —0.04 ~ 0.96.
If y = tanx, then 5. If y = x2, then Ay ~ dy = 2xdx. If dx = (2/100)x,
e x = 1ty = 14y = P(y) then Ay ~ (4/100)x?> = (4/100)y, so y increases by
y = = = yo=1rnY) about 4%.
where P, is a polynomial of degree 2. Assume that 6. If y = 1/x,then Ay ~ dy = (=1/x*)dx. If
y® = P, (y) where P, is a polynomial of degree dx = (2/100)x, then Ay ~ (—2/100)/x = (—2/100)y, so
n 4 1. The derivative of any polynomial is a polynomial y decreases by about 2%.
f 1 d ,
OF ofie Jower degree, S0 7. Ify = 1/x2,then Ay ~ dy = (=2/x3)dx. If
d d dx = (2/100)x, then Ay ~ (—4/100)/x?> = (—4/100)y,
(n+1) _ 4 — ay _ 2y _
Yy " - dx n+1(y) - Pn(y) dx - Pn(y)(1+y ) - Pn+2()’)» SO y decreases by about 4%.
a polynomial of degree n + 2. By induction, 8. If y = x? then Ay ~ dy = 3x*dx. If d)_f = (2/100)x,
(d/dx)"tanx = P,41(tanx), a polynomial of degree then Ay ~ (6/100)x* = (6/100)y, so y increases by
n+ 1 in tanx. about 6%.
(f9)" =(f'g+ feh=f"s+ f'g + f'g + fg" 9. Ify = Jx,thendy ~ dy = (1/2/x)dx. If
— f"a+2f'¢ + fg" = (2/100)x, then Ay ~ (1/100)/x = (1/100)y,
4 so y increases by about 1%.
3) _
(f9)® = a(fg)” 10. If y = x~2/3 then Ay ~ dy = (=2/3)x /3 dx. If
d dx = (2/100)x, then Ay ~ (—4/300)x2/3 = (—4/300)y,
= —[f”g +2f'¢" + f¢"] so y decreases by about 1.33%.
_ (3) "_r 2 f" g’ 2 Fl g ./ 3) 4 3 2 .
=fYe+ flg+2f"d+2f'¢" + fg" + fg 1. IfV = Fnr’, then AV ~ dV = 4nr?dr. If r in-
— fOg 1 3f7g" 131" 4 . creases by 2%, then dr = 2r/100 and AV ~ 8xr3/100.
Therefore AV/V = 6/100. The volume increases by about
(f9)® = —(fg)(3) 6%.
3) "ot ’ o (3) 12. If V is the volume and x is the edge length of the cube
g+3 +3 +
[f R then V. = x3. Thus AV ~ dV = 3xZAx. If
= f(4)g+ FPg +3f g 4 3f"g" 4 3f"g" AV = —(6/100)V, then —6x3/100 ~ 3x2dx, so
T 3f’g(3) + f’g(3> + fg(4) dx ~ —(2/100)x. The edge of the cube decreases by
_ r4) 3),/ " n 7. (3) g (4) about 2%.
=Yg +4f e +6f7g +4f + /g
™ - (n— 2) . 13. Rate change of Area A with respect to side s, where
= +nfn—1g' + dA
(f&)"" = f"g +nf( ¢ 2l(n 2)' f A =52, is i 2s. When s = 4 ft, the area is changing
| s
+ ﬁf(n 3)g(3) + - -l—nf/g(” 1 + fg(n) at rate 8 ft2/ft.
14. If A = 52, then s = /A and ds/dA = 1/2/A).
Z ] |f(n Peg®. If A = 16 m?, then the side is changing at rate
k! (” =] ds/dA = 1/8 m/m?.
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The diameter D and area A of a circle are related by
D =2,/A/n. The rate of change of diameter with respect

to area is dD/dA = /1/(wA) units per square unit.

Since A = wD?/4, the rate of change of area with respect
to diameter is dA/dD = wD/2 square units per unit.

4
Rate of change of V = gnr3 with respect to radius r is
dv

- 47r?. When r = 2 m, this rate of change is 167
r

m3/m.
Let A be the area of a square, s be its side length and L
be its diagonal. Then, L? = s + 52 = 252 and
dA
A =s?=1L2 so —— = L. Thus, the rate of change of

dL
the area of a square with respect to its diagonal L is L.

If the radius of the circle is r then C = 27r and
A=nr2

A
Thus C = 271\/j =2 /7VA.

T

Rate of change of C with respect to A is
dc  Jm 1

dA ~— JA4 r

Let s be the side length and V' be the volume of a cube.
d

Then V = s3 = 5 = V1/3 and LI %V_2/3. Hence,

the rate of change of the side length of a cube with re-

spect to its volume V is 2V 72/3,

Volume in tank is V() = 350(20 —¢)? L at ¢ min.

a) At ¢t =5, water volume is changing at rate

dv

= —700(20 — ¢
7 ( )

t=5

= —10, 500.
t=5

Water is draining out at 10,500 L/min at that time.
At t = 15, water volume is changing at rate

dv

— = —700(20 — ¢
7 ( )

=15

= —3,500.

t=15

Water is draining out at 3,500 L/min at that time.

b) Average rate of change between t =5 and t = 15 is

1% — —
(15-VE) _350x(25-25 0
15-5 10

The average rate of draining is 7,000 L/min over that
interval.

Flow rate F = kr*, so AF ~ 4kr3 Ar. If AF = F/10,
then
F kr#

N = L 0.025r
" 40kr® T 40kr3 "

23.

25.

26.

27.

28.

SECTION 2.7 (PAGE 137)

The flow rate will increase by 10% if the radius is in-
creased by about 2.5%.

F = k/r? implies that dF/dr = —2k/r3. Since

dF/dr = 1 pound/mi when r = 4,000 mi, we have

2k = 4,000%. If r = 8,000, we have

dF/dr = —(4,000/8,000)3 = —1/8. At r = 8,000 mi F
decreases with respect to r at a rate of 1/8 pounds/mi.

If price = $p, then revenue is $R = 4,000p — 10p2.

a) Sensitivity of R to p is dR/dp = 4,000 — 20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/$, 0
$/$, and —2,000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue.

Cost is $C(x) = 8,000 + 400x — 0.5x2 if x units are
manufactured.

a) Marginal cost if x = 100 is
C’(100) = 400 — 100 = $300.

b) C(101) — C(100) = 43,299.50 — 43,000 = $299.50
which is approximately C’(100).

Daily profit if production is x sheets per day is $P(x)
where
P(x) = 8x — 0.005x% — 1, 000.

a) Marginal profit P’(x) = 8 —0.01x. This is positive if
x < 800 and negative if x > 800.

b) To maximize daily profit, production should be 800

sheets/day.
c 80,000+4 N n?
= n —
n 00
dCc 80,000 Taq n
dn n2 50"
dcC .
(@) n = 100,d— = —2. Thus, the marginal cost of
n
production is —$2.
dcC 82
(b) n = 300, Tn = 5 ~ 9.11. Thus, the marginal cost
n
of production is approximately $9.11.
X2
Daily profit P = 13x —Cx = 13x — 10x —20 — ——
1000

X2

=3x—-20— m
Graph of P is a parabola opening downward. P will be
maximum where the slope is zero:

dP 2x
=" =3

0=~ =3_—
dx 1000

so x = 1500

Should extract 1500 tonnes of ore per day to maximize
profit.
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One of the components comprising C(x) is usually a fixed 4. If f(x) = cosx + (x2/2), then f'(x) = x —sinx > 0
cost, $S, for setting up the manufacturing operation. On a for x > 0. By the MVT, if x > 0, then
per item basis, this fixed cost $5/x, decreases as the num- f(x) — f(0) = f'(c)(x — 0) for some ¢ > 0, so
ber x of items produced increases, especially when x is f(x) > f() = 1. Thus cosx + (x2/2) > 1 and
small. However, for large x other components of the total cosx > 1 — (x2/2) for x > 0. Since both sides of the
cost may increase on a per unit basis, for instance labour inequality are even functions, it must hold for x < 0 as
costs when overtime is required or maintenance costs for well.
machinery when it is over used. C(x) 5. Let f(x) =tanx. If 0 < x < 7/2, then by the MVT
Let the average cost be A(x) = — The minimal av- f(x)— f(0) = f'(c)(x —0) for some ¢ in (0, 7/2).
erage cost occurs at point where the graph of A(x) has a Thus tanx = x sec’ ¢ > x, since secc > 1.
horizontal tangent: 6. Let f(x) =+ x)"—1—rx where r > 1.
Then f/(x) =r(14+x)" "' —r.
_ dA _ xC'(x) = C(x) If —1 <x <0 then f'(x) <O0;if x >0, then f'(x) > 0.
dx x2 ' Thus f(x) > f(0)=0if =1 <x <0 orx > 0.
Thus (1 +x)" >14+rxif -1 <x <0orx>0.
C(x
Hence, xC'(x) — C(x) = 0 = C’'(x) = €® = A(x). 7. Let f(x) = (1 + x)" where 0 < r < 1. Thus,
Thus the marginal cost C’(x) equals the average cost at f'(x) = r(1 +x)""'. By the Mean-Value Theorem, for
the minimizing value of x. x=—1,and x #0,
x)— f(
If y = Cp™", then the elasticity of y is % = f'(c)
I—x) =1
p dy P I = a=x"-1 =r(l+c¢)!
—_ == (=r)Cp =r. X
y dp Cp™”
for some ¢ between 0 and x. Thus,
A+x)7 =1+rx(14+c)~ L
If -1 <x<0,thenc <0and 0 <1+ ¢ < 1. Hence
Section 2.8 The Mean-Value Theorem (+ey1>1 (since r—1<0),
(page 144) .
rx(1+¢)"7 <rx (since x < 0).
fx)=x2 fl(x)=2x Hence, (1 +x)" <1+ rx.
If x > 0, then
b2 42 b) — ,
pial Pm@ S0 - f@ .
b—a b—a ltes1
b+a ¢
p— / — p—
=f)=2 =Zc=— (I+c) <1
| | rx(1+¢) ' <rx.
_ T(x) —
If f(x) = X’ and f'(x) = 2 then Hence, (1 + x)" < 1 4 rx in this case also.
Hence, (1 + x)" < 14 rx for either —1 < x <0 or x > 0.
SQ-/m _ 1,1 _Lz — o) 8 If f(x) = x® — 12x + 1, then f'(x) = 3(x2 — 4).
2-1 2 2 ¢ The critical points of f are x = £2. f is increasing on
(—00,—2) and (2, 00) where f'(x) > 0, and is decreasing
where ¢ = +/2 lies between 1 and 2. on (=2,2) where f’(x) < 0.
f)=x3-3x+1, fl(x) =3x2 -3, a=-2,b=2 9. If f(x) = x> — 4, then f’(x) = 2x. The critical point of
f) = fl@)  f(2)— f(=2) fis x = 0. f is increasing on (0, 00) and decreasing on
bma = 4 (~00.0).
_8-641-(8+6+1) 10 Ify =1—x—x5 theny = —1 —5x* < 0 for all
4 x. Thus y has no critical points and is decreasing on the
- i =1 whole real line.
4
f(c) =3c2-3 11. If y = x3 4 6x2, then ¥’ = 3x2 + 12x = 3x(x + 4). The
2 critical points of y are x = 0 and x = —4. y is increasing
2 _ 17— 2 _ _ 4+
}f-3=1=3"=4=3c== on (—oo0, —4) and (0, c0) where y’ > 0, and is decreasing
(Both points will be in (—2,2).) on (—4,0) where y’ < 0.
62 Copyright © 2018 Pearson Canada Inc.
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If f(x) =x2+2x4+2then f/(x) =2x +2=2(x+1).
Evidently, f'(x) > 0if x > —1 and f’(x) <0 if x < —1.
Therefore, f is increasing on (—1,00) and decreasing on
(—o0, —1).

fx)=x3—4x+1
fl(x) =3x%2 -4

. 2
f'(x) > 0if |x| > ?
f’(x)<0if|x|<% i i
f is increasing on (—oo,—%) and (%, Q).
f is decreasing on (—%, %)

If f(x) = x3 4+ 4x + 1, then f'(x) = 3x? + 4. Since
f’(x) > 0 for all real x, hence f(x) is increasing on the
whole real line, i.e., on (—o0, 00).

f(x) = (x* = 4)?
fl(x) = 2x2(x% —4) = dx(x —2)(x +2)
f'x)>0if x>20r—-2<x<0
ffx)<0ifx<—2o0r0<x<?2
f is increasing on (—2,0) and (2, 00).
f is decreasing on (—oo, —2) and (0, 2).

_ , _ —2x
Iff(x) = x2—|—] thenf(x) = m
f'(x) >0if x <0and f'(x) <0 if x > 0. Therefore, f
is increasing on (—oo,0) and decreasing on (0, 00).

f(x)=x3(5-x)?

F'(x) =3x2(5—x)2 + 2x3(5 — x)(-1)
= x2(5—x)(15 — 5x)
=5x2(5—x)3—x)

f/'(x)>0if x<0,0<x<3,0rx>5

f'(x) <0if3<x<5

f is increasing on (—o0, 3) and (5, 00).

f is decreasing on (3, 5).

Evidently,

If f(x) = x—2sinx, then f/(x) = 1—2cosx = 0 at
x ==xn/3+ 2nnforn =0,+1,£2,....

f is decreasing on (—7/3 + 2nw, w 4+ 2nm).

f is increasing on (/3 + 2nm,—n/3 + 2(n + 1)x) for
integers 7.

If f(x)=x+sinx, then f/(x) =1+ cosx >0
f’(x) = 0 only at isolated points x = +m, +3m,....
Hence f is increasing everywhere.

If f(x) = x + 2sinx, then f/(x) = 1 4+ 2cosx > 0
if cosx > —1/2. Thus f is increasing on the intervals
(—(4m/3) 4+ 2nm, (47 /3) + 2nm) where n is any integer.

f(x) = x3 is increasing on (—o0, 0) and (0, co) because
f'(x) = 3x% > 0 there. But f(x1) < f(0) =0 < f(x2)
whenever x; < 0 < xz, so f is also increasing on inter-
vals containing the origin.

22.

23.
24.
25.
26.

27.

28.

29.

30.

SECTION 2.8 (PAGE 144)

There is no guarantee that the MVT applications for f
and g yield the same c.

CPs x = 0.535898 and x = 7.464102
CPs x = —1.366025 and x = 0.366025
CPs x = —0.518784 and x =0

CP x = 0.521350

If x;1 <x3 <...<xp belong to 7, and f(x;) =0,
(1 <i < n), then there exists y; in (x;, xj41) such that
f'3i)=0,(1<i<n-1)by MVT.

For x # 0, we have f'(x) = 2xsin(1/x) — cos(1/x)
which has no limit as x — 0. However,

J'0) = limy_o f(h)/h = limy_qhsin(1/h) = 0
does exist even though f’ cannot be continuous at 0.

If f/ exists on [a,b] and f'(a) # f'(b), let us assume,
without loss of generality, that f'(a) > k > f/(b). If
g(x) = f(x) —kx on [a,b], then g is continuous on [a, b]
because f, having a derivative, must be continuous there.
By the Max-Min Theorem, g must have a maximum value
(and a minimum value) on that interval. Suppose the max-
imum value occurs at ¢. Since g’(a) > 0 we must have

¢ > a; since g’(b) < 0 we must have ¢ < b. By Theorem
14, we must have g’(c) = 0 and so f'(c) = k. Thus f’
takes on the (arbitrary) intermediate value k.

2 . .
flx)=1% + 2x*sin(1/x) ¥fx #0
0 if x =0.
0+ h)— f(0
a) f'(0) = lim SO+ n = fO)
h—0 h
. h+2h%sin(1/h)
= lim —————
h—0 h
= }}in})(l + 2hsin(1/h) =1,
because |2k sin(1/h)| < 2|h| — 0 as h — 0.
b) For x # 0, we have
f/(x) =1+ 4xsin(1/x) — 2cos(1/x).
There are numbers x arbitrarily close to O where
f'(x) = —1; namely, the numbers x = +1/(2nn),
where n = 1, 2, 3, .... Since f’(x) is continuous at
every x # 0, it is negative in a small interval about
every such number. Thus f cannot be increasing on
any interval containing x = 0.
Let a, b, and ¢ be three points in / where f vanishes;

that is, f(a) = f(b) = f(c) = 0. Suppose a < b < c. By
the Mean-Value Theorem, there exist points r in (@, b) and
s in (b, ¢) such that f'(r) = f'(s) = 0. By the Mean-
Value Theorem applied to f’ on [r, s], there is some point
t in (r,s) (and therefore in I) such that f”(r) = 0.
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If £ exists on interval I and f vanishes at n + 1 dis-
tinct points of 7, then £ vanishes at at least one point
of I.

Proof: True for n = 2 by Exercise 8.

Assume true for n = k. (Induction hypothesis)

Suppose n = k + 1, i.e., f vanishes at k + 2 points of /
and f&+D exists.

By Exercise 7, f’ vanishes at k + 1 points of 1.

By the induction hypothesis, f®*+1 = ()% vanishes at

a point of I so the statement is true for n = k + 1.
Therefore the statement is true for all » > 2 by induction.
(case n =1 is just MVT.)

Given that f(0) =

a)

b)

c)

Section 2.9

f()=0and f(2)=1:
By MVT,

f@Q-fO 1-0 1

f@=———=7"705"3

for some a in (0, 2).

By MVT, for some r in (0, 1),

S -fO _0-0
1-0 T 1-0

flr) = =0.

Also, for some s in (1,2),

@ -/ _1-0 _

&) == =7

Then, by MVT applied to f’ on the interval [r, s], for

some b in (r,s),

f'6)= ') _1-0

f"b) =
s—r s—r
1 1
= > —
s—r 2

since s —r < 2.

Since f"(x) exists on [0, 2], therefore f/(x) is con-
tinuous there. Since f/(r) = 0 and f'(s) = 1, and
since 0 < % < 1, the Intermediate-Value Theorem

assures us that f’/(c) = % for some ¢ between r and

S.

Implicit Differentiation

(page 149)

xy—x+2y=1
Differentiate with respect to x:
y+xy —1+2y =0

1—

Thus y' = Y
24 x

X3+y3=1

X
3x2 +3y2y' = 0,50 y = 7

64
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x?+xy=y>
Differentiate with respect to x:
2x +y + xy’ = 3y%y’

' 2x +y
3y2 — x
X3y +xy°=2

32y + X3y + y5 4+ 554y’ = 0
P e
x3 4+ 5xy*

x2y3=2x—y
2xy3 4 3x2y%2y' =2y’
3
' 2—2xy
3x2y2 + 1

x2+4y-12=4

2x +8(y — 1)y’ =0, so y’ al

T A1—y)

2 2
Xy _x L= X“+y
X+y y y
Thus xy—y? = x>+ x2y+xy+y?
Differentiate with respect to x:
3x2 4+ 2xy +x2y' +4yy' =0
3x2 4 2xy

x2+4y
xa/x+y—8—xy
N — 4y !/
JX+y —|—x2\/_( +y)=—y—xy

2x+y)+x(1+y)=-=2/xFy( +xy)
, _3x +2y+2y/x+y

!’

X+2xx+y
2x2 +3y2 =5
4x + 6yy’ =0
2
AC(LD: 446y =0,y = =3

2
Tangent line: y — 1 = _E(X —Dor2x+3y=5

x2y3_x3y2 =12
2xy3 4 3x2y%y’ —3x2y2 —2x3yy’ =0

At (—1,2): —16 + 12y’ — 12 + 4y’ = 0, so the slope is

_12+16 28 7
1244 16 4
Thus, the equation of the tangent line is
y=2+42(x+1),0r 7x —4y +15=0.

() =2
y X

x4 4yt =2x3y

4x3 4 4y3y" = 6x2y +2x3y’

at (—1,—-1): —4—4y’' =—-6-2y’

2y =2,y =1

Tangent line: y +1 = 1(x+1) or y = x.

’
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2

xt2y+1="2
x—1 ) 2(1)
(x—1)2yy" —y
142y =
T (x—1)2

At (2,—1) we have 1 +2y' = -2y’ —1s0 y' = —
Thus, the equation of the tangent is
y :-1—%(x—2), or x +2y =0.

1
5

2x + y — +/2sin(xy) = /2

24y — V2cos(xy)(y + xy') =0

At (/4,1): 2 + Y — (1 + (n/4)y') =
y' = —4/(4 — 7). The tangent has equation

y:1_4jn<x_%>'

tan(xy?) = (2/m)xy

(sec? (xy?))(y? + 2xyy") = (2/m)(y + xy").

At (—=m, 1/2): 2((1/4) — my") = (1/7) —2y’, so

y" = (r —2)/(4m(w — 1)). The tangent has equation

0, so

1

n T =2 x +7)
=4+ — X .
Y 2 4a(r-—-1) i

xsin(xy —y?) =x2 -1
sin(xy — y?) + x(cos(xy — y?)(y + xy’ —2yy’) = 2x.

At (1,1): 0+ (1)()(1—y") =2, so y' = —1. The tangent

has equation y =1 —(x — 1), or y =2 — x.

cos (%) = X2

X y 2 .,
[ ()] 0 20
V3 a3y —1)

At (3,1): - 5 =6-9y,

s0 ¥/ = (108 — +/37)/(162 — 33/37). The tangent has
equation
108 — /37

=1+ —""" (x-3).
' 162—3«/371( )

Xy =x+y

-1
y+xy,:1+y/=>y’:)1)_
—x
y/+y/+xy// — y[[
Therefore, y” = ' _20-D
, 1—x (1—x)2

x24+4y2 =4, 2x+8yy' =0, 2+8(y)%2+8yy" =0.
—x

Thus, y’' = . and
Y

1 x?
16y3

e e
16y3

Yy = —2-8(y)? —_
8y 4y

_4y_3.

19.

20.

21.

22,

23.

24.

25.

26.

SECTION 2.9 (PAGE 149)
3oy yd=x
1—3x2
3 2 -2 / 3 2., — 1 [
x? —2yy" +3y?y =V=35"7
6x —2(y")> = 2yy" 4+ 6y(y')* +3y%y” =0
(1—3x2)2
2-6y)— " _6x
,_@-epur-6x _ PTG oy
3y2 -2y 3y2 -2y
_ (2—-6y)(1—3x%)2 6x
o (By2-2y)? 3y2 =2y

x3=3xy+y3=1
3x2 =3y —3xy’ +3y2y' =0

6x _ 3y/ _ 3y/ _ 3xy// + 6y(y/)2 + 3y2y// =0

Thus

/o y_xz

y = yz_x

" __ —2x+2y/—2)’(y/)2
y—x

2 2 w20\ 2
L 66
yo—=x yo—x ye—x

—2xy

_ 2 _ 4xy
2 —x [(yz—X)z] (=)

X242 =a2

2x+2yy’=Osox+yy’=0andy’=—£
y

1+y'y +yy”" =0s0

X
14+ =
b 1+0ON? y?
y = — —_ —
y y
_ y2 +x2 _ a2
y3 y3
Ax2 4+ By?=C
, , Ax
24x +2Byy' =0= y' = ——
By

24 +2B(y")* + 2Byy" = 0.
Thus,

Ax\?
A B AV - B\ 4=
y//:_ - B() By
By By

_ —A(By? + Ax?) _

AC

BZy3

Maple gives O for the value.

. 206
Maple gives the slope as =5

Maple gives the value —26.

855,000

Maple gives the value ———.
371,293
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27.

28.

29.

SECTION 2.9 (PAGE 149)

Ellipse: x2 4+ 2y% =2

ADAMS and ESSEX: CALCULUS 9

’_ X — X
2644y’ =0 30. Yl xy =y = xy ay 4P
Slope of ellipse: yj = —— x+y oy
) ) 2y S x2+2y2+xy=0
Hyperbola: 2x* — 2y~ =1 Differentiate with respect to x:
dx —4yy' =0
Slope of hyperbola: yj, = al 2x+4yy +y+xy'=0 = y = 2t >
y 4y +x
2 2 _
At intersection points * 2+ 2y 5 2
2x 1_ 2y= =1 However, since x? + 2y2 + xy = 0 can be written
3x2=3s0x?2=1, y2 = -
2 2 L 2,75 Yo, 75
, X X X x+xy+ 5y + 5y =0 o0r(x+3) + 5y =0,
Thus ypyy = ———=—7— =—1 4 4 2 4
2y y 2y2
Therefore the curves intersect at right angles. the only solution is x = 0, y = 0, and these values do not
. x2  y? . satisty the original equation. There are no points on the
The slope of the ellipse P + 7= 1 is found from given curve.
2x 2y Y b%x
2 T2y =0 de v = a2y Section 2.10 Antiderivatives and Initial-Value
s , Problems (page 155)
Similarly, the slope of the hyperbola % - % =1at
(x, y) satisfies 1. /de =5x+C
2x 2y ,  B%x
= ) =0 oY =Ty 2. [xzdx=%x3+c
If the point (x, y) is an intersection of the two curves, 2
If the point (x..3) 3. /ﬁdx=—x3/2+c
3
%2 yz X2 g2
J— + i _
b2~ A2 B2 4. /x12 dx = $xP+C
) Lo (L, 1 3
XN—=-=)= —+ —=].
2 2) 0\ BT L1,
5. [x dx =-x"4+C
x2  B24+ B2 A242 4
TS 57 = g e
Since a2 — b? = A2 + B2, therefore B2 + b2 = a2 — A2, 6. (x +cosx)dx = > +sinx + C
2 4242
and x_2 = —575- Thus, the product of the slope of the
Yy B2b 7. /tanxcosxdx=/sinxdx=—cosx+C
two curves at (x,y) is
2 2 2p2 42,2 1 3
b x B'x — b_B . A_a — 8. / Lo dx = /(seczx—}—cosx) dx = tanx+sinx+C
a2y A2y a?A? B2p? cos? x
i i 1
Therefore, the curves intersect at right angles. 9. / (@ = x?)dx = a®x — §x3 LC
If z = tan(x/2), then
B C
) 1 dx 1 +tan?(x/2) dx 1+z% dx 10. [(A +Bx+Cx¥dx=Ax+ —x*+ —x* + K
l—sec(x/2) = "I - = P 3
2 dz 2 dz A 9
Thus dx/dz = 2/(1 + z?). Also 11. /(2X1/2 +3x!3dx = §x3/2 + ZX4/3 +C
2
— 2 1= _ 6(x —1
cosx =2cos“(x/2)—1= secZ(x/2) 1 12. / (;54/3 ) dx — /(6)6_1/3 —6x_4/3) dx
2
_ 2y t=s —ox2? 4 18x 12 1 C
1+z2 1+ z2
. i 2tan(x/2) 2z x> x? I 4 1 5 1,
sinx = 2sin(x/2) cos(x/2) = T+ an2(x)2) = T 13. / ?—7-{-)(—1 dx:Ex —gx +§x -x+C
66 Copyright © 2018 Pearson Canada Inc.
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105[(1+t2+l4+t6)dt
_ 1,3 1.5 1.7
=105+ 37 + 1P+ LY+ C
= 1057 + 3512 + 21> + 15t + C

1
/cos(2x) dx = 2 sin(2x) + C

/sin(%) dx = —2005(2) +C

X 1
=— C
/(l-i-x)2 l—i—x+

/sec(l —x)tan(l —x)dx = —sec(l —x) + C

1
[«/Zx T 3dx = §(2x +3)32 4 C

d
Since —+/x +1= therefore
dx

1
2J/x+ 1

4
dx =8+/x+1+C.
Vx +1

/Zx sin(x?) dx = —cos(x?) + C

d X
Since — v x2 + 1 = ———, therefore
dx /X2 + 1
dx =2vx2+1+C.
[ ==

/tanzxdx = /(seczx—l)dx =tanx —x +C

1 1
/sinxcosxdx = / 3 sin(2x) dx = ~7 cos(2x) + C

1 2 in(2
/coszxdxzfmdx=z+w+c
2 2 4
X
2

1 —cos(2
/sinzxdx:/ydx:

1
{y/z_x—z :>y=§x2—2x+c
y(0)=3 = 3 =0+ C therefore C =3
1
Thus y = §x2—2x+3 for all x.

sin(2x)
-——F+4C
1 +

Given that
{y/ — x—2 _ x—3

y(=1) =0,

then y = /(x_2 —x HNdx=-—x"1+ %x_z +C

and 0= y(-1) = —(=)7' + 3(-1)2+ C s0 C = -3.

1
Hence, y(x) = ——

3
o + %2 2 which is valid on the

interval (—o0,0).

SECTION 2.10 (PAGE 155)

2. [V =3/ =5 y=232+C
Y4 =1= 1=16+Cs0C =15
Thus y = 2x3/2 —15 for x > 0.

30. Given that
{y’ — /3
y(0) =5,

x3dx = %x4/3 4+ C and 5 = y(0) = C.
y4/3

then y = /

Hence, y(x) = + 5 which is valid on the whole real

line.

31. Since y’ = Ax? 4+ Bx + C we have

A B
y = §x3 —+ Exz + Cx + D. Since y(1) = 1, therefore

A B A B
1= =242 ) =1-Z2_Z_
y(1) 3—+—2—{—C—}-D Thus D =1 ) C,
and
A 3 B ,
=§(x —1)+E(x — 1)+ C(x—=1)+1 for all x
32. Given that
{y/=x79/7
y(1) =4,

then y = /x_9/7dx = —%x_2/7 + C.

Also, -4 = y(1) = —% + C,s0C = —%. Hence,

y = —1x72/7 - %, which is valid in the interval (0, co).
y' = cosx
33. For , we have
%y(ﬂ /6) =

y=/cosxdx=sinx+C

1 3
2=sin%+C=—+C — C=§

2
. 3
y =sinx + 2 (for all x).
y' = sin(2x)
34. For %y(n/Z) — Ve have

y = /sin(2x) dx = —% cos(2x) + C

1 1 1
1=—§cosn+C=§+C = C=§

1

y = —(1 —cos(2x))

for all x).
5 (for all x)

! _ 2
35. For {y = sec x’ we have

y(0) =1
y :/seczxdx:tanx—l-c

l=tan0+C=C = C=1

y =tanx + 1 (for —/2 < x < 7/2).

Copyright © 2018 Pearson Canada Inc. 67

Calculus Single Variable (Canadian) 9th edition Adams Solutions Manual


https://ravanbooks.com/books/9780134579801-solutions

SECTION 2.10 (PAGE 155)

’ 2
36. For {i (n_) s_ecl x, we have

y=/se02xdx=tanx+C

l=tann+C=C — C=1

y =tanx + 1 (for 7/2 < x < 3m/2).

37. Since y” = 2, therefore y’ = 2x + Cj.

Since y’(0) = 5, therefore 5 =0+ Cy, and y’ = 2x + 5.

Thus y = x2 4 5x + Cs.

Since y(0) = —3, therefore —3 = 04+04C5, and C, = —3.

Finally, y = x2 + 5x — 3, for all x.

38. Given that .

y// — x—
Y1) =2
y) =1,

then y’ = /x_4 dx = —%x_3 +C.

: _ _ 1 _ 7
Since 2 = y'(1) = —3 + C, therefore C = £,
and y' = —1x73 + 2. Thus

y =/(—%x_3—|— %)dx = %x_z—}— %x—}—D,

and 1 = y(1) = % + % + D, so that D = —%. Hence,
y(x) = £x72 + Ix — 2, which is valid in the interval

(0, 00).

1
39. Since y” = x3 — 1, therefore y’ = ZX4 —x + Cy.
Since y’(0) = 0, therefore 0 = 0 — 0 + Cjy, and
1

A
yi= 1x. 1
Thus y = —x° — —x? + C,.

us y 20x 2x + (>
Since y(0) = 8, we have 8 = 0—0+ C».

s 1o
Hence y = %x - Ex + 8 for all x.
40. Given that
y// = 5x2 — 3x71/2
y'(1)y=2
y(1) =0,

we have y’ = /5x2 —3x"V24x = %x3 —6x2 4 C.

19
Also, 2 = y'(1) = %— 6 + C so that C = 3 Thus,

y'=3x3—6x1/2 4+ 12 and

Finally, 0 = y(1) = % —4+ 2 + D so that D = -1},

12
Hence, y(x) = 5x* —4x¥2 4 2x - 11,

ADAMS and ESSEX: CALCULUS 9

y" = cosx
41. For { y(0) =0 we have
y'(0) =1

y' =/cosxdx =sinx + C;
1=sin0+([:1 = (C; =1
y :/(sinx—l— 1)dx = —cosx +x + C3

0=—cos04+04+C, — (Cr=1
y=1+x—cosx.

v’ =x +sinx

42. For { y(0) =2 we have
y'(0)=0
2
y' = | (x +sinx)dx = - —cosx +C

0=0-cos0+C;, = C;=1

x? x3
y=/(7—cosx+l) dx:z—sinx—l-x—i—Cz
2=0-sin0+0+C;, = (Cr=2

X3
y = Z—sinx+x—|—2.

B B 2B
43. Lety = Ax+ —. Theny' = A— —, and y" = =
X x2 x3
Thus, for all x # 0,
2B B B
xzy//+xy/_y=_+Ax___Ax__=O,
X X X

We will also have y(1) =2 and y’(1) = 4 provided
A+ B=2, and A— B =4.

These equations have solution A = 3, B = —1, so the
initial value problem has solution y = 3x — (1/x).

44. Let r; and rp be distinct rational roots of the equation

ar(r—=1)+br+c=0
Let y = Ax™! 4+ Bx™ (x > 0)
Then y' = Arix" =1 4+ Bryx™71,
and y” = Ari(r; — )x"' =2 + Bry(ro — 1)x™272. Thus
ax?y” + bxy' +cy

= ax?(Ari(r; — Dx"""2 4 Bra(r, — 1)x™272

+ bx(Ar x4 Brox™7h)  ¢(Ax™! + Bx™?)
= A(arl (ri—1)+br + c)x”

+ B(ara(rp — 1) + bry + c)x'2
=0x""4+0x2 =0 (x>0)
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4x%y" +4xy' —y =0 (*) =a=4,b=4,c=-1
y(4) =2

y'(@4)=-2
Auxilary Equation: 4r(r —1)+4r—1=0
4r2—1=0
r= :I:l
By #31, y = Ax/2 4+ Bx~1/2 solves (%) for x > 0.
Now y’ = éx*l/z ——x32

Substitute the initial conditions:

B B
2=24+— =1=A4+—
+5 +7
A B L go B
4 16 - 4

B 7
Hence 9= —,so B=18, A = ——.
2 2

7
Thus y = —Exl/z + 18x71/2 (for x > 0).

Consider
x2y" —6y =0
y1) =1
y')=1

Let y =x", y' =rx""1, " = r(r —1)x" 2. Substituting
these expressions into the differential equation we obtain

X2[r(r—Dx""2]—6x" =0
[rr —1) —6]x" =0.

Since this equation must hold for all x > 0, we must have

rr—1)—6=0
r2—r—6=0
(r=3)(r+2)=0.

There are two roots: r1 = —2, and r, = 3. Thus the
differential equation has solutions of the form

y = Ax"2 4+ Bx3. Then y’ = —2Ax73 + 3Bx2. Since
1=y(l)=A+ B and 1 = y'(1) = —24 + 3B, therefore
A= % and B = % Hence, y = %x‘z + %x3‘

Section 2.11 Velocity and Acceleration
(page 162)

dx dv
=12 —4t+3,v=—=2t—-4a=—=2
o v dt ¢ dt

a) particle is moving: to the right for t > 2
b) to the left for ¢t < 2

c) particle is always accelerating to the right

d
3. x=t3—4t+1,v=—x=3t2—4,a
dt

SECTION 2.11 (PAGE 162)

d) never accelerating to the left

e) particle is speeding up for r > 2
f) slowing down for < 2

g) the acceleration is 2 at all times
h) average velocity over 0 <t <4 is

x(4)—x(0) 16—-16+3-3
4—0 4 N

0

X=4+45—12,v=5-2t,a=-2.

a) The point is moving to the right if v > 0, i.e., when

5
1< 3.

b) The point is moving to the left if v < 0, i.e., when

5

c) The point is accelerating to the right if @ > 0, but
a = —2 at all ¢; hence, the point never accelerates to
the right.

d) The point is accelerating to the left if a < 0, i.e., for
all z.

e) The particle is speeding up if v and a have the same
sign, i.e., for ¢ > %

f) The particle is slowing down if v and a have opposite
sign, i.e., for 1 < %
2) Sincea=—2atallt,a=—2att=%Whenv=0.
h) The average velocity over [0, 4] is
x(4)—x(0) 8—-4 {
4 T4 T

dv
=— =0t
dt
a) particle moving: to the right for < —2/+/3 or

t>2//3,

b) to the left for —2/\/§ <t < 2/\/5
c) particle is accelerating: to the right for > 0
d) to the left for t <0

e) particle is speeding up for t > 2/+/3 or for
—2//3<t<0

f) particle is slowing down for t < —2/+/3 or for
0<t<2/v/3

@) velocity is zero at 1 = +2/+/3. Acceleration at these
times 1is :l:12/\/§.
42 —4x4+1-1

h) average velocity on [0, 4] is —10 - 12
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ot @+ -0y 1-1? 7. D =1t2, D in metres, ¢ in seconds
=5 = 2 2 = (2 2° dD
t2+] ) (1 2+1) ) 4 +])2 velocity v = — = 2¢
a= (7 + D7(=20) _tz(l _lt 4)(2)(t +Dey) _ Zig _133) Aircraft becomes aiégo(gg% if 500
@+ @+ v =200 km/h = — = — m/s.
a) The point is moving to the right if v > 0, i.e., when 3600 9 250
1—t2>0,0r —1 <t <1. Time for aircraft to become airborne is ¢ = —— s, that is,
9
b) The point is moving to the left if v < 0, i.e., when abput 27.8 s. . 5
f<—lort>1. Distance travelled during takeoff run is 1~ &~ 771.6 metres.
. L he height of th jectil fter it i
¢) The point is accelerating to the right if @ > 0, i.e., 8 et y(¢) be the height of the prOJf:ctl.e.t. seconds after it is
when 2¢(:2 — 3) > 0, that is, when fired upward from ground level with initial speed vg. Then
t>3or—+3<t<0. y"(t) = —=9.8, y'(0) = v, y(0) = 0.
d) ;Fh<e poir;t is gccelterati\r}% to the left if a < 0, i.e., for Two antidifferentiations give
—/3or0<t <3
— 2 — —
e) The particle is speeding up if v and a have the same y =497+ vt = 1(vo — 4.90).
sign, i.e., for 1 < —v/3, or =1 <t <0 or Since the projectile returns to the ground at t = 10's,
l<t<v3 we have y(10) = 0, so v9 = 49 m/s. On Mars, the
f) The particle is slowing down if v and @ have opposite acceleration of gravity is 3.72 m/s? rather than 9.8 m/s?,
sign, i.e., for -3 <t < “l,or0 <t < lor so the height of the projectile would be
>3 y = —1.8612 + vor = 1(49 — 1.861).
-2(-2) 1
guv=0atr==+l Atr=-1,a= (2)3 =5 The time taken to fall back to ground level on Mars would
2(-2) 1 be t = 49/1.86 ~ 26.3 s.
Att=1l,a=—— =—_.
2 2 9. The height of the ball after ¢ seconds is
h) The average velocity over [0, 4] is y(t) = —(g/2)t?> + vot m if its initial speed was vg
x(4) — x(0) % —0 1 m/s. Maximum height & occurs when dy/dt = 0, that is,
1 VEEEET S at t = vo/g. Hence
2 2
v v
s _ hz—g'—g—FUO'v—O:—o-
y =9.8f — 4.21‘ metres (¢ in seconds) 2 g g 2g
. Y
velocity v = yri 9.8 —9.8¢ An initial speed of 2vy means the maximum height will
) v be 4v3/2g = 4h. To get a maximum height of 2/ an
acceleration @ = dar —9.8 initial speed of ~/2vq is required.
. . 2 .
;Zﬁ ?sciliﬂi?;lllilg}iingf Wiz\grzwir% aE :H zin;ei ) 10. To get to 37 metres above Mars, the ball would have to be
£ DR - thrown upward with speed
Thus maximum height is y‘ L= 9.8 — 4.9 = 4.9 metres.
t=
Ball strikes the ground when y =0, ( > 0), i.e., vy = 6gmh = /6ngg/(2g) =vov3gm/g.
0=1(9.8—4.9t)s0ot =2.
Velocity at t = 2 is 9.8 — 9.8(2) = —9.8 m/s. Since gy = 3.72 and g = 9.80, we have vy ~ 1.067vg
Ball strikes the ground travelling at 9.8 m/s (downward). m/s.
11. If the cliff is & ft high, then the height of the rock ¢ sec-
Given that y = 100 — 27 — 4.9¢2, the time ¢ at which the onds after it falls is y = h — 1612 ft. The rock hits the
ball reaches the ground is the positive root of the equation ground (y = 0) at time # = /2/16 s. Its speed at that
y =0, i.e., 100 — 2t — 4.9/ = 0, namely, time is v = —32¢ = —8v/h = —160 ft/s. Thus vh = 20,
and the cliff is & = 400 ft high.
. -2+ /4+4(4.90100) 4318 12. If the cliff is & ft high, then the height of the rock ¢ sec-
- 9.8 - s onds after it is thrown down is y = h —32¢ — 16¢2 ft. The
rock hits the ground (y = 0) at time
—100
The average velocity of the ball is ' = —23.16 m/s. 324 /322 + 64h _ 1m
Since —23.159 = v = —2 — 9.8¢, then ¢ ~ 2.159 s. L= 0 =l gviet+is.
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Its speed at that time is

v=-32-32t =—-8y16+ h = —160 ft/s.

Solving this equation for & gives the height of the cliff as
384 ft.

Let x(¢) be the distance travelled by the train in the ¢ sec-
onds after the brakes are applied. Since d2x/dt?> = —1/6
m/s? and since the initial speed is vo = 60 km/h = 100/6
m/s, we have

The speed

of the train at time ¢ is v(¢) = —(¢/6) + (100/6) m/s,

so it takes the train 100 s to come to a stop. In that time
it travels x(100) = —100%/12 + 100%/6 = 1002/12 ~ 833
metres.

x = At?> + Bt + C,v = 24t + B.
The average velocity over [t1, ;] is
x(2) — x(11)
I —11
A7+ Bty +C — A1} — Bt; —C
o h—1
_A@G —1) + Btz —11)
(ta —11)
_ Al +1)(2 =) + Bz —11)
(t2 —11)
= A(t, + 1) + B.
The instantaneous velocity at the midpoint of [¢1, f3] is

12 t t t
U(z—; 1):2/1(2;r 1)+B:A(t2+zl)+B.

Hence, the average velocity over the interval is equal to
the instantaneous velocity at the midpoint.

12 0<t<2
s =44t —4 2<t<8
—68+20t—t> 8<t<10

Note: s is continuous at 2 and 8 since 22 = 4(2) — 4 and
4(8) —4 = —68 + 160 — 64

2t if0<t <2
velocityv=E={4 if2<t<8

20—-2r if8 <t <10
Since 2t — 4 as t — 2—, therefore, v is continuous at 2
(v(@) =4).
Since 20 — 2t — 4 as t — 8+, therefore v is continuous
at 8 (v(8) = 4). Hence the velocity is continuous for
0<t<10

acceleration a = — =<0 if2<t<8

a2 ifg<i<10
is discontinuous at t =2 and t = 8

Maximum velocity is 4 and is attained on the interval
2<t<8.

{2 ifO0<t<2

This exercise and the next three refer to the following fig-
ure depicting the velocity of a rocket fired from a tower as
a function of time since firing.

17.

18.

19.

20.

SECTION 2.11 (PAGE 162)

vt (4,96)

(14,-224)

Fig. 2.11-16

The rocket’s acceleration while its fuel lasted is the slope
of the first part of the graph, namely 96/4 = 24 ft/s.

The rocket was rising until the velocity became zero, that
is, for the first 7 seconds.

As suggested in Example 1 on page 154 of the text, the
distance travelled by the rocket while it was falling from
its maximum height to the ground is the area between the
velocity graph and the part of the f-axis where v < 0. The
area of this triangle is (1/2)(14 — 7)(224) = 784 ft. This
is the maximum height the rocket achieved.

The distance travelled upward by the rocket while it was
rising is the area between the velocity graph and the part
of the z-axis where v > 0, namely (1/2)(7)(96) = 336 ft.
Thus the height of the tower from which the rocket was
fired is 784 — 336 = 448 ft.

Let 5(¢) be the distance the car travels in the ¢ seconds

after the brakes are applied. Then s”(t) = —¢ and the
velocity at time ¢ is given by

2
s'(t) = /(—t)dt = —% + Cq,

where C; = 20 m/s (that is, 72km/h) as determined in
Example 6. Thus

12 3
1) = 20— — ) dt =20t — — + C»,
s(1) /( 2) 6+ 2

where C, = 0 because s(0) = 0. The time taken to come

to a stop is given by s'(f) = 0, so it is £ = +/40 s. The
distance travelled is

1
s = 20+/40 — g403/2 ~ 84.3 m.
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SECTION 2.11 (PAGE 162)

Review Exercises 2 (page 163)

y = (Bx + 1)?

dy _ lim Bx +3h 4+ 1)%2 — Bx + 1)?

dx h—0 h

— lim 9x2 + 18xh + 9h% + 6x + 6h + 1 — (9x% + 6x + 1)
h—0 h

= lim (18x + 9% + 6) = 18x + 6
h—0

— 2 _ _y2

d 1_xzzhm\/l (x+h2—-V1-—x
dx h—0 h
1—(x+h)?2-(1-x?)

B0 h(VT— (4 2 + V1 —x)

lim —2x —h x
= 11 = —
h=0 /1 — (x + h)2 + 1 —x2 V1—x2
f)=4/x?
—4 1
. Q+h?
'2) =1 (—
@ Jim h
4—(44+4h+n%  —4—h
— _— = lim = —
h—0 h(2 + h)? h—0 (2 + h)?
t—5
)= —
g() i v

_4th
. 14+V9+h
/9 =1 -
g0 hl—n>10 h

— lim B+h—VI+DB+h+I9+h)
=0 h(14+ 9+ h)B+h+ I+ h)
— im 94+ 6h+h%—(9+h)
h—=0 h(1 4+ 9+ h)3 +h + 9+ I)

5+4+h
= lim
=0 (1+ 9+ h)B+h+ 9+ h)
5
T 24

The tangent to y = cos(rx) at x = 1/6 has slope

Its equation is

25D

At x = 7 the curve y = tan(x/4) has slope
(sec?(r/4))/4 = 1/2. The normal to the curve there
has equation y = 1 —2(x — ).

d 1 1 —cosx

dx x —sinx _ (x —sinx)?

72

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
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d 14+ x+x24+x3 d  _ _ _ _
ETZE(X x4 xh
= —4x70 —3x74 —2x73 —x72
44 3x +2x2 + x3

x5

d 5 2
L oa_2/5y512 = 24 20512 (2,305
dx( x“) 2( x“2) 3*

_ x_3/5(4—x2/5)_7/2
imz —2cos x sinx _ —sinx cos x
dx 242 +cos2x /24 cos?x
d 2 2 2 2
%(tane—ﬁsec 0) = sec” 0 —sec” 0 — 20 sec” 6 tan O

= —20sec? 0 tan 6
d J1+12-1
dt V1+12+1
t t
VI+12+1 - (V1+2-1)——
:( )«/1+z2 ( )«/1+t2
(VT+1Z+1)2
3 21
N1T+12(J1+12+1)2
h 20 _ .20 d
lim M = —x20 =20x"°
h—0 h dx
Jadx +1-3 . V94 4h -3
lim ——— = lim4—F——
x—2 x—2 h—0 4h
d 4 2
= _4ﬁ‘ =—— ==
dx o 29 3
cos(2x) — (1/2) lim 200S((7‘[/3) + 2h) — cos(r/3)
et A ol el A
x—n/6 x—n/6 h—0 2h
d
= 25 cos x
x=m/3
= —2sin(x/3) = -3
1 1
1/x2) — (1/a> - 2 (—a)?
1im(/x) (/fl):lim(a-i-h) (—a)
x—>—a X +a h—0 h
_d 1 2
T dx x2 a3
xX=—a

if(3 —x) =-2xf'3—-x?)
dx

L = 2/ () = LYDLED)

N VS
d gt f(2x)g'(x/2)
Ef(ZX)\/g(X/Z)—U (2x) g(X/2)+74\/m
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31.
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d f(0) =)
dx f(x) + g(x)
1

T 0 +e)?
— (f(¥) = 2N () + g’(x)}

_ 2(/')g) = f()g'(x))
(f(x) + g(x))?

d
G (g())?) = (1 +2g(x)g' () f'(x + (8(x))?)

dif (g(xz)) _ 2x2g’(x2)2—g(x2)f/ (g(xz))
X X X

[f(X) + &) (f'(x) — g'(x))

x
d .
— f(sinx)g(cos x)
dx
= (cos x) f'(sin x)g(cos x) — (sin x) f(sin x)g’ (cos x)
d [cos f(x)
dx \ sin g(x)

_ 1 [sing(x)
~ 2\ cos f(x)
y —f'(x)sin f(x)sing(x) — g’(x) cos f(x) cos g(x)
(sin g(x))?

If x3y+2xy3 = 12, then 3x%y+x3y’+2y3 +6xy%y’ = 0.

At (2,1): 12+ 8y’ +2+ 12y’ =0, so the slope there is
y’ = —7/10. The tangent line has equation
y=1-15(x—2) or 7x + 10y = 24.

34/2x sin(ry) + 8y cos(x) =2
34/2sin(wy) + 3w +v/2x cos(my)y’ + 8y’ cos(rrx)
—8mysin(wrx) =0
At (1/3,1/4): 34+ 7y’ + 4y’ — /3 = 0, so the slope
71\/5— 3

T+4

1+ x* 1 ) 1 X3
/ _x2 dX:/(FJrX)dX:—;-F?-FC

there is y’ =

1 2
+xdx=/(x71/2+x1/2)dx=2\/§+—x3/2+C
Jx 3
2+ 3si
/wdx:/(25ec2x+3secxtanx)dx
cos? x

=2tanx + 3secx + C

/(2x+ D*dx = /(16x4 +32x3 +24x% 4+ 8x + 1) dx

16x°
= Sx +8x*+83+4x2+x+C

or, equivalently,
2 1)°
/(2x+ 1)*dx = % +

If f/(x) = 12x2 4 12x3, then f(x) = 4x3 + 3x* + C.
If f(1) = 0,then4+3+4+C = 0,s0 C = —7 and
f(x) =4x3 +3x4 -7

C

32.

33.

34.

35.

36.

REVIEW EXERCISES 2 (PAGE 163)

If g’(x) = sin(x/3) + cos(x/6), then
g(x) = =3 cos(x/3) + 6sin(x/6) + C.

If (7,2) lies on y = g(x), then —(3/2) +3 + C = 2, so
C =1/2 and g(x) = —3cos(x/3) + 6sin(x/6) + (1/2).

—(x sinx 4 cos x) = sinx + x cos x —sinx = x cos x
dx

d . . .
—(xcosx —sinx) = cosx —xsinx —cosx = —x sinx
dx

/xcosxdx = xsinx +cosx + C

/xsinxdx = —xcosx +sinx + C

If f/(x) = f(x) and g(x) = x f(x), then

g'(x) = f(x)+xf'(x) =1 +x)f(x)
') = f)+ A +x)f'(x) =2+ x)f(x)
g7 = f()+2+x)f'(x) =3 +x)f(x)

Conjecture: g™ (x) = (n +x) f(x) forn=1,2,3, ...
Proof: The formula is true for n = 1, 2, and 3 as shown
above. Suppose it is true for n = k; that is, suppose

g®(x) = (k + x) f(x). Then

d
g ) = (e + 2 /()
= () + (k+ 0 /() = (k + 1) +2) /().

Thus the formula is also true for n = k + 1. It is therefore
true for all positive integers n by induction.

The tangent to y = x3 + 2 at x = a has equation

y =a3 +2+3a%(x —a), or y = 3a’x —2a® + 2. This
line passes through the origin if 0 = —2a3 + 2, that is, if
a = 1. The line then has equation y = 3x.

The tangent to y = +/2+ x2 at x = a has slope
a/~/2 + a? and equation

a

V2 +a?

y=vV2+ad?+ (x —a).

This line passes through (0, 1) provided

2

a
1=V2+a2— ——

V2 + a?
V24+a2=2+d*>-a%>=2
24a%>=4

The possibilities are @ = #+/2, and the equations of the
corrresponding tangent lines are y = 1 & (x/+/2).
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37. dd_x (sin” x sin(nx))

= nsin" !

X cos x sin(nx) + n sin” x cos(nx)
= n sin” ! x[cos x sin(nx) + sinx cos(nx)]
= nsin" ! xsin((n + 1)x)

y = sin” x sin(nx) has a horizontal tangent at

x =mmn/(n + 1), for any integer m.

38. dd_x (sin” x cos(nx))

= nsin" ! x cos x cos(nx) — n sin™ x sin(nx)
= n sin ! x[cos x cos(nx) — sin x sin(nx)]
= nsin" ! x cos((n + 1)x)
d .
Ix (cos" x sm(nx))

X

= —ncos" !

x sinx sin(nx) + n cos” x cos(nx)
= ncos” ! x[cos x cos(nx) — sin x sin(nx)]

= ncos" ! xcos((n + 1)x)

afl_x (cos” x cos(nx))

1

= —ncos" " x sinx cos(nx) — n cos” x sin(nx)

= —ncos" ! x[sin x cos(nx) + cos x sin(nx)]

= —ncos" ! xsin((n + 1)x)

39. Q0 = (0,1). If P = (a,a®) on the curve y = x2, then
the slope of y = x2 at P is 2a, and the slope of PQ is
(@®>—1)/a. PQ isnormalto y = x? if a = 0 or
[(a? — 1)/a](2a) = —1, that is, if a = 0 or a® = 1/2.
The points P are (0,0) and (+1/+/2,1/2). The distances
from these points to Q are 1 and ~/3/2, respectively. The
distance from Q to the curve y = x? is the shortest of
these distances, namely V3 /2 units.

40. The average profit per tonne if x tonnes are exported is
P(x)/x, that is the slope of the line joining (x, P(x)) to
the origin. This slope is maximum if the line is tangent
to the graph of P(x). In this case the slope of the line is
P’(x), the marginal profit.

mgR? .
41. F(r)={ 2 fr=R

mkr if0<r<R

a) For continuity of F(r) at r = R we require
mg = mkR, so k = g/R.

b) As r increases from R, F changes at rate

d mgR?

B _2ng2 _ 2mg
dr r? a ’

R3 R

r=R

As r decreases from R, F changes at rate

ADAMS and ESSEX: CALCULUS 9

Observe that this rate is half the rate at which F de-
creases when r increases from R.

42. PV = kT. Differentiate with respect to P holding T

constant to get

dv
V+P—=0
+ dp

Thus the isothermal compressibility of the gas is
1Ldv 1 vy 1
vdae v\ P) P’

43. Let the building be 2 m high. The height of the first ball
at time ¢ during its motion is

y1 =h + 10t — 4.9¢%.

It reaches maximum height when dy;/dt = 10 — 9.8t = 0,
that is, at + = 10/9.8 s. The maximum height of the first
ball is

100 4.9x100 100

—h X O
M=t ST T o8 * 196

The height of the second ball at time ¢ during its motion

1S
ya = 20t — 4.9¢2.

It reaches maximum height when dy,/dt = 20 — 9.8t = 0,
that is, at 1 = 20/9.8 s. The maximum height of the
second ball is

400 4.9 x 400 400

Y2798 T T (982 196

These two maximum heights are equal, so

100 400

19.6  19.6°

which gives & = 300/19.6 & 15.3 m as the height of the
building.

44. The first ball has initial height 60 m and initial velocity 0,
so its height at time ¢ is

y1 = 60 —4.9t2 m.

The second ball has initial height O and initial velocity vy,
so its height at time ¢ is

V2 = vot — 4.9t> m.

The two balls collide at a height of 30 m (at time 7', say).

Thus
d mg 30 = 60 — 4.972
——(mkr)' =—mk =-"5 30 = voT — 4.9T2
dr r=R R = Yo : :
74 Copyright © 2018 Pearson Canada Inc.
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Thus voT = 60 and T2 = 30/4.9. The initial upward
speed of the second ball is

60 4.9
vg = — = 604/ — = 24.25 m/s.
T 30

At time T, the velocity of the first ball is

an

= —9.8T ~ —24.25 m/s.
dt

t=T
At time T, the velocity of the second ball is

dy2

=v9—9.87 =0 m/s.
dr Vo S

t=T

Let the car’s initial speed be vg. The car decelerates at 20
ft/s2 starting at + = 0, and travels distance s in time ¢,
where d?s/dt? = —20. Thus

ds
— = vg — 201
dt vo

X = vot — 10£2.

The car stops at time ¢ = vo/20. The stopping distance is
s = 160 ft, so

2 2 2
160:1)_0_1)_0_1)_0

20 40 40°

The car’s initial speed cannot exceed

vo = /160 x 40 = 80 ft/s.

P =2rx./L/g =2xL'/2g=1/2,

a) If L remains constant, then

AP ~ — Ag = —JTL1/2g*3/2 Ag

AP —wLV/2g=3/2 1 Ag

— Y ——— 2 Ao = —— =2,
P ompzg-12 S8 T T2

CHALLENGING PROBLEMS 2 (PAGE 164)

Challenging Problems 2 (page 164)

The line through (a,a?) with slope m has equation
y =a?+m(x —a). It intersects y = x2 at points x
that satisfy

x2=a2+mx—ma, or

x2—mx +ma—a®>=0
In order that this quadratic have only one solution x = a,
the left side must be (x — a)?, so that m = 2a. The
tangent has slope 2a.
This won’t work for more general curves whose tangents
can intersect them at more than one point.

fl(x)=1/x, f(2) =0.

JO2+5)—fO) _ SO+ 4h+h) - )

a) lim lim
x—2 x—2 h—0 h
. fO+dh+h?) — f(9) 4h+h?
= lim X
h—0 4h + h2 h
— lim SO+~ /O x lim (4 + h)
k—0 k h—0
4
/
= 4: —
flOx4=3
by fim YLD =3y, VSCED 23
x—2 x—=2 h—0 h
. f24+h)-9 1
= lim X
h—0 h VIQ+h)+3
1 1
!
= )X — = —.
S(2) % kT,

3. /@) =3,84) =17 g(4) =4, g(x)#4if x # 4.

a) xliincl(f(x) —f(4)) =)}ijﬂw
=fHE-49=0

SO —f@) _ S0 =@ 1

(x—4)

If g increases by 1%, then Ag/g = 1/100, and b) )}l—IEt x2—16 x—4 x—4 x+4
AP/P = —1/200. Thus P decreases by 0.5%. — () % 13
b) If g remains constant, then 8 8
— f(4 —f(4
. o i SO SG O S@
AP%—AL=HL_1/2g_1/2AL x—>4 L J/x =2 x—>4 x—4
dL = /@) x4=12
AP gL7'2g7l2 1 AL
P S M= 0 tim O S@ ) x4
x—4 l_l x—4 x—4 (4—x)/4x
If L increases by 2%, then AL/L = 2/100, and x 4
AP/P =1/100. Thus P increases by 1%. = f'(4) x (=16) = —48
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CHALLENGING PROBLEMS 2 (PAGE 164)

Sx)—f(4)
SO —f@ x4

R e R N R 1)
x—4
_ @3
g4 7
b i L&)~ /)
x—>4 x—4
i JEO) = (@) g0~ g 4)
T x—a g(x)—4 x—4
=fg@)xg'@=f'(4)xg*)=3xT=21
_fx ifx=1, 1/2, 1/3, ...
S = {x2 otherwise
a) f is continuous except at 1/2, 1/3, 1/4, .... Ttis
continuous at x = 1 and x = 0 (and everywhere else).
Note that

lim x2 = 1= f(1),

x—1

lim x2 = lim x = 0 = £(0)
x—0 x—0

b) If a =1/2 and b = 1/3, then

f@+f) 11 1y _ 5
2 “2\2 "3) 712

If 1/3 < x < 1/2, then f(x) = x? < 1/4 < 5/12.

Thus the statement is FALSE.

c) By (a) f cannot be differentiable at x = 1/2, 1/2,
.... It is not differentiable at x = 0 either, since

h* -0
limh—0h=1%0= lim .
h—0 h—0
f is differentiable elsewhere, including at x = 1
where its derivative is 2.
If h # 0, then

’f(h)—f(o)lzlf(h)l o VIl
h |h |h|
as h — 0. Therefore f’(0) does not exist.

Given that f'(0) =k, f(0) # 0, and
Jfx+y) = f(x) f(y), we have

f0) = f(0+0) = f(Of(0) = f(O)=0 or f(0)=1

Thus f(0) = 1.

Sx+h)—fx)

f(x) = Jim

ADAMS and ESSEX: CALCULUS 9

7. Given that g’(0) = k and g(x + y) = g(x) + g(»), then

a) g(0) = g(0+0) = g(0) + g(0). Thus g(0) = 0.

b () = lim gy +h) —g(x)

h
— i S e —gx) . g(h) —(0)
= lim = lim =————~=
h—0 h h—0 h
=g'(0) =k.

¢) If h(x) = g(x) —kx, then h'(x) = g’'(x) -k =0
for all x. Thus A(x) is constant for all x. Since
h(0) = g(0) — 0 = 0, we have h(x) = 0 for all
x, and g(x) = kx.

a) f'(x) = Jim w (let k = —h)

o SN = f0) @) = = h)
h—0 —h h—0 h '

F@ =3 (re+ £/w)
L (g Lt =10
= —| lim —————~2 "~
2 \h—0 h
iy L0
h—0 h
oSG S
= lim .
h—0 2h

b) The change of variables used in the first part of (a)
shows that

o fx+h) - f(x) o fx) = fx—h)
lim ———— and lim ———~=
h—0 h h—0 h
are always equal if either exists.

¢) If f(x)=|x|, then f’(0) does not exist, but

y SO+h)—fO—=h) . |o|—1|h] _ . 0
im = lim ——— = lim — = 0.
h—0 2h h—0 h h—0 h

9. The tangent to y = x> at x = 3a/2 has equation

27a3 4 27 3a
= —(x—=.
VTR T a2 2

This line passes through (a, 0) because

27a3 N 27 3a 0
—la—— ) =0.
8 4a? 2

If a # 0, the x-axis is another tangent to y = x> that
passes through (a, 0).

The number of tangents to y = x3 that pass through
(x0, yo) is

h
three, if 0 and is between 0 and x2;
= lim f(x)f(h) - f(x) _ f(x)f/(o) _ kf(.x) o ?é ol - xO
TS0 h o o ’ two, if xo # 0 and either yo = 0 or yp = xg;
76 Copyright © 2018 Pearson Canada Inc.
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one, otherwise.

This is the number of distinct real solutions » of the cu-
bic equation 2b> — 3b%x¢ + yo = 0, which states that the
tangent to y = x3 at (b, b3) passes through (xg, yo).

By symmetry, any line tangent to both curves must pass
through the origin.

y
y=x24+4x+1

Fig. C-2-10

The tangent to y = x2 4+ 4x + 1 at x = a has equation

a®>+4a+1+ Qa+4(x—a)
=Qa+4)x—(@®-1),

y

which passes through the origin if @ = =£1. The two
common tangents are y = 6x and y = 2x.

The slope of y = x? at x = a is 2a.

The slope of the line from (0, 5) to (a,a?) is (a®> — b)/a.
This line is normal to y = x?2 if either a = 0 or

2a((a®> — b)/a) = —1, that is, if a = 0 or 2a® = 2b — 1.
There are three real solutions for a if » > 1/2 and only
one (a =0)if b <1/2.

The point Q = (a,a?) on y = x? that is closest to
P = (3,0) is such that PQ is normal to y = x? at Q.
Since PQ has slope a?/(a — 3) and y = x? has slope 2a
at Q, we require

a? 1
a=3  2a’

which simplifies to 2a3 + a — 3 = 0. Observe that a = 1
is a solution of this cubic equation. Since the slope of

y = 2x3 4+ x — 3 is 6x2 + 1, which is always positive,
the cubic equation can have only one real solution. Thus
0 = (1,1) is the point on y = x?2 that is closest to P.
The distance from P to the curve is |[PQ| = +/5 units.

The curve y = x? has slope m = 2a at (a,a?). The
tangent there has equation

2

y=a2+m(x—a)=mx—mT.

14.

CHALLENGING PROBLEMS 2 (PAGE 164)

The curve y = Ax? + Bx + C has slope m = 24a + B
at (a, Aa®> + Ba + C). Thus a = (m — B)/(2A), and the
tangent has equation

y = Aa® + Ba + C + m(x —a)

_ (m—B)> B(m—B) m(m — B)
Iy A ¢ 24

_ (m—BY (m— By

=mx+C + A A

=mx + f(m),

where f(m) = C — (m — B)?/(4A4).

Parabola y = x2 has tangent y = 2ax —a? at (a,a?).
Parabola y = Ax? + Bx + C has tangent

y = (24b + B)x — Ab% + C
at (b, Ab> + Bb + C). These two tangents coincide if

24b+ B =2a (*)
Ab? — C = 4>

The two curves have one (or more) common tangents if
(*) has real solutions for a and b. Eliminating a between
the two equations leads to

(24b + B)? = 4Ab% — 4C,
or, on simplification,
4A(A—1)b® 4+ 4ABb + (B2 +4C) = 0.
This quadratic equation in b has discriminant
D = 1642 B>—16A(A—1)(B*+4C) = 16A(B*>—4(A-1)C).

There are five cases to consider:

CASE L If A =1, B # 0, then (x) gives

B2 4 4C B2 —4C

4B’ 4B

There is a single common tangent in this case.

CASEIL If A =1, B = 0, then (%) forces C = 0, which
is not allowed. There is no common tangent in this case.

CASE IIL If A # 1 but B2 = 4(A — 1)C, then

~B
b=sa-n ¢

There is a single common tangent, and since the points of
tangency on the two curves coincide, the two curves are
tangent to each other.

CASE IV. If A # 1 and BZ —4(A — 1)C < 0, there are no
real solutions for b, so there can be no common tangents.
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CASE V.If A # 1 and B? — 4(4 — 1)C > 0, there are b) The tangent to y = x* —2x? at x = a has equation
two distinct real solutions for b, and hence two common
tangent lines. y =a* —24? + (4a® — 4a)(x — a)
. Yt = 4a(a® — 1)x — 3a* + 24°.
Similarly, the tangent at x = b has equation
p y = 4b(b* — 1)x — 3b* + 2b%.
one common
two common tangent These tangents are the same line (and hence a double
tangents tangent) if
tangent curves
£ Iy v 4 4a(@® —1) = 4b(b* — 1)
—3a* 4+ 2a4% = —3b* 4 2b2.
The second equation says that either a> = b2 or
3(a? + b?) = 2; the first equation says that
X X a® — b3 = a — b, or, equivalently, a® + ab + b? = 1.
1o common If a2 = b?%, then a = —b (@ = b is not allowed).
taneent Thus a®> = b? = 1 and the two points are (&1, —1)
g as discovered in part (a).
i If a®>+b% = 2/3, then ab = 1/3. This is not possible
Fig. C-2-14 since it implies that
a) The tangent to y = x3 at (a,a>) has equation 0=a?+b>—2ab=(a—b)?>0
_ 2.2 .~ 3
y=3a"x—2a". Thus y = —1 is the only double tangent to
y = x* —2x2.
For intersections of this line with y = x3 we solve
c)If y = Ax + B is a double tangent to
3302y 4243 =0 y=x*-2x24+x,theny = (Ad—-Dx+ Bisa
’ double tangent to
(x —a)™(x +2a) = 0. y = x* —2x2. By (b) we must have A — 1 = 0
and B = —1. Thus the only double tangent to
The tangent also intersects y = x> at (b, h3), where y=x*-2x24+xisy=x—1.
b =-2a.
17.  a) The tangent to
b) The slope of y = x3 at x = —2a is 3(—2a)? = 1242,
which is four times the slope at x = a. y=fx) =ax* +bx3 +ex? 4 dx+e
¢) If the tangent to y = x> at x = a were also tangent
at x = b, then the slope at b would be four times that at x = p has equation
at a and the slope at @ would be four times that at b.
This is clearly impossible. y = (4ap>+3bp>+2cp+d)x—3ap* —2bp3—cp*+e.
d) No line can be tangent to the graph of a cubic poly- o
nomial P(x) at two distinct points ¢ and b, because This line meets y = f(x) at x = p (a double root),
if there was such a double tangent y = L(x), then and
(x —a)?(x — b)? would be a factor of the cubic poly- 5 —
nomial P(x) — L(x), and cubic polynomials do not Y= —2ap —b % \/b? — 4ac — 4abp —8a?p '
have factors that are 4th degree polynomials. 2a
a) y = x4 — 2x2 has horizontal tangents at points x These two latter roots are equal (and hence corre-
satisfying 4x3 — 4x = 0, that is, at x = 0 and spond to a double tangent) if the expression under the
x = =£1. The horizontal tangents are y = 0 and square root is 0, that is, if
y = —1. Note that y = —1 is a double tangent; it is
tangent at the two points (+1,—1). 8a®p? + 4abp + dac —b* = 0.
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b

=

c)

18. a)

This quadratic has two real solutions for p provided
its discriminant is positive, that is, provided

16a2b? — 4(84?)(4ac — b?) > 0.
This condition simplifies to
3b2 > 8ac.
For example, for y = x* —2x2 + x — 1, we have

a=1,b=0,and c = =2, so 3b2 =0 > —16 = 8ac,
and the curve has a double tangent.

From the discussion above, the second point of tan-
gency is

_ —2ap-b b

T 2a - 2a’

The slope of PQ is

fl@) = f(p) _ b>—4abc +8a*d
a-r 8a2 '

Calculating f/((p + ¢)/2) leads to the same ex-
pression, so the double tangent PQ is parallel to the
tangent at the point horizontally midway between P
and Q.

The inflection points are the real zeros of
F"(x) = 2(6ax? + 3bx + ¢).

This equation has distinct real roots provided
9h2 > 24ac, that is, 362 > 8ac. The roots are

_ —3b—~/9b? —24ac

r =

12a

—3b + /92 —24ac

= .
12a

The slope of the line joining these inflection points is

f()— f(r) _ b*—4abe + 8a%d
s—r N 8a?

)

so this line is also parallel to the double tangent.

n

Claim: cos(ax) = a” cos (ax + ﬂ)

2

dx?

Proof: For n = 1 we have

d
I* cos(ax) = —asin(ax) = acos (ax + %) ,
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so the formula above is true for n = 1. Assume it is
true for n = k, where k is a positive integer. Then

dk+l

dxk+1 cosax) = dx a cos|ax 5

[rom o+ )]
=a" |—asin ax—i—T

k+1
= ak'H cos (ax + #) .

Thus the formula holds for n =1, 2, 3, ... by induc-
tion.

n

b) Claim: sin(ax) = a”" sin (ax + ﬂ)

2

dxm

Proof: For n = 1 we have
d
— sin(ax) = a cos(ax) = asin (ax + 1) ,
dx 2

so the formula above is true for n» = 1. Assume it is
true for n = k, where k is a positive integer. Then

ﬂ'( )_i k o _|_k_”
ok sin(ax) = I sin | ax 2

oo eer 5]
=da |acos ax—l—T

k+1
= a**1sin (ax + %) .

Thus the formula holds for n = 1, 2, 3, ... by induc-
tion.

¢) Note that

d 4 . 4 3. .3
d—(cos X + sin™ x) = —4cos” x sinx + 4sin” x cos x
X

= —4sinx cos x(cos? —sin® x)
= —25sin(2x) cos(2x)

= —sin(4x) = cos (4x + %) .

It now follows from part (a) that

dn
W(cos4 x + sin* x) = 4" ! cos <4x + %) .
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v (m/s) d) The upward acceleration in [0, 3] was 39.2/3 ~ 13.07
\ (3,39.2) m/s2.
40 L
30 e) The maximum height achieved by the rocket is the
i distance it fell from ¢ = 7 to ¢t = 15. This is the
20 L area under the 7-axis and above the graph of v on
10 | that interval, that is,
’ -t ) 12-7 49+ 1
0| 2 40 (15, 1) T (49) + ——(15-12) = 1975 m,
=20 |
-30 L f) During the time interval [0, 7], the rocket rose a dis-
-40 | tance equal to the area under the velocity graph and
above the 7-axis, that is,
Fig. C-2-19 1
—(7—-0)(39.2) = 1372 m.
a) The fuel lasted for 3 seconds. 2
b) Maximum height was reached at 7 =7's. Therefore the height of the tower was
c) The parachute was deployed at t = 12 s. 197.5-137.2 = 60.3 m.
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