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Chapter 2

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

2.1 Solution of Linear Systems by the
Echelon Method
Your Turn 1
2x+3y =12 ()
3x—4y =1 (2

Use row transformations to eliminate x in equation (2).

2x 43y =12
3R, + (-2)R, — R, 17y = 34

Now make the coefficient of the first term in each
equation equal to 1.

3
%Rl_)Rl x+5y=6

Back-substitute to solve for x.
3
x+—(2)=6
2( )
x+3=6
x=3

The solution of the system is (3, 2).

Your Turn 2
Let x = number of shares of Kohl’s stock

y = number of shares of Best Buy stock

x+ y =188 )
52x + 27y = 8601 (2)
x+ y= 188
R, + (-52)R; = R, =25y = —1175
y=17
x+y = 188
[—21—5] — R, y = 47

Substitue y =47 in equation (1).

Your Turn 3

Since there are 60 utensils with a total weight of 189.6
pounds, the equations of Example 5 become

x+y+z=60 @)
39x+3.6y+3.02=189.6  (2)
where x = the number of knives, y = the number of
forks, and z = the number of spoons.
x+y+z=60
39R,+(-) R, >R, 03y+09z=444

x+y+z=60
% R, =»R, y+3z=148

Solve for y in terms of the parameter z: y =148 -3z

Substitute this expression into equation (1).
x+(148-32)+z=60
Then solve for x.
x=2z-88
Since both x and y must be nonnegative, we have:

3z <148 or zﬁﬁ, so z<49

2z 288 or =z =44

The largest number of spoons is thus 49; the
corresponding number of knives is (2)(49)-88=10,

and the number of forks is 148 —(3)(49) =1.

2.1 Exercises

In Exercises 1-16 and 19-28, check each solution by
substituting it in the original equations of the system.

. x 4+ y=5 ()
2x — 2y =2 (2

To eliminate x in equation (2), multiply equation

x+47 =188 (1) by —2 and add the result to equation (2). The
=141 new system is
- x+y= 5 ()
Olinda owns 141 shares of Kohl’s and 47 shares of Best —2R1 + Ry = Ry —4y=-8 0
Buy.
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Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

Now make the coefficient of the first term in
each row equal 1. To accomplish this, multiply

equation (3) by 7%.

x+y=5 ()
—4Ry = R, y=2 4
Substitute 2 for y in equation (1).
x+2=5
y =3
The solution is (3, 2).
4+y=9 (@
3x—y=>5 2
First use transformation 3 to eliminate the x-term

from equation (2). Multiply equation (1) by 3 and
add the result to —4 times equation (2).

4x+y=9 (I
7y =7 (3

Now use transformation 2 to make the coefficient
of the first term in each equation equal to 1.
1 9
TR — Ry *tgy=7 4)
=1

)

Complete the solution by back-substitution.
Substitute 1 for y in equation (4) to get

1

Il
N

X =

Koo KO

The solution is (2, 1).
3x-2y=-3 ()
S5x—y= 2 (2
To eliminate x in equation (2), multiply equation

(1) by —5 and equation (2) by 3. Add the results.

The new system is
3x—2y=-3 (1)
—5R; + 3R, — R, 7y =21. (3)

Now make the coefficient of the first term in
each row equal 1. To accomplish this, multiply
equation (1) by % and equation (3) by %

%RI — Ry xfgy:fl “

TRy = Ry y= 30

Back-substitution of 3 for y in equation (4) gives

2
x—=0) =-1
3()
x—2=-1
x = 1.

The solution is (1, 3).
2x+T7y = =8 ()
—2x+3y =-12 (2)
2x+ Ty = =8 ()
10y = —-20 (3)

Make each leading coefficient equal 1.

R1+R2—>R2

7
1R, - R x+5y:—4 4)

Ry = Ry y=-2 (9

Substitute —2 for y in equation (4).
7
X + E(—Z) = —4
x—7=-4
x= 3
The solution is (3, —2).
3x+2y=-6 ()
Sx =2y =—10 (2)
Eliminate x in equation (2) to get the system
3x+2y=-6 (J)
5Ry + (-3)R, = Ry 16y = 0. (3)

Make the coefficient of the first term in each
equation equal 1.

2
%RI — Ry x+§y=—2 €))

6R2 — Ry y= 00

Substitute 0 for y in equation (4) to get x = —2.
The solution is (—2, 0).
“3x+ y= 4 ()
2x =2y =—-4 (2
Eliminate x in equation (2).
Bx+y=4 ()
—4y=—4 (3

Make the coefficient of the first term in each row
equal 1.

2R, + 3R, — R,

1 4
—1R, =R, x—=—y=—= (¢
3Ry 1 37 3 )

—4Ry = R, y= 1 0
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Back-substitution of 1 for y in equation (4) gives

1 4
x——0) = ——
3() 3

1 4
X—==——
3 3

x = —1.

The solution is (—1, 1).

7. 6x—2y=—-4 (I
3x+4y= 8 (2
Eliminate x in equation (2).
6x —2y =—4 ()

—IR;+ 2R, - R, 10y =20 (3)

Make the coefficient of the first term in each row
equal 1.

1 2

1

R =R x——y=— (¢
6 1 1 3y 3 )

y= 2 0

Substitute 2 for y in equation (4) to get x = 0. The
solution is (0, 2).

1

8. 4m+3n=-1
2m + 5n 3

4dm + 3n = —1

R+ (-2)R, — R, —Tn = -7

Make each leading coefficient equal 1.

3 1
1

R =R m+-n=——
4l ! 4 4

—1R, = R, n= 1

Back-substitution gives

3
m 4+ —(1
4()
m=——=—1.
The solution is (—1, 1).

9. Sp+1llg=-7 ()
3p— 8¢ =25 (2)
Eliminate p in equation (2).
Sp+1llg= -7 ()
—73q = 146 (3)

Make the coefficient of the first term in each row
equal 1.

—3R; + 5R, — R,

11 7
+—q=— 4
P+ <4 5 €]

g=-1 ()

1

10.

11.

12.

13.

79

Substitute —2 for ¢ in equation (4) to get p = 3.
The solution is (3, —2).

12s =5t = 9
3s — 8 = —18
12s — 5t = 9
5 3
1 - =
ERI — Ry s —Et =7
Back substitution gives
5 3
s——03) =~
12() 4
5 3
§——=—
4
s = 8 = 2.
4

The solution is (2, 3).
6x+ 7y =-2 ()
Tx — 6y =26 (2)
Eliminate x in equation (2).
6x+7y= -2 ()
7R; + (—6)R, — R, 85y =-170 (3)

Make the coefficient of the first term in each
equation equal 1.

7 1

1

R =R x+—-y=— (¢
6 N1 1 6y 3 )

y=-2 ()

Substitute —2 for y in equation (4) to get x = 2.
The solution is (2, —2).

3a—8 =14 (I
a—2= 2 ()

1

Eliminate a in equation (2).
3a —8 =14 (I)

Make the coefficient of the first term in each row
equal 1.

8 14
R, =R, a—-b= — (¢4
3Ry 1 3 3 )

—1Ry = R, b=—-4 (5

Back substitute —4 for b in equation (4) to get
a = —6. The solution is (—6, —4).

3x+2y=5 (1)
6x + 4y =8 (2)
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15.
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Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

Eliminate x in equation (2).
3x+2y= 5 ()
0=-2 (3

Equation (3) is a false statement.

*ZRI + R2 — R2

The system is inconsistent and has no solution.
9% —5y =1
—18x + 10y =1
9x — 5y =1
2R; + Ry = Ry 0=3

The equation 0 = 3 is a false statement, which
indicates that the system is inconsistent and has no
solution.

3x =2y =—-4 (I
—6x+4y = 8 (2
Eliminate x in equation (2).

3x -2y =-4 (I

2R+ Ry = Ry 0= 0 (3

The true statement in equation (3) indicates that

there are an infinite number of solutions for the
system. Solve equation (1) for x.

3x -2y =-4 )
3x=2y—4
2y — 4
X = 4
3 4)
For each value of y, equation (4) indicates that
_ 2y—4

T and all ordered pairs of the form

(2y3;4, y) are solutions.

3x+ S5y+2=0

O9x +15y+6=0

Begin by rewriting the equations in standard form,
3x+ Sy=-2
9x + 15y = —6
3x+ S5y =-2

3Ry + (DR, — R, 0= 0

The true statement, 0 = 0, shows that the two

equations have the same graph, which means that
there are an infinite number of solutions for the
system. All ordered pairs that satisfy the equation

3x 4+ 5y = —2 are solutions. Solve this equation
for x.
3x =-5y -2
x= Y2
3

The general solution is the set of all ordered pairs
of the form

17.

18.

19.

3

where y is any real number.

-5y -2
[y_,y],

-

5
==
5 5 )
4x 2y
—4+—==6 (2
3 3 )

Rewrite the equations without fractions.
2R = R; 2x=-3y =5 (3
3R, = Ry, 4x+2y =18 (4)

Eliminate x in equation (4).

2x =3y =5 (3
8y =8 (9)

Make the coefficient of the first term in each
equation equal 1.

—2R1 + R2 — Rz

3 5
—_ — = — 6
XDy =3 (6)

y=1 ()

Substitute 1 for y in equation (6) to get x = 4.
The solution is (4, 1).

IR — R,

X

243y =31

St

2x—2 = 8
5

Multiply each equation by 5 to eliminate fractions.
x4+ 15y = 155

10x— y = 40

x + 15y = 155

10R; + (=R, — R, 151y = 1510
x + 15y = 155

Back-substitution gives
x + 15(10) = 155

x = 5.

The solution is (5, 10).

x 3

—+y==

sty =3 ()

X 1

SHy== (@

st =3 2

Rewrite the equations without fractions.
2Ry — Ry x+2y=3 (3)
3Ry =R, x+3y=1 (4
Eliminate x in equation (4).
x+2y= 3 (3
—1Rj+Ry =Ry, y=-2 (5
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Substitute —2 for y in equation (3) to get x = 7.
The solution is (7, —2).

Y

X 1
200 —+==—- (
9 6 3 @
8y 2
2x +—=— (2
s =3 (@)

Rewrite the equations without fractions.
18R} — R} 2x+3y =6 (3)
5Ry = Ry, 10x+8y =2 (4

Eliminate x in equation (4).

2x+3y= 6 (3)

-7y =-28 (9)

Make the coefficient of the first term in each row
equal 1.

3
1R = R x+5y:3 (6)
—1R; = R, y=4 (@)

Substitute 4 for y in equation (6) to get x = —3.
The solution is (—3, 4).

21. An inconsistent system has no solutions.

22. The solution of a system with two dependent
equations in two variables is an infinite set of
ordered pairs.

25. 2x+3y—z=1 ()

Ix+5y+z=3 (2
Eliminate x in equation (2).

2x+3y— z=1 ()
—3R; + 2Ry, — Ry y+ 5z2=3 (3
Since there are only two equations, it is not possible
to continue with the echelon method as in
the previous exercises involving systems with
three equations and three variables. To complete the

solution, make the coefficient of the first term in
the each equation equal 1.

IR = Ry x+%y+%z :% 4)
y+5z=3 ()
Solve equation (3) for y in terms of the parameter z.
y+5z=3
y=3-5z

Substitute this expression for y in equation (4) to
solve for x in terms of the parameter z.

81
x—i——(.’>—52)——z—l
2
9 15 1 1
+=-——z——=z ==
2 2 2 2
x— 8z =—4
x=8—4

The solution is (8z — 4, 3 — 5z, z).

260 3x+y—z= 0 ()
2x —y+3z=-7 (2
Eliminate x in equation (2).
Ix+y—z= 0 ()
2R; + (-3)R, — R, 5y =11z =21 (3)
Make the coefficient of the first term in each
equation equal 1.

1R; — R x—l—%y—lZ: 0

3
11 21
1
<R, = R ——z=— (
sRy 2 Y= 3 5 )
Solve equation (5) for y in terms of z.
= EZ + 2
4 5 5

Substitute this expression for y in equation (4), and
solve the equation for x.

{11 21 1
X+ —-|—z+— _EZ:O

3( 5 5
11 7 1
X+—z4+—-—-z=0
5 5 3
2 7
x+Zz=-=
5 5
2 7
x=-—=z——
5

The solution is

2 7 11 21
——z——,—z+—,z| or
5 575
[—22—7 11z + 21 Z]
5 b 5 9 .

27. x4+ 2y +3z=11 (J)
2x —y+ z= 2 (2
x+2y+3z=11 (1)

x+2y+3z=11 (J)
—iR; = R, y+ z= 4 4

Since there are only two equations, it is not possible
to continue with the echelon method. To complete
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28.

29.
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the solution, solve equation (4) for y in terms of
the parameter z.

y=4—-z
Now substitute 4 — z for y in equation (1) and
solve for x in terms of z.
x+24—-2)+3z=11
x+8—-2z43z=11
x=3-z
The solutionis (3 — z, 4 — z, 2).
x4+ y—z=-=7 ()
2x+3y+z= T (2
Eliminate x in equation (2).
—x+y—z=-7 (I)
2Ry + Ry, — Ry Sy—z=-7 (3

Make the coefficient of the
equation equal 1.

first term in each

—1Ry =R, x—y+ z= T (4
1 7
) ) 30.
Solve equation (5) for y in terms of z.
_1, 7
YT

Substitute this expression for y in equation (4), and
solve the equation for x.

x—[lz—lJ+z:7
5 5

1 7
X——z+—-+z=17
5 5
28
X+ —-z=—
5 5
4 28
X =—-——=z+ —
5 5
The solution of the system is
4 28 1 7
——z+—,—z— —,z| or
5 5°5 5
[—4z+28 z—17 ]
> 5 Z |-
5 5

xX+2y+3z=90 (J)
3y+4z =36 (2)

Let z be the parameter and solve equation (2) for
yin terms of z.

3y + 4z = 36
3y = 36 — 4z

4

=12 —-—=z

7 3

Substitute this expression for y in equation (1) to
solve for x in terms of z.

x+2[12—%z]+3z=90
8
x—|—24—§z—|—3z:90

66

1
X+ =z
3

x:66—lz
3

Thus the solutions are (66 - %z, 12 — %z,z),

where z is any real number. Since the solutions have
to be nonnegative integers, set 66 — %z > 0.
Solving for z gives z < 198.

Since y must be nonnegative, we have

12 — ;z > 0. Solving for z gives z < 9.

Since z must be a multiple of 3 for x and y to be
integers, the permissible values of z are 0, 3, 6, and
9, which gives 4 solutions.
x—=Ty+4z =75 ()

2y + 7z =60 (2)

Let z be the parameter and solve equation (2) for
yin terms of z.

2y + 7z = 60
2y =60 — 7z
y:30712

2

Substitute this expression for y in equation (1) to
solve for x in terms of z.

x—=17 75

30—12]—1—42
2
x—210—|—42—9z—|—4z:75

285

X+ —z
2

x:285—£z
2

Thus the solutions are (285 — 5—272, 30 — %z, z),

where z is any real number. Since the solutions
have to be nonnegative integers, set

285 — %z > 0. Solving for z gives z < 10.

Since y must be nonnegative, we have

30 — %z > 0. Solving for z gives z < 8.57.
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Since z must be a multiple of 2 for x and y to be
integers, the permissible values of z are 0, 2, 4, 6,
and 8, which gives 5 solutions.

31. 3x+2y+4z=280 (J)
y—=3z=10 (2
Let z be the parameter and solve equation (2) for y
in terms of z.
y—3z=10
y=3z+4+10

Substitute this expression for y in equation (1) to
solve for x in terms of z.

3x + 2(3z +10) + 4z = 80
3x + 6z + 20 + 4z = 80

3x + 10z = 60
3x = 60 — 10z
xZZO*BZ
3

Thus the solutions are (20 — %z, 3z + 10,2),
where z is any real number. Since the solutions
have to be nonnegative integers, set

20 — %z > 0. Solving for z gives z < 6.

Since y must be nonnegative, we have
3z +10 > 0. Solving for z gives z > —10%.
Since z must be a multiple of 3 for x to be an
integer, the permissible values of z are 0, 3, and, 6,
which gives 3 solutions.
32, 4x+2y+3z=72 (I)
2y =3z =12 (2)

Let z be the parameter and solve equation (2) for
yin terms of z.

2y =3z =12
2y =3z +12

3
=—z+6

)

Substitute this expression for y in equation (1) to
solve for x in terms of z.

4x+2[%z+6}+3z-72

Ax + 3z +12 + 3z =172

4x + 6z = 60
4x = 60 — 6z
x:15—§z
2

Thus the solutions are (15 - %z, %z + 6,2),

where z is any real number. Since the solutions

83

have to be nonnegative integers, set

15 — %z > 0. Solving for z gives z < 10.
Since y must be nonnegative, we have

%z + 6 > 0. Solving for z gives z < —4.

Since —4 < z < 10 and z must be a multiple of 2

for x and y to be integers, the permissible values of
zare0,2,4, 6,8, and 10, which gives 6 solutions.

33. nb+ Cx)m= Xy ()
(b + Catm = Ty (2)
Multiply equation (1) by %

[QEEDEE S DE B
n n

Cxb+ (xHm = Sxy (2)

Eliminate b from equation (2).

(*ZX)R] + R2 — R2

2
[(Zx) eyl = ZEOED
n n
1
Multiply equation (4) by 5 .
_ (Z x) + sz
n
b+ X, XY 3
n n
_ l—@x)(zw N zxy} ! 5)
n ORI
n

Simplify the right side of equation (5).
—(2_x)>_y) + nXxy

n

_nxxy — () y)
n(Ex?) — (Zx)?

From equation (3) we have

n

—(Zx)* + n(Cx?)

po XY _ XX
n n
n

35. Let x = the cost per pound of rice, and
y = the cost per pound of potatoes.
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The system to be solved is
20x + 10y = 16.20 (1)
30x + 12y = 23.04. (2)

Multiply equation (1) by 2—10.

x+ 05y = 081 (3)
30x + 12y = 23.04 (2)
Eliminate x in equation (2).

x+05y = 081 (3)
3y = —1.26 (4)

1

—30R; + R, — R,
Multiply equation (4) by —1.
x + 0.5y = 0.81 (3)
—IR, =Ry y =042 (9
Substitute 0.42 for y in equation (3).
x + 0.5(0.42) = 0.81
x + 021 = 0.81
x = 0.60

The cost of 10 pounds of rice and 50 pounds of
potatoes is

10(0.60) + 50(0.42) = 27,

that is, $27.
36. Let x = the number of new releases Blake
downloaded
y = the number of older songs Blake
downloaded.

The system to be solved is

X+y=33 )
1.29x +0.99y = 3597 (2)

Eliminate x in eqatuon (2).
x+y=33 @)

R, +(-129)R, >R, —-03y=-6.67 (3)

Solve equation (3) for y.

6.6
_06_
M

Substitute 22 for y in equation (1) and solve for x.

x+22=33
x=11

Blake bought 11 new releses and 22 older songs.

37. Letx = the number of seats on the main floor, and
y = the number of seats in the balcony.

The system to be solved is
8x + 5y = 4200 (1)
0.25(8x) + 0.40(5y) = 1200. (2)

38.

Make the coefficient of the first term in equation (1)
equal 1.

%Rl — Ry er%y = 525 (3)
2x + 2y = 1200 (2)
Eliminate x in equation (2).

x—l—%y: 525 (3)

Make the coefficient of the first term in equation (4)

equal 1.
X + % y =525 (3)
3R, =Ry y =200 (9
Substitute 200 for y in equation (3).
x + %(200) = 525

x 4+ 125 = 525
x = 400

There are 400 main floor seats and 200 balcony
seats.

Let x = the number of skirts originally in the
store, and
y = the number of blouses originally in the
store.

The system to be solved is

45x + 35y = 51,750 (1)
45 lx} + 35[2)/ = 30,600. (2)
2 3
Simplify each equation. Multiply equation (1) by
% and equation (2) by %.
9x + 7y = 10,350 (3)
27x + 28y = 36,720 (4)

Eliminate x from equation (4).
9x + 7y = 10,350 (3)
—3R;+Ry, = Ry Ty = 5670 (5)

Make each leading coefficient equal 1.
SR = Ry x +%y = 1150 (6)

1R, - R, y= 810 (7)
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39.

40.

Substitute 810 for y in equation (6).
X+ %(810) = 1150

x + 630 = 1150
x = 520
Half of the skirts are sold, leaving half in the

store, SO

Ly = Lis20) = 260.
27 2

Two-thirds of the blouses are sold, leaving one-
third in the store, so

1 1

—y = —(810) = 270.

37 =3 (810)

There are 260 skirts and 270 blouses left in the
store.

Let x = the number of model 201 to make each
day, and
y = the number of model 301 to make each

day.
The system to be solved is
2x+ 3y = 34 ()
18x + 27y = 335. (2)
Make the coefficient of the first term in equation (1)
equal 1.

%R1—>R1 x—l—%y: 17 (3)

18x + 27y = 335 (2)

Eliminate x in equation (2).
x + % y=17 (3)

—18R;+R, >R, 0=29 (4

Since equation (4) is false, the system is inconsistent.
Therefore, this situation is impossible.

Let x = the number of shares of Disney stock, and
y = the number of shares of Intel stock.

30x + 70y = 16,000 (1)
45x + 105y = 25,500 (2)
Simplify each equation. Multiply equation (1) by
% and equation (2) by %
3x + 7y =1600 (3)
3x + 7y =1700 (4)

Since 3x + 7y cannot equal both 1600 and 1700

for one point (x, y), we have an inconsistent
system. Therefore, this situation is not possible.

41.

42.

85

(a) Let x = the number of fives
y = the number of tens

z = the number of twenties
We want to solve the following system.
x+ y+ z=70 ()
S5x + 10y + 20z = 960 (2)
Eliminate x in equation (2).
x+y+ z= 170

Let z be the parameter. Solve for y and for x
in terms of z.

5y + 15z = 610
Sy = 610 — 15z
y =122 -3z
x+ (122 -32)4+z =70
x—2z=-52
x =2z—-152

The solutions are (22 — 52,122 — 3z, z),

where z is any real number. All variables must
represent nonnegative integers.

122-32>0 22-52>0
—3z > 122 2z > 52
z < 40.67 z > 26

Therefore, z must be an integer such that
26 < z < 40. Thus, there are a total of

15 solutions.
(b) The smallest value of z is 26.
x =2z-152 y =122 -3z
=2(26)—-52=0 =122 — 3(26) = 44
The solutions with the smallest number of

five-dollar bills is no fives, 44 tens, and
26 twenties.

(¢) The largest value of z is 40.
x=2z-152 y =122 -3z
= 2(40) — 52 = 28 =122 — 3(40) = 2

The solutions with the largest number of five-
dollar bills is 28 fives, 2 tens, and 40 twenties.

Let x = the number of EZ models,
y = the number of compact models, and

z = the number of commercial models.

Make a table.

EZ | Compact | Commercial | Totals
Weight | 10 20 60 440
Space 10 8 28 248
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10x + 20y + 60z = 440 (1)
10x + 8y + 28z = 248 (2)
Eliminate x from equation (2).

10x + 20y + 60z =440 (J)
R+ (—-DRy, = Ry, 12y 4+ 32z =192 (3)
Make the leading coefficients equal 1.
R = Ry x+2y+ 62 =44 (9
SRy — Ry y+§z:l6 5

Solve equation (5) for y.

Substitute this expression for y into equation (4)
and solve for x.

x—l—ZK@ + 6z = 44
¥ = 44— 6 - 106 =2
3
x_132—182—96+16z
3
36 — 2z
x =%
3
x:2(l8—z)
3

The solution of the system is

2(18 — z) 8(6 — z2) .

3 3
The solutions must be nonnegative integers.
Therefore, 0 < z < 6. (Any larger values of z

would cause y to be negative, which would make
no sense in the problem.)

Values of z Solutions
0 (12, 16, 0)
! (34)
2 (23]
3 (10,8, 3)
¢ (s
s (way
6 (8,0,6)

Ignore solutions containing values that are not
integers. There are three possible solutions:

1. 12 EZ models, 16 compact models, and
0 commercial models;

2. 10 EZ models, 8 compact models, and
3 commercial models; or

3. 8 EZ models, 0 compact models, and
6 commercial models.

43. Let x = the number of buffets produced each

week,
y = the number of chairs produced each
week.
z = the number of tables produced each
week.
Make a table.
Buffet | Chair | Table | Totals
Construction 30 10 10 350
Finishing 10 10 30 150

The system to be solved is
30x + 10y + 10z = 350 (1)
10x + 10y + 30z = 150. (2)

Make the coefficient of the first term in equation
(1) equal 1.

1 35

!
X —yfoz= 2 3
377375 3 O

10x + 10y + 30z = 150 (2)

Eliminate x from equation (2).

1 35
x+—-y+-z= = (@
y+3 3 &)
,10R1 + R2 — R2 ?y +83_OZ = m (4)

Solve equation (4) for y. Multiply by 3.
20y + 80z =100
y+ 4z=5
y=5—4z
Substitute 5 — 4z for y in equation (1) and solve
for x.
30x 4+ 10(5 — 4z) + 10z = 350
30x 4+ 50 — 40z + 10z = 350
30x = 300 + 30z
x =10+ z
The solution is (10 + z,5 — 4z, z). All variables
must be nonnegative integers. Therefore,
5—-4z2>0
5> 4z

ZSE,
4
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so z = 0 or z = 1. (Any larger value of z would
cause y to be negative, which would make no
sense in the problem.) If z = 0, then the solution

is (10, 5, 0). If z = 1, then the solution is (11, 1, 1).

Therefore, the company should make either
10 buffets, 5 chairs, and no tables or 11 buffets,
1 chair, and 1 table each week.

44, (a) The system to be solved is
43,500x — y = 1,295,000 (1)
27,000x — y = 440,000 (2)
Eliminate x in equation (2).
43,500x — y = 1,295,000 (1)
_izzggg R, + R, — R, —%y _ _10,5;(9),000 3)

Make the coefficient of the first term in equation
(3) equal 1.
43,500x — y = 1,295,000 (1)
10,550,000
BT

29

10,550,000
11
10,550,000

43,500x — 1 = 1,295,000

Substitute for y in equation (1).

24,795,000
11

570

T

570 10,550,000]

43,500x =

The solution is , T

The profit/loss will be equal after % weeks
or about 51.8 weeks. At that point, the profit

will be w or about $959,091.

(b) If the show lasts longer than 51.8 weeks,
Broadway is a more profitable venue. If it lasts
less than 51.8 weeks, off Broadway is a more
profitable venue.

45. (a) For the first equation, the first sighting in 2000
was on day y = 759 — 0.338(2000) = 83,
or during the eighty-third day of the year.
Since 2000 was a leap year, the eighty-third
day fell on March 23.
For the second equation, the first sighting in
2000 was on day y = 1637 — 0.779(2000) =
79, or during the seventy-ninth day of the year.
Since 2000 was a leap year, the seventy-ninth
day fell on March 19.

87

(b) y= 759 -0338x (I)
y =1637 — 0.779x (2)
Rewrite equations so that variables are on the
left side and constant term is on the right side.
0338x +y =759 (3)
0.779x + y = 1637 (4)
Eliminate y from equation (4).
0338x +y =759 (3
—1R; + Ry = R,  0.441x =878 ()
Make leading coefficient for equation (5)
equal 1.
The two estimates agree in the year closest to

_ 818 ;
X =g ¥ 1990.93, so they agree in 1991.

The estimated number of days into the year
when a robin can be expected is

0338] 38| 4 ) — 759
0.441

y =~ 86.
46. (a) We are given the equation
y = ax? + bx + c.

Since a car traveling at 0 mph has a stopping
distance of 0 feet, theny = O when x = 0.
Substituting these values into y = ax? 4+ bx + ¢
yields

0 = a(0)*> + b(0) + ¢, s0

c=0.
Therefore, we have

y = ax? + bx.

After substituting the given values for the
stopping distances (y) and speeds (x) in mph,
the system to be solved is

61.7 = a(25)% + b25) (1)

106 = a(35)* + b35). (2)
These equations can be written as

625a + 256 = 61.7 (I)
12254 + 356 = 106. (2)

Multiply equation (1) by 6_55; also eliminate
the decimal in 61.7 by multiplying the numerator
and denominator of the fraction by 10.

1 617

1

LR, >R a+—b=—— (3
625 1 ! 5" =550 @

12250 + 350 = 106 (2)

Eliminate a in equation (2).
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47.

48.

—1225R; + R, — R,
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1 617
a+—b= ——"t
25 6250
3733

250

)

—14b = — (4)

Multiply equation (4) by —ﬁ.

at+Lp=27 (3
257 6250
3733

3500

Substitute % for b in equation (3).

1
_HRZ — R2 b

&)

1(3733) _ 617
25(3500) 6250
4905

87,500

Therefore,

4905

87,500

and b = ﬁ ~ 1.06657.
3500

(b) Substitute the values from part (a) for @ and b

~ 0.056057,

and 55 for x in the equation y = ax* + bx.
Solve for y.

y = 0.056057(55)2 + 1.06657(55)
y ~ 228
The stopping distance of a car traveling

55 mph is approximately 228 ft.

Let x = number of field goals, and
y = number of foul shots.
Then x+y=64 (I)
2x + y =100 (2).
Eliminate x in equation (2).
x+y= 64 (I
—2R{+Ry — R, -y =-28 (3

Make the coefficients of the first term of each
equation equal 1.

x+y=64 ()
Substitute 28 for y in equation (1) to get x = 36.

Wilt Chamberlain made 36 field goals and 28 foul
shots.

Let x = flight time eastward

y = difference in time zones

The flight time westward is one hour longer than
the time eastward, so flight time westward is
x+1. The system to be solved is

x+y=13
x+D)—-y=2
or
x—y=1 ()
x+y=13 (2)
x—y=1
(—=DRy +Ry, —R, 2y =12
x—y=1
1
ERZ — R, y=256

Substitute y =6 into (1).

x—6=1
x=7

The flight time is 7 hours, and the difference in
time zones is 6 hours.

(a) Since 8 and 9 must be two of the four numbers
combined using addition, subtraction,
multiplication, and/or division to get 24, begin
by finding two numbers to use with 8 and 9.
One possibility is 8 and 3 since

9—-8)-8-3 =24

If we can find values of x and y such that
either x + y = 8 and 3x + 2y = 3, or

x+ y =3and 3x + 2y = 8, we will have
found a solution. Solving the first system gives
x = —13 and y = 21. This, however, does

not satisfy the condition that x and y be single-
digit positive integers. Solving the second
system gives x = 2 and y = 1. Since both
of these values are single-digit positive
integers, we have one possible system. Thus,
one system is

x+y=3
3x +2y =38
Its solution is (2, 1). These values of x and y give

the numbers 8, 9, 8, and 3 on the game card. These
numbers can be combined as (9 — 8) - 8- 3 to

make 24.
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2.2 Solution of Linear Systems by the
Gauss-Jordan Method

Your Turn 1

4x + 5y =10
7x + 8y =19
Write the augmented matrix and transform the matrix.
4 51|10
7 8|19
515
%RIHRI LT |5
7 8119
515
)
~7TR; +Ry = Ry {0 —2 |2
5 5
.
—3R, =Ry |0 1|2

_%RZ_'—R]_)RI 1 0 5
0 1]|-2

The solutionis x = 5 and y = =2, or (5, —2).
Your Turn 2
x+2y+3z= 2
2x + 2y — 3z =27
3x +2y+5z=10

Write the augmented matrix and transform the matrix.

12 3|2
2 2 =327
3 2 5]10
1 2 3|2

—2R; + R,—R,[0 -2 —9(23
73R1 + R3*>R3 0 —4 —4 4

1 2 3] 2
—LRy—R,|0 2-2

0 —4 —4| 4
—2R, + R;—Ry|1 0 —6]| 25
9 23

o1 2|-2

4R, +R3—=R310 0 14| -42
10 —6| 25

9 23

01 =3

ZR3—=R3l0 0 1| -3

6R3 +R1—>R1 1 0 0 7
—3R3 + R, —R,(0 1 0] 2
00 1|-3
The solutionis x = 7,y = 2, and z = -3, or
(75 2’ _3)

Your Turn 3
2x =2y +3z—4w =06
3x+2y+52-3w=7
4x+ y+2z—-2w=2_8

Write the augmented matrix and transform the matrix.

2 -2 3 416
32 5 =317
4 1 2 =28

IR=R |1 -1 2 23
3 2 5 =3
4 2 =2
3
1 -1 5 -2 3
“3R;+R, >R, [0 5 L 3[-2
—4R1 + R3 — R3 0 5 —4 6| —4
3
1 -1 > -2 3
| 13| 2
0 5 4 6|4
8§ 7
R2+R1—>R1 1 0 ? _?
!
0 1 T 3
—5R, +R3 = R3 |0 0 _% 3
8§ 7| 13
Lo s =5 5
13 2
0l g 5|-%
2 2 4
—SR3=R310 0 1 5| F
8 11
—?R3+R1—>R1 1 0 0 —?
1 2
—ER3+R2—>R2 0 1 O ? -
2
0 0 1 —3
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We cannot change the values in column 4 without
changing the form of the other three columns. So, let w

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

be the parameter. The last matrix gives these equations.

1 17 17 1
X—=—w=—, Oof X=—+—W
3 9 9 3
—l—gw——i or ——i—gw
T3 R
2 4 4 2
zZ——w=—, Oor z=—=+4+—w
3 9 9 3

where w is a real number.

2.2 Warmup Exercises

WI1.

W2.

Using z as the parameter, the general solution is
(24432,10-2z,2).

For nonnegative solutions we require

2443z 20,10-2z 2 0, and z = 0.

Solving each inequality for z, we have
z2-8,z<5 and z 2 0.

Thus, 0 < z < 5 and there are 6 solutions in
nonegative intergers.

Using z as the parameter, the general solution is
(25-2z, —14+3z, z).

For nonnegative solutions we require

25-2z20, -1443z20, andz > 0.

Solving each inequality for z, we have

zsé, ZZH,and z2>0.
2 3

Thus, % <z< ?, and for interger

z, 5<z<12, so there are 8 solutions in

nonnegative intergers.

Exercises
3x+ y= 6
2x + 5y =15

The equations are already in proper form. The
augmented matrix obtained from the coefficients and
the constants is

31016

2 5015)
4x — 2y = 8
—Ty =—12

The equations are already in proper form. The
augmented matrix obtained from the coefficients
and the constants is

4 -2 8
0 —7|-12]
2x+ y+ z= 3
3x —4y + 2z = -7

X+ y+ z= 2

leads to the augmented matrix

2 1 1] 3
3 -4 2|-7|
1 1 1] 2

2x =5y +3z= 4
—4x 4+ 2y — Tz =-5
3x—y= 8

The equations are already in proper form. The

augmented matrix obtained from the coefficients
and the constants is

2 -5 3| 4
-4 2 =75
3 -1 0] 8

We are given the augmented matrix

1 02
0 1]3]
This is equivalent to the system of equations
x=2
y =73
orx =2,y = 3.
1 0| 5
0 1]|-3
is equivalent to the system
x= 5
y = —3.
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1 0 0| 4 The resulting matrix is
7. 0 1 0]|-5 3 2 6]18
0 0 1] 1 2 =2 5| 7|
The system associated with this matrix is 0 =2 942
x= 4 16 4|7
y=-3 13. [0 3 2|5
z= 1 05 3|7

Fll’ld (*Z)Rz + Rl — Rl

5
7

91

1 0 0|4
8. (01 0]2 (—2)(())+1 (—2)§+6 (—2)i+4 (=2)5 + 7
0 0 1|3
0 5 3
is equivalent to the system
1 0 0|-3
e =|0 3 2
r- : 05 3| 7
z = 3.

orx =4, y=2 z=23.
14. Replace R by R; + (—3)R;.
9.  Row operations on a matrix correspond to

transformations of a system of equations. The original matrix is

3 7 4110 1 0 4|21
u L2 3l e 0 6 5]30]
) 0 0 12|15
0 4 5|11

The resulting matrix is
Find Ry + (—=3)R,.

-3 0 0|-—48
In row 2, column 1, 06 5| 30!
34+ (31 =0. 00 12| 15
In row 2, column 2,
7+ (=32 = 1. 30018
In row 2, column 3, I5. 1050
4 + (=33 = -5. 004
In row 2, column 4, 1R, = R 13) 10 (0 [+18)
10 + (—3)6 = —8. 0 5 0 9 | =
Replace R, with these values. The new matrix is 0 0 4 8
37 410
0 1 —=5/|—8l 16. Replace R; by %R}
0 4 5|11 10 ol 30
12. Replace R; by —1R; + 3Rj;. 0 1.0 17).
The original matrix is 0 0 6]162
3 2 6118 The resulting matrix is
2 =2 5| 7| 1 0 030
1 0 5|20 0 1 0|17].
0 0 1]27
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17.

18.

19.

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

x+y=135
3x+ 2y =12
Write the augmented matrix and use row operations.
1 1] 5
32 ‘ 12
1 1] 5
—3R;+R; — R, |0 1‘3]
1 1|5
—1R, = R, |0 1 ‘ 3]

—1R,+R; = Ry |1 0]2
0 1|3
The solution is (2, 3).
x+2y= 5
2x+ y=-2

To begin, write the augmented matrix for the given
system.

1 2| 5
2 1|-2

The third row operation is used to change the 2 in
row 2 to 0.

0 -3|-12

1 2 ‘ 5
—2R1 + R2 — R2
Next, change the 2 in row 1 to 0.
3 0] -9
0 -3 |-12

2R2 + 3R1 — R]

Finally, change the first nonzero number in each
row to 1.

The final matrix is equivalent to the system
x=-3
y= 4
so the solution of the original system is (—3, 4).
x+ y= 17
4x + 3y = 22

Write the augmented matrix and use row operations.

20.

21.

22,

117
[4 3‘22]
117
0—1‘—6]
117
01‘6‘

01
1[6

*4R1 + R2 — R2

—1R2 — R2
—1R2 + Rl — Rl

—_—

(=]

The solution is (1, 6).

4x — 2y =3
—2x 4+ 3y =1

The augmented matrix for the system is

-2 3|1
-2|3
i
011
I

4 —2‘3

R, + 2R, — R,
R2—|—2R1 — Rl

S o0 © bH

—_
—_

1

ENRVY 00‘

1

The solution is (%,%).
2x — 3y =2

4x — 6y =1

Write the augmented matrix and use row operations.

2 =32
4 —6]1

2 =3 2
72R1+R2*>R2 0 0 —3

The system associated with the last matrix is

2x =3y =2
Ox + 0y = —3.
Since the second equation, 0 = —3, is false, the

system is inconsistent and therefore has no
solution.

2x+3y =9
4x + 6y =7
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Write the augmented matrix and use row operations.
2 319
4 6|7
2 3
00

9
—11

*2R1 + R2 — R2

The system associated with the last matrix is

2x+3y = 9
Ox + 0y = —11.
Since the second equation 0 = —11, is false, the

system is inconsistent and therefore has no solution.
23. 6x —3y = 1
—12x + 6y = -2

Write the augmented matrix of the system and use
row operations.

6 3| 1
lqz J—J
6 31
2R, + Ry — R, |0 O‘J
R =Ry =51
0 0|0

This is as far as we can go with the Gauss-Jordan
method. To complete the solution, write the
equation that corresponds to the first row of the
matrix.

1 1

X——y ==
27 76

Solve this equation for x in terms of y.
1 1 3y+1

Tt T T
The solution is (3y 6+ ! , y), where y is any real
number.
24. x—y= 1
—x+y=-1
The augmented matrix is
1 —-1| 1
-1 1 ‘ —1‘
1 —-1]|1
Ry+R, = R, |0 0‘0

The row of zeros indicates dependent equations.
(Both equations have the same line as their graph.)
The remaining equation is x — y = 1. Solving for

x gives x = y + 1. There are an infinite number

25.

26.

93

of solutions, each of the form (y + 1, y), for any
real number y.

y=x-3
y=1+4z
z=4—x

First write the system in proper form.

—x+y = -3
y—z=1
X +z=4
Write the augmented matrix and use row operations.
-11 0|-3
01 —1}| 1
10 1| 4
—1Ry — Ry|1 -1 03
0 1 —1}1
1 0 1|4
1 -1 0]3
0 1 —1|1
—1R{+R3 = R3(0 1 1)1
Ry+R; —R; |1 0 —1/4
0 1 —1|1
—1R, +R3 — R5(0 0 210
R;+2R; — R; (2 0 0|8
R3; +2R, — R, |0 2 02
00 2|0
%Rl — R; |1 0 0|4
IRy = Ry[0 1 01
%R3 — R510 0 1|0

The solution is (4, 1, 0).

x=1—-y
2x =z
2z=-2—-y

Put the equations in proper form to obtain the
system
x4y =1
2x - z=0
y+ 2z =-2.
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27.

28.
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The augmented matrix is

1 1 0 1
20 —-1] O
01 2|-2

11 of 1
—2R;+R, =R, [0 =2 —1|-2
0 1 2|-2
R, +2R; > R;[2 0 —1| 0
0 —2 —1|-2
R, +2R; - R;|0 0 3|—6

R;+3R;, =R, [6 0 0| —6
R;+3R, - R, [0 —6 0|12
0 0 3| -6
tRi =R [1 0 0]-1
4Ry = Ry[0 1 0| 2
%R3HR3OO 1]-2

The solution is (—1, 2, —2).

2x — 2y = =5
2y 4+ z= 0
2x+ z = -7

Write the augmented matrix and use row
operations.

2 =2 0]-5

0 1{ 0

2 1|-7

2 =2 0]|-5

0 2 11 0
“IR;+R; — R3|0 2 1|-=2
R,+R, =R, [2 0 1]-5
02 1 0

—1R2+R3 — R3 O 0 0 -2

This matrix corresponds to the system of equations

2x+z = -5
2y +z= 0
0=-2.

This false statement 0 = —2 indicates that the
system is inconsistent and therefore has no solution.
z=-3

y+ z= 9
—2x +3y +5z = 33

X

Write the augmented matrix and use row operations.

29.

30.

1 0 —1|-3
01 1| 9

-2 3 5|33
1 —1|-3
0 1] 9

2R1 + R3 — R3 0 3 27

1

0

—3R2+R3 — R3 0

-3
9

SO - O W = O
I
—_

0

The last row indicates an infinite number of solutions.
The remaining equations are

x—z=-3and y+z=09.
Solve these for x and y, the solutions are
(z—-3-2+4+9,2)
for any real number z.
4x +4y — 4z =24
2x— y+ z=-9
x—2y+3z= 1
Write the augmented matrix and use row operations.

4 4 —4|24

2 -1 1|-9
-2 3| 1
4 4 —41]24

R+ (-2)R, > R,|0 6 —6]42
R, + (—4)R; — R3 [0 12 —16 20

2R, 4+ (-3)R; = Ry [-12 0 0| 12
0 6 —6| 42

—2R,+ Ry —R;| 0 0 —4|—64
~12 0 0] 12
—3R;+2R, - R, | 0 12 0] 276
0 0 —4|—64

—5Ri = Ri[1 0 0-1
SRy = Ry[0 1 023
—1Ry; - Ry [0 0 1]16

The solution is (—1, 23, 16).

xX+2y—T7z=-2
—2x =5y +2z= 1
3x+5y+4z=-9
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31.

Write the augmented matrix and use row operations.

1 2 =72
-2 =5 2 1
3 5 4]-9

12 7|2
2R;+R, >R, |0 —1 —12{-3
—3R;+R3; —»R; [0 —1 25|-3
2R, +R; — R, [1 0 —31|-8
0 -1 —12|-3
—1R,+R3 = R; [0 0 37| 0
31R; +37R; — R, [37 0 0
12R3 +37R, = R, | 0 —37 0

1

10

—3+Ry =Ry |0 1
LRy — Ry 00

The solution is (-8, 3, 0).

3x+5y— z=0
4x — y+2z=1
Tx+4y+ z=1

Write the augmented matrix and use row operations.

3 5 -1]0
4 -1 211
7 4 1|1

35 —1] 0
4R, + (-3)R, — R, [0 23 —10|-3
TR, + (=3)R; — R3 |0 23 —10|-3

23R, + (=5)R, — Ry [69 0 27|15
0 23 —10|-3

1 9 S
Rt = Ry |10 551 53

1 _10 | _3
53Ry = Ry |0 1 =53 =53

00 0 0
The row of zeros indicates dependent equations.

Solve the first two equations respectively for x and
v in terms of z to obtain

9 5 -9z +5
X=——z4—=—"
23 23 23
and
10 3 10z — 3
y = —7Z — — = .
23 23 23

32.

33.

95

—9z45 10z-3
23 > 23 7

3x—6y+3z=11
2x+ y— z= 2
5x =5y +2z= 6

The solution is

Write the augmented matrix and use row
operations.
-6 3|11

I -1 2]
-5 2] 6

15 -9|-16
15 -9 | =37

—ZRI + 3R2 — R2
—5R; + 3R3 — Ry

3
2
5
3 -6 3 11
0
0

0 15 -9 |—-16
~R, +R3; = R3[ 0 0 0f-21

The last row indicates inconsistent equations. There
is no solution to the system.

5x —4y+2z= 6
S5x+3y— z=11
15x — 5y 4+ 3z = 23

Write the augmented matrix and use row operations.

5 -4 2|6
5 3 —1]11
15 =5 3|23
5 -4 216
—lRl + R2 — R2 O 7 —3 5
—3R;+R3; = R3|0 7 3|5
07 =3| 5
71R2 + R3 — R3 O O 0 0

1 2 | 62
le — Rl 10 E E
%R2 — R2 0 1 —% %

0 0 0] 0

The row of zeros indicates dependent equations.
Solve the first two equations respectively for x and
y in terms of z to obtain

2 62 -2z + 62
X = ——Z _——
35 35 35
and

3z+5

N
YTEETY 7
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—2z462 3z+45
35 07 °Ff

The solution is
3x+2y—z=-16

6x —4y + 3z = 12

5x =2y +2z= 4

Write the augmented matrix and use row operations.

3 2 —1|-16

6 —4 3| 12

5 =2 2 4

3 2 —1]|-16
—2R;+R, =R, [0 -8 5| 44
—5R; +3R; — R3|0 —16 11| 92

R, +4R; - R, [12 0 1]-20

0 -8 5| 44
—2R,+R3 - R3[ 0 0 1| 4
—1R;+R; = Ry [12 0 0]-24
~5R3;+R, - R,| 0 -8 0| 24

0 0 1| 4

SR = Ri[1 0 0|=-2
—1R; = Ry|0 1 0]-3
00 1| 4

Read the solution from the last column of the
matrix. The solution is (=2, —3, 4).

2x+ 3y + z= 9

4x + 6y + 2z = 18

1 3 1 9

——X =y - —z=——

27 47 47 4

Write the augmented matrix and use row operations.

S O o

2 31
—2R;+R, = R,|0 0 0
%R]‘FR:},HR}O 0 0

The rows of zeros indicate dependent equations.
Since the equation involves x, y, and z, let y and z
be parameters. Solve the equation for x to obtain

_9-3y—z
X =-—5—".

9z -3y —z

The solution is > , ¥, z|, where y and z

are any real numbers.

36. 3x -5y —2z=-9
—4x+3y+ z= 11
8x —5y+4z= 6

Write the augmented matrix and use row operations.

3 -5 -21-9
-4 3 1] 11
8 =5 4| 6

3 -5 —2]-9
4R, + 3R, — R, [0 —11 —5|-3
—8R; +3R; — Ry [0 25 28] 90
~5R, +11R; - R, [33 0 3|-84

0 —11 -5| -3
25R, + 1IR3 — R3 | 0 0 183 915
—R3 + 61R; — R; [2013 0 0|—6039
5R; + 183R, — R, 0 —2013 0| 4026
0 0 183| 915
R =R [1 0 0]-3
~sa5R2 = Ry [0 1 0] -2

%RS_JQOOI 5

Read the solution from the last column of the
matrix. The solution is (—3, —2, 5).

37. x4+ 2y - w= 3
2x + 4z + 2w = —6
x+2y—z = 6

2x— y+z+ w=-3

Write the augmented matrix and use row operations.

1 2 0 —-1| 3
2 0 4 2|-6
1 2 -1 0| 6
2 -1 1 1|-3

*2R1 + R2 — Rz
—~1R;| + R3 — R;
—2R1 + R4 — R4

c o o ~
o
|
—_
—
W

R, +2R; = Rj[2 0 4 -6

0 -4 4 4|-12

o 0 -1 1| 3

—5R, + 4R, — R4 [0 0 —16 —8| 24
4R;+R; =Ry [2 0 0 6] 6
4R34+ R, =Ry |0 -4 0 8| 0
0 0 -1 1|3
16R3 + (—1)R4y — Ry |0 0 24|24
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Ry+(-HR; - Ry [-8 0 0 o o0
Ry+(-3)R, = R,| 0 12 0 0 24
Ry + (2R3 — R5| 0 0 24 0|—48

0 0 0 24| 24

—+R; = Ri[1 0 0 0] 0
SRy = Ry(0 1 0 0] 2
53Rz = R3|0 0 1 0|2
2—14R4—>R4000 1 1

The solutionis x =0,y =2,z = -2, w=1, or

(0, 2: _29 1)

38. x+3y—-2z—w= 9
2x + 4y +2w= 10

—3x -5y +2z—w=-15
xX—y—3z4+2w= 6

1 3 -2 -1 9
2 4 0 2] 10

-3 -5 2 —1|-15
1 -1 =3 2| 6
1 3 -2 —1] 9
—2R;+R, =R, |0 —2 4 4|-8
3R1+R3—>R3 0 4 —4 —4 12
—IR;+Ry =R, |0 —4 —1 3|-3
3R, +2R; — R; [2 0 8 10]|-6
0 -2 4 4|-8
2R, +R; — R3 |0 0 4 4|4
72R2+R44>R4 0 O —9 —5 13
—2R3+R1—>R1 2 O 0 2
~1R3+R, =R, [0 =2 0 —4
0 0 4 4|4
9R; + 4R, — R, [0 0 0 16] 16
Ry+ (-8R, - R;[-16 0 0 0| 0
0 —2 0 0|4
Ry+(4HR3; - R3| 0 0 —16 0] 32
0 0 0 16] 16
—=Ri =Ry (1 00 0
—IR, =Ry (0 1 0 0] 2
—=R3 = R |0 0 1 0|2
LRy — Ry [0 0 0 1] 1

The solution is (0, 2, —2, 1).

97

39. x+y—z+2w=-20
2x — y+z4+ w= 11
Ix—-2y+z-2w= 127

11 -1 2]-20
2 -1 1 1] 11

3 -2 1 =2| 27

1 1 -1 2|-20

—2R;+Ry, - R, |0 =3 3 3| 51
-3R;+Ry = R; [0 -5 4 8| 87
1 1 -1 2|-20

—IR; =Ry (0 1 —1  1[-17

0 -5 4 -8| 87

~IR, +R; —R;[1 0 0 1| =3
01 —1 1[-17

SR, +R3; — Ry [0 0 —1 —3| 2
10 0 1] =3

0 1 —1 1]-17
—1R; = R; [0 0 1 3| =2
00 1| =3
Ry+R, =R, [0 1 0 4|—19
00 13| -2

This is as far as we can go using row operations.
To complete the solution, write the equations that
correspond to the matrix.

x+ w= =3
y+ 4w = —19
z+3w = =2

Let w be the parameter and express x, y, and z in
terms of w. From the equations above, x = —w — 3,

y=—4w —19, and z = 3w — 2.
The solutionis (—w — 3, —4w — 19, —3w — 2, w),

where w is any real number.

40. 4x -3y + z+ w=21
—2x— y+2z4 Tw= 2
10x — 5z — 20w =15

4 -3 1 1]21
-2 -1 2 71 2
10 0 -5 =20|15

Interchange rows 1 and 2.
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-2 -1 2 71 2
4 -3 1 11]21
10 0 -5 -20|15

-2 -1 2 7|2
2R;+Ry, = R, | 0 —5 5 15|25
5Ri+R3 - R3| 0 =5 5 15|25
-2 -1 2 17| 2

—IR, =Ry 0 1 -1 -3|-5
IRy Ry 0 —1 1 3] 5
R, +Ry =R [-2 0 1 4|-3
0 1 —1 —3[-=5

R,+R; —=R3| 00 0 0| 0

The last row indicates that there are an infinite
number of solutions. The remaining equations are

—2x+z+4w=-3andy —z — 3w = -5

Solve these for x and y to obtain

x:#andy:z—i—Sw—S.
There are an infinite number of solutions, each of
the form
z+ 4w+ 3

,Z+3w—15zw]|,

or
1.5 4 0.5z 4+ 2w, =5 4+ z + 3w, z, w),

for any real numbers z and w.

41. 1047x + 3.52y 4 2.58z — 6.42w = 218.65
8.62x — 493y —1.75z + 2.83w = 157.03
4.92x + 6.83y — 2.97z + 2.65w = 462.3
2.86x +19.10y — 6.24z — 8. 73w = 3984

Write the augmented matrix of the system.
1047 352 2.58 —6.42218.65
8.62 —493 —-1.75 2.83|157.03
492 6.83 —297 2.65| 4623
2.86 19.10 —6.24 —8.73| 3984
This exercise should be solved by graphing calculator

or computer methods. The solution, which may vary
slightly, is x =~ 28.9436, y =~ 36.6326,

z ~ 9.6390,and w ~ 37.1036, or
(28.9436, 36.6326, 9.6390, 37.1036).

42. 28.6x + 94.5y +16.0z — 2.94w = 198.3
16.7x + 443y — 273z + 89w = 254.7
12.5x — 38.7y + 92.5z 4+ 22.4w = 562.7
40.1x — 283y +17.5z — 102w = 3754

This exercise should be solved by graphing calculator
or computer methods. The solution, which may vary
slightly, is

(11.844, —1.153, 0.609, 14.004).

43. Insert the given values, introduce variables, and
the table is as follows.

% a b
c d %
e | f | &g
From this, we obtain the following system of
equations.
a + b + 3 =1
c +d + =1
e + f + g =1
¢ + e + 3 =1
a + d + f =1
b +g+ =1
d +g+3=1
b +d + e =1

The augmented matrix and the final form after row
operations are as follows.

110000051000000é
0011000%0100000%
0000 1 1 1/1 [0010000[;
0010100%_}0001000%
100101001 lo0000100]S
010000 1|2 00000 10!
0001001§ 0000001%
0101 100[1 |g060000o0lo

The solution to the system is read from the last
column.

So the magic square is:

3 1 11
8 6 | 24
5 1 1
Z | 3| 7
5 1 7
24 | 2 | 24
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44. Let x = the number of hours to hire the Garcia
firm, and
y = the number of hours to hire
the Wong firm.

The system to be solved is
10x + 20y = 500 (1)
30x + 10y = 750 (2)
5x + 10y = 250. (3)

Write the augmented matrix of the system.

10 20 | 500
30 10| 750
5 10250

Rt = Ry 250

%R3—>R3 1 2150
12| 50
—3R;+R, - R, |0 —5|-75
~IR;+R3 = R; [0 0| 0

1 250

—tR; = Ry |0 1|15

0 0|0

—2R, +R; — R, [1 020

0 1|15

0 0|0

The solution is (20, 15). Hire the Garcia firm for
20 hr and the Wong firm for 15 hr.

45. Let x = amount invested in U.S. savings bonds,
y = amount invested in mutual funds, and

z = amount invested in a money market account.

Since the total amount invested was $10,000,
x + y + z = 10,000.

Katherine invested twice as much in mutual funds
as in savings bonds, so y = 2x.

The total return on her investments was $470, so
0.025x + 0.06y + 0.045z = 470.

The system to be solved is
X+ y+ z =10,000 (J)
2x — y =0 )
0.025x + 0.06y + 0.045z = 470 3.

Simplify the system by multiplying equation (3)
by 1000.

99

x4+ y+4+ z = 10,000 (J)

2x — y = 0

1000R; — R3 25x + 60y + 45z = 470,000 (4)
Eliminate x in equations (2) and (4).

x+y+ z= 10,000 (J)

—2R; + Ry, = Ry, =3y — 2z =-20,000 (5)

—25R; + R; — R3 35y + 20z = 220,000 (6)

Eliminate y in equation (6).

X+y+ z = 10,000 (1)

— 3y — 2z = 20,000 (5)

35R, + 3R; — Ry — 10z = —40,000 (7)

Make each leading coefficient equal 1.

X+y+ z= 10,000 (I)

2 20,000

3Ry =Ry y+Iz="00 ()
3 3

—R3 = Ry z= 4000 (9)

Substitute 4000 for z in equation (8) to get
y = 4000. Finally, substitute 4000 for 2 and 4000
for y in equation (1) to get x = 2000. Ms. Chong
invested $2000 in U.S. savings bonds, $4000 in
mutual funds, and $4000 in a money market
account.

46. Letx = the number of inkjet printers purchased
y = the number of LCD monitors purchased
z = the number of memory chips purchased

We want to solve the following system.

x + y+ z =46
109x + 129y + 89z = 4774
z =2y

Write the augmented matrix and transform the matrix.

1 I 1 46
109 129 89 | 4774
0 -2 1 0

11 1| 46
—109R; + R, — R, | 0 20 —20 | —240
—2 1 0

1 1 1| 46
0 -2 1 0

20
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—IR, +R; = Ry [ 1 0 2] 58
0 1 —1|-12
2R, + Ry —R3 |0 0 —1|-24

2Ry +R; - R, [1 0 0] 10
~IR;+R, - R, |0 1 0] 12
0 0 —1|—24

0 0]10
0 1012
— IRy — Ry |0 0 1|24

The solution is (10, 12, 24). Pyro-Tech, Inc.
purchases 10 inkjet printers, 12 LCD monitors, and
24 memory chips.

Let x = the number of chairs produced each week,
y = the number of cabinets produced each
week, and
z = the number of buffets produced each
week.

Make a table to organize the information.

Chair | Cabinet | Buffet | Totals
Cutting 0.2 0.5 0.3 1950
Assembly 0.3 0.4 0.1 1490
Finishing 0.1 0.6 0.4 2160

The system to be solved is

0.2x + 0.5y + 0.3z = 1950
0.3x + 0.4y + 0.1z = 1490
0.1x + 0.6y + 0.4z = 2160.

Write the augmented matrix of the system

0.2 0.5 0.3]1950
03 04 0.1]1490
0.1 0.6 042160
10R; — Ry |2 5 319,500
10R, — Ry |3 4 114,900
10R; — R5 |1 6 421,600
Interchange rows 1 and 3.
1 6 4]21,600
3 4 114,900
2 5 319,500
1 6 4| 21,600
—3R; + Ry = Ry |0 —14 —11|—49,900
—2R{+R3 = R3 |0 -7 —=5]-23,700

48.

1 6 4| 21,600

1 11 24,950

0 -7 —-5|-23,700

1500
7
24,950
7

1250

—6R2 + Rl — Rl 1 O 7§

7
o 1 U

—_

4

7R, +R; — R; |0 0 %

1 o 3| 1%
7

0 1 1124950
14 7

2R3 — R3 [0 0 1] 2500

~

2000
11

~GR3+Ry >Ry |01 01600
0 0 12500

The solution is (2000, 1600, 2500). Therefore,
2000 chairs, 1600 cabinets, and 2500 buffets
should be produced.

PR3+ R =Ry [10 0

Let x = the number of vans to be purchased,
y = the number of small trucks to be purchased,
and
z = the number of large trucks to be
purchased.

The system to be solved is
x+y+z=200
35,000x + 30,000y + 50,000z = 7,000,000
x = 2y.
To simplify the system, divide the second equation
by 1000. Write the system in proper form, obtain

the augmented matrix, and use row operations to
solve.

1 1 1] 200
35 30 50 | 7000
1 -2 0 0

1 1] 200
-5 15 0
-3 —1]-200

—lRl + R3 — R3

(=

(9]

0 20| 1000
5 15 0
~3R, +5R; > R; [0 0 —50|—1000

Rz +5R1 — Rl

(=]

2R;+5R;, — R, [25 0 0
0 0 —50

3000
—3000
—1000
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=R =Ry [1 0 0]120
~&5Ry = Ry |01 0 60
*%R3HR3 0 0 1] 20

The solution is (120, 60, 20). U-Drive Rent-A-
Truck should buy 120 vans, 60 small trucks, and
20 large trucks.

49. Let x = the amount borrowed at 8%,
y = the amount borrowed at 9%, and
z = the amount borrowed at 10%.
(a) The system to be solved is
x + y+ z = 25,000
0.08x 4+ 0.09y + 0.10z = 2190
y =z + 1000

Multiply the second equation by 100 and
rewrite the equations in standard form.

x+ y+ z= 25000
8x + 9y + 10z = 219,000
y— z= 1000.

Write the augmented matrix and use row
operations to solve

1 1 1] 25000
8 9 10 {219,000
0 —1 1000
1 1 1]25000
—8R; +R, — R, [0 1 219,000
0 1 —1] 1000
—1R, +R; — Ry [1 0 -1 6000
0 1 2| 19,000
—IR, + Ry — R; [0 0 —3|—18,000
—1R3; +3R; = R; [3 0 0] 36,000
2R3 +3R, =R, [0 3 0| 21,000
0 0 —3|-18,000
IR — Ry [1 0 012,000
IR, =Ry |0 1 0 7000
IR; = R3; |0 0 1| 6000

The solution is (12,000, 7000, 6000). The
company borrowed $12,000 at 8%, $7000
at 9%, and $6000 at 10%.

(b) If the condition is dropped, the initial augmented
matrix and solution is found as before.

1 1 1| 25000
8 9 10| 219,000

101
1 1 125000
—8R; + R, — R, [0 1 219,000
IR, + R, — R, [1 0 —1] 6000
0 1 219,000

This gives the system of equations
x = z + 6000
y = —2x 419,000
Since all values must be nonnegative,
z + 6000 > 0 and —2z + 19,000 > 0
z > —6000 z < 9500.

The second inequality produces the condition
that the amount borrowed at 10% must be less
than or equal to $9500. If $5000 is borrowed
at 10%, z = 5000, and

x = 500 + 6000 = 11,000

y = —2(5000) + 19,000 = 9000.
This means $11,000 is borrowed at 8% and
$9000 is borrowed at 9%.

(¢) The original conditions resulted in $12,000
borrowed at 8%. So, if the bank sets a
maximum of $10,000 at the 8% rate, no
solution is possible.

(d) The total interest would be
0.08(10,000) + 0.09(8000) + 0.10(7000)
= 800 + 720 + 700
= 2220

or $2220, which is not the $2190 interest as
specified as one of the conditions of the problem.

50. (a) Letx = the number of deluxe models
y = the number of super-deluxe models
z = the number of ultra models

Make a table to organize the information.

Deluxe Super-Deluxe | Ultra | Totals
Electronic 2 1 2 54
Assembly 3 3 2 72
Finishing 5 2 6 148

We want to solve the following system.
2x + y+ 2z =54
3x+3y+2z=72
S5x + 2y + 6z = 148
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Write the augmented matrix and transform the matrix.

2 1 2] 54
33272
5 2 6148

N W =
)
.
N

1
2
3
—3R1 + RZ — Rz 0 7 —1 —9
1
2

75R1 + R3 — R3 0 — 1 13
1

1 5 1|27

0o -+ 1|13

1
2

ARy +Ry = R3 |0 0 10

4
1o 5|30

2
0 1 —5|-6
IR; =R [0 0 1] 15

1Ry +R, > R

—3R3+R =Ry 0 0710
2R3 +Ry =Ry |0 1 0| 4
00 1]15

The solution is (10, 4, 15). Each week
10 deluxe models, 4 super-deluxe models,
and 15 ultra models should be produced.

(b) We want to solve the following system.

2x + y+ 2z =54
3x+3y+2z=72
5x + y + 6z = 148

Write the augmented matrix and transform
the matrix.

2 1 2| 54
33 2|72
5 1 6148

SR =Ry |1 4 1] 27
3 32| ™2
5 1 6148
13 1|27
3R+ Ry =Ry [0 3 —1[-9
~SR;+R; =Rz |0 -3 1|13
S O 4
2Ry~ Ry [0 1 —2 -6
3
0 -2 1|13
! 1o 2|30
*7R2+R1—>R1 T
2
01 —2|-6
2Ry +R3; —R; [0 0 0] 4

The last row indicates that there is no solution
to the system.

(¢) We want to solve the following system.
2x + y+ 2z =54
3x+3y+2z=72
5x + y 4+ 6z = 144

Write the augmented matrix and transform

the matrix.
2 1 2| 54
33 2 72
5 1 6148
1 1
3 3 2| 72
5 1 6|144
1
1 5 1] 27
3R, +Ry =Ry [0 3 —1]-9
—5R; + R3 = R3 | 0 *% L9
(I -7/
2 2
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51.

~TRy+R =Ry [ 1 0 2]30
2
0 1 -5 —6
3
Ry +R3 = R3 |0 0 0ol 0

The system is dependent. Let z be the parameter
and solve the first two equations for x and y,
which gives

4 2
x—SO—?z andy—?z—6.

Since x, y, and z must be nonnegative integers,
we have

4 2
30—?220 ?2—620
2
302TZ ?226
225 <z z>9

Thus, z is an integer such that 9 < z < 22.5,

and z must be a multiple of 3 so that x and y
are integers. The permissible values of z are 9,
12,15, 18, and 21. There are 5 solutions.

(a) Let x be the number of trucks used, y be the

number of vans, and z be the number of SUVs.
We first obtain the equations given here.

2x + 3y +3z =25

2x + 4y + 5z = 33

3x+2y+ z =22

Write the augmented matrix and use row
operations.

2 3 3|25
4 5|33
32 1|22
2 3 3 25
“IR;+R, =R, [0 1 2| 8
—3R; + 2R3 — R; |0 —5 —7|-31
o1 2
R3 + Rl — Rl 2 0 O 10
—2R;+3R, =R, [0 3 0| 6
0 0 3 9

(b)

103

Read the solution from the last column of the
matrix. The solution is 5 trucks, 2 vans, and 3
SUVs.

The system of equations is now
2x + 3y + 3z =25
2x + 4y + 5z = 33.

Write the augmented matrix and use row
operations.

3 3125

4 51|33

2 3 3|25

_Rl + R2 — R2 0 1 2 8

3R, +R;, =R, [2 0 —3[1
01 2|8

Obtain a one in row 1, column 1.

1 0 311

2
01 2

1

2
8
The last row indicates multiple solutions are
possible. The remaining equations are

x—iz:l and y + 2z = 8.
2 2

Solving these for x and y, we have

3 1
x==—z+—and y = -2z 4+ 8.
2 2

The form of the solution is
(%Z —l—%, -2z 48, Z).
Since the solutions must be whole numbers,
3

524—%20 and —2z+8>0
1 -2z > -8
Szx s<4
2271
3

Thus, there are 4 possible solutions but each
must be checked to determine if they produce
whole numbers for x and y.

When z = 0, [%, 8, 0] which is not realistic.
When z = 1, (2,6,1).
When z = 2, [%, 4, 2] which is not realistic.

When z = 3,(5,2,3).
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When z = 4, [%, 0, 4] which is not realistic.

The company has 2 options. Either use 2 trucks,
6 vans, and 1 SUV or use 5 trucks, 2 vans, and

3 SUVs.
52. Let x = the number of two-person tents,
y = the number of four-person tents, and

z = the number of six-person tents that were
ordered.

(a) The problem is to solve the following system
of equations.

2x + 4y 4+ 6z = 200
40x + 64y + 88z = 3200
129x + 179y + 229z = 8950

Write the augmented matrix and use row
operations to solve.

2 4 6| 200
40 64 883200

129 179 229 | 8950

2 4 6] 200
20R; + (-DR, — R, [0 16 32| 800

129R; + (—2)R3 — R; |0 158 316 | 7900
Ry +(—#R; — R, [-8 0 8| 0

0 16 32800

79R, + (—8)R3 — R; | 0 0 0] 0

0 1 2|50

+Ry, =Ry [0 0 0] 0

Since the last row is all zeros, there is more
than one solution. Let z be the parameter. The
matrix gives

x— z=0

v+ 2z = 50.

Solving these equations for x and y, the
solution is (z, —2z + 50, z). The numbers in
the solution must be nonnegative integers.

Therefore,
yz0
—2z4+502>0
z < 25.
Thus, z € {0, 1, 2, 3, . . ., 25} In other words,

depending on the number of six-person tents,
there are 26 solutions to this problem.

(b) The number of four-person tents is given by
the value of the wvariable y. Since
y = —2z 4+ 50, the most four-person tents

will result when z is as small as possible, or 0.

When this occurs, y = —2(0) 4+ 50 = 50.
And since x = z, the solution with the most

four-person tents is 0 two-person tents,
50 four-person tents, and 0 six-person tents.

(¢) The number of two-person tents is given by
the value of the variable x. Since x = z, the

most two-person tents will result when y is as
small as possible, or 0. When this occurs,

2x + 4y + 6z = 200
2(z) + 4(0) + 6(z) = 200
8z = 200
z = 25.
The solution with the most two-person tents is
25 two-person tents, 0 four-person tents, and
25 six-person tents.
53. Let x; = the number of units from first supplier

for Roseville,
x, = the number of units from first supplier

for Akron,
x3 = the number of units from second supplier

for Roseville, and
x4 = the number of units from second supplier

for Akron.

Roseville needs 40 units so

x + x3 = 40.
Akron needs 75 units so

Xy + x4 = 75.
The manufacturer orders 75 units from the first
supplier so

x +x =175
The total cost is $10,750 so

70x; 4+ 90x, + 80x3 + 120x, = 10,750.

The system to be solved is

xl + X3 = 40
XZ + X4 = 75
xl + XZ = 75

70x; 4+ 90x, + 80x3 + 120x, = 10,750.
Write augmented matrix and use row operations.

1 0 1 0 40
0 1 O 1 75
1 1 0 0 75
70 90 80 120 |10,750

1 0 1 0] 40
01 0 1175
~IR;+R; > R3/0 1 -1 0 | 35
—70R; + R, — R4|[0 90 10 120 | 7950
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10 1 40
01 0 75
—1R, +R3; = R3|0 0 —1 —1|—40
—90R, + R4 — R4[0 0 10 30 |1200
10 1 0| 40
010 1]75
—IR; - R3[0 0 1 1| 40
10R; + Ry — R4[0 0 0 20800
1 0 1 0]40
010 1[75
00 1 1[40
s Ra — Ry[0 0 0 140
1 0 1 0]40
—IR;+Ry, - R,y[0 1 0 035
—1R,+R3; —R5(0 0 1 0[0
00 0 1[40
~IR;+R; - Ry[1 0 0 0]40
010 035
00100
000 1[40

The total transportation cost

105

is $10,640, so

220x, + 400x, + 300x3 + 180x, = 10,640.

The system to be solved is
X + X3
X2
x|+ Xy
X3
220x; + 400x, + 300x3

= 28
+  x3= 8
=20
+  x3=16

+180x4 =10, 640.

Write the augmented matrix and use row operations.

The solution of the system is x; = 40, x, = 35,
x3 =0, x4 =40, or (40, 35, 0, 40). The first

supplier should send 40 units to Roseville and
35 units to Akron. The second supplier should

send 0 units to Roseville and 40 units to Akron.

54. Let x; = the number of cars sent from I to A,

X, = the number of cars sent from II to A,

X3

Xq

= the number of cars sent from I to B, and

the number of cars sent from II to B.

1 0 1 0 28
0 1 0 1 8
1 1 0 0 20
0 0 1 1 16
220 400 300 180 | 10,640
10 1 o] 28
0 1 0 1 8
—IR, +R; =Ry [0 1 -1 0| —8
0 0 1 1 16
—220R, + Rs — Rs |0 400 80 180 | 4480
10 1 0| 28
01 0 1| 8
~1R, + Ry = R; [0 0 -1 —1|—16
00 1 1| 16
—400R, + Rs — Rs [0 0 80 —220 | 1280
Ri+R;— R, [1 0 0 —1] 12
01 0 1| 8
00 -1 —1/[-16
R;+Ry, - Ry [0 0 0 0| o
80Ry;+Rs — Rs [0 0 0 —300| O

Plant I has 28 cars, so

X+ x3 = 28.
Plant II has 8 cars, so

X, + x4 =8.
Dealer A needs 20 cars, so

X+ x, =20
Dealer B needs 16 cars, so

x3 + x4 = 16.

There is a 0 now in row 4, column 4, where we
would like to get a 1. To proceed, interchange the
fourth and fifth rows.

1 0 0 -1 12
01 0 1 8
00 -1 —1|-16
0 0 0 =300 0
00 O 0 0
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—1R, + 300R, — R, [300 0 0 0] 3600
R, + 300R, — R, [ 0 300 0 0| 2400
—1R, 4 300R; — R; | 0 0 —300 0| —4800
0 0 —300 0
0 0 0 0
1
woRi = Ry [1 00 012
1
1
—agR3 = Ry [0 0 1 0]16
1
00 0 0] O

5S.

Each of the original variables has a value, so the
last row of all zeros may be ignored. The solution
of the systemis x; = 12, x, = 8, x3 =16,

x4 = 0. Therefore, 12 cars should be sent from I

to A, 8 cars from Il to A, 16 cars from I to B, and
no cars from II to B.

Let w= the number of Italian style vegetable
packages

x = the number of French style vegetable
packages

y = the number of Oriental style vegetable
packages

z = the number of Combo style vegetable
packages

The system to be solved is

zucchini 0.3w+0.2y=16,200
broccoli 0.3w+0.5x+0.3y+0.6z = 42,300
carrots 0.4w+0.2x+0.2y =21,000

cauliflower 0.3x+0.3y+ 0.4z =29,500

Expressing the amount of each vegetable in
thousands and multiplying each equation by 10
and forming the augmented matrix we get

302 0162

35 3 6[423

4 2 2 0210

0 3 3 4295
302 0162

(-DR; + R, >R, 05 1 6261
4 2 2 0]210
0 3 3 4295

-—R, =R,

(—2) R2 + R3 —> R3

(—3) R2 + R4 —> R4
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1 00 —E -15
2
1 3 63
—~|R;+R, 5> RyJ0 1 0 2> |2
( 5) 3T 2 4 | 2
o 2|
4| 2
000 1 |2|
3
—R4+R1—)R1
2 1 0 0 0|18
3 01 0 O0]15
- R4+R2—)R2
4 0 01 0|54
0 0 0 1]22

(—%)R“_ + R3—>R3

Therefore, the company should produce 18,000
packages of Italian style, 15,000 packges of French
style, 54,000 packages of Oriental style, and 22,000
packages of Combo style.

56. Let w= the number of Triple Berry packages
x = the number of Summer Blend packages
y = Berry Banana packages

z = Strawberry Banana Chunk packages

The system to be solved is

strawberries 6w+4x+4y+10z =302,400
raspberries Sw+4x+3y=153,700
blueberries Sw+3y=108,100

bananas 8x+6y+6z=255,000

The augmented matrix of this system is

6 4 4 10 302,400
5 4 3 0]153,700
50 3 01108100
0 8 6 6 |255000

6 4 4 10 302,400
(-R3 + R, >R, 0 4 0 45,600
50 3 108,100
0 8 6 6 |255000
(-DR, + R; >R, 6 0 4 0256800
0 4 0 0] 45600
5 0 3 0108100
(-2R, + R, >Ry 0 0 6 6]|163,800

57.

107

6 0 4 10 | 256,800
0 4 0 0 45,600

5 125
-=|R; +R; »R; |0 0 —-— ——108100
6 303
00 6 6 |163800
1
— |R{ =R, -
6 2 5
| L0 S S| 42800
— |R, =R,
4 0 1 0 011,400
(-3)Ry; >Ry 1 25]317,700
1 0 0 1 127,300
— Ry =Ry -
6
5 _
(“jR‘* 4R, SR, | 100 1| 24,600
3 0 1 0 0/ 11,400
(-DR; + R, —R, 0 0 0 1]290,400
L0 0 1 1] 27,300
1 0 0 1]24,600
0 1 0 011400
(i)R3—>R3 0 0 0 112100
0 0 1 1]27,300
(-DR; + R >R, [1 0 0 012,500
0 1 0 0]11,400
0 0 0 112100
(-DR; + Ry >R, [0 0 1 015200
1 0 0 012,500
0 1 0 0]11,400
0 0 1 0]15200
Ry Ry 0 0 0 1]12100

The company should prepare 12,500 packages of
Triple Berry, 11,400 packages of Summer Blend,
15,200 packages of Berry Banana, and 12,100
packages of Strawberry Banana Chunk.

Let x = the number of grams of group A,
y = the number of grams of group B, and

z = the number of grams of group C.
(a) The system to be solved is
X+ y+z=400 ()

1
x =37 2

X +z= 2y. 3

Rewrite equations (2) and (3) in proper form
and multiply both sides of equation (2) by 3.
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x+ y+z=400
3x—y = 0
x—2y4+z= 0

Write the augmented matrix.

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

This gives

800

— =z
3

400

y:3

! 11400 Therefore, for any positive number z of grams
3 -1 0 0 of group C, there should be z grams less than
1 -2 1 0 % g of group A and % g of group B.
1 1 400 (¢) Since there was a unique solution for the
-3R; +R, = R, [0 —4 —3|-1200 origipe}l problem, by adding an additional
1R R R B _4 condition. the only possible solution would be
1Ry = Ry {0 =30 00 the one from part (a). However, by substituting
1 ! 400 those values of A, B, and C for x, y, and z in
the equation for the additional condition,
0 —4 -31-1200 0.02x + 0.02y + 0.03z = 8.00, the values
_% Ry —R; [0 1 0 % do not work. Therefore, a solution is not
possible.
Interch 2 and 3.
PCTERange Tows = ai 58. Let x; = the number of cases of Brand A,
1 1 1| 400 x, = the number of cases of Brand B,
0 1 0 % x3 = the number of cases of Brand C, and
0 —4 —3|-1200 x4 = the number of cases of Brand D.
SR, 4R > Ry[1 0 % 25x; + 50xy + 75x3 + 100x, = 1200
0o 1 0 % 30x; + 30x, + 30x3 + 60x4 = 600
4R2 + R3 N R3 0 0 —3 _@ 30x1 + 20)(2 + 2OX3 + 3OX4 = 400
The augmented matrix of the system is
800
Lo 173 25 50 75 100 | 1200
400
0 1 0 5= 30 30 30 60| 600
1
—3R3 = R3/0 0 1 _20900 30 20 20 30| 400
IR — Ry [5 10 15 20240
00 1
1 0 o 5 =R, = R, |1 1 1 2| 20
SRy Ry SRy ‘o 02T
=5 wRs =Rz (3 2 2 3] 20
001 % Interchange rows 1 and 2.
The solution is (49&,43&,%). Include 4720 g 11 1 2| 20
5 10 15 20240
of group A, 4—(3)0 g of group B, and% g of e
group C.
1 1 1 2| 20
. L. —5R;+Ry, =R, |0 5 10 10| 140
(b) If the requirement that the diet include one-
third as much of A as of B is dropped, refer to —3R; +R3 = Ry |0 -1 -1 -3]-20
the first two rows of the fifth augmented 1 1 1 21 20
matrix in part (a).
iRy =Ry |0 1 2 2] 28
1o 1|30 0 -1 —1 =3|-20
0 1 0|40
—1R, +R; —R; |1 0O -1 0]-8
01 2 228
R2 + R3 — R3 O 0 1 *1 8
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59.

R;+R, =R, [1 00 —1]0
00 1 —1| 8

We cannot change the values in column 4 further
without changing the form of the other three
columns. Therefore, let x4 be arbitrary. This matrix
gives the equations

X — x4 =0 or
XZ+4)C4212 or

X = Xy,
Xy =12 — 4xy,
X3— x4 =28 or x3=28+4 x4
The solution is (x4, 12 — 4x4, 8 + x4, x4). Since
all solutions must be nonnegative,
12 —4x4 > 0
x4 < 3.

If x4 =0, then xy =0, x, =12, and x3 = 8.
If x4 =1 thenx; =1, x, =8, and x3 = 9.

If x4 = 2, then xy = 2, x, = 4, and x3 = 10.
If x4 =3, then xy =3, x, =0, and x3 = 11.

Therefore, there are four possible solutions. The
breeder should mix

1. 0 cases of A, 12 cases of B, 8 cases of C, and
0 cases of D;

2. 1 case of A, 8 cases of B, 9 cases of C, and
1 case of D;

3. 2 cases of A, 4 cases of B, 10 cases of C, and
2 cases of D; or

4. 3 cases of A, 0 cases of B, 11 cases of C, and
3 cases of D.

Let x = the number of species A,
y = the number of species B, and
z = the number of species C.

Use a chart to organize the information.
Species
A B C  Totals
I |132] 2.1 0.86 [ 490
Food 1I |29 0.95 1.52 | 897
or | 1.75 | 0.6 2.01 | 653

The system to be solved is
1.32x + 2.1y 4+ 0.86z = 490
29x 4+ 0.95y + 1.52z = 897
1.75x + 0.6y + 2.01z = 653.
Use graphing calculator or computer methods to
solve this system. The solution, which may vary

slightly, is to stock about 244 fish of species A, 39
fish of species B, and 101 fish of species C.

60.

61.

109

Let x = the number of the first species,
v = the number of the second species, and

z = the number of the third species.
1.3x + 1.1y + 8.1z = 16,000
1.3x + 2.4y + 2.9z = 28,000
2.3x + 3.7y + 5.1z = 44,000

Write the augmented matrix of the system.

1.3 1.1 8.1{16,000
1.3 2.4 2.9|28,000
2.3 3.7 5.1|44,000

This exercise should be solved by graphing
calculator or computer methods. The solution, which
may vary slightly, is 2340 of the first species,
10,128 of the second species, and 224 of the third
species. (All of these are rounded to the nearest
whole number.)

Let x = the number of acres for honeydews,
y = the number of acres for yellow onions, and
z = the number of acres for lettuce.

(a) x + y + z = 220
120x + 150y + 180z = 29,100
180x + 80y + 80z = 32,600
497x + 445y +4.65z = 480

Write the augmented matrix for this system.

1 1 1 220
120 150 180 |29,100
180 80 80 [32,600

497 445 4.65) 480

Using graphing calculator or computer methods,

we obtain
1 0 0| 150
01 0/ 50
001 20 |
0 0 0|-581

There is no solution to the system. Therefore,
it is not possible to utilize all resources
completely.

(b) If 1061 hr of labor are available, the augmented
matrix becomes,

1 1 1 220
120 150 180 |29,100
180 80 80 [32,600|

497 445 4.65| 1061
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62. (a)

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

Again, using graphing calculator or computer
methods we obtain

0/150
0| 50
1| 20
0 0| 0
The solution is (150, 50, 20). Therefore, allot

150 acres for honeydews, 50 acres for onions,
and 20 acres for lettuce.

In 1980, # = 0 and R = 183.9.

S o o =
S = O

183.9 = a(0)> + b(0) + ¢
183.9 = ¢
In 1990, ¢ = 10 and R = 203.3.

203.3 = a(10)* + b(10) + ¢
203.3 = 100a + 105 + ¢
In 2000, ¢ = 20 and R = 196.5.

196.5 = a(20)> + b(20) + ¢
196.5 = 400a + 206 + ¢
The linear system to be solved is
400a + 20b 4 ¢ = 196.5
100a + 10b + ¢ = 203.3
¢ =183.9

Write the augmented matrix and use row
operations to solve.

400 20 1] 196.5
100 10 12033
0 0 1]183.9

400 20 11965

—IR,+4R, =R, | 0 20 36167

0 0 1]1839

—IR, + Ry — R, [400 0 —2|-4202

020 3| e6l6.7
0 0 1] 1839

2R3+ R, — R, [400 0 0]-524
—3R3 + R2 ad R2 O 20 0 65

0 0 1] 1839

1
20081t 7 Ry [1 0 0]-0.131

1
Ry 5 Ry |0 1 0| 325
00 1| 1839

The solution is @ = —0.131, b = 3.25, and
c = 183.9.

(b) In2010, ¢t = 30.
R = —0.131#% + 3.25¢ + 183.9

= —0.131(30)> + 3.25(30) + 183.9
~ 163.5

The actual value is 186.2 deaths per 100,000.

(¢) Let ¢ equal 0, 10, 20, and 30 to obtain four
equations involving the coefficients a, b, ¢, and
d. The linear system to be solved is

27,000a +900b+30c+d =186.2
800a +400b+20c+d =196.5
1000a +10056+10c+d =203.3
d=183.9

The augmented matrix is

27,000 900 30 1 |186.2
8000 400 20 1{196.5
1000 100 10 1]203.3
0 0 0 1[1839
Use a graphing calculator or computer

methods to obtain the solution a = 0.003783
b = —0.2445 ¢ = 4.007, and d = 183.9.

63. (a) Bulls:
The number of white ones was one half plus
one third the number of black greater than the

brown.
1 1
X=|—4+=|Y +T
2 3
5
X ==-Y+T
6
6X —5Y = 6T

The number of the black, one quarter plus one
fifth the number of the spotted greater than the
brown.

y=|[Ly Lz r
45

Y:iZ—I—T
20

20Y =97 + 20T
20Y — 97 = 20T

The number of the spotted, one sixth and one
seventh the number of the white greater than
the brown.

Copyright © 2016 Pearson Education, Inc.

Finite Mathematics and Calculus with Applications 10th edition Lial Solutions Manual


https://ravanbooks.com/books/9780133981070-solutions

Section 2.2

Z:[l+l]X+T
6 7

13
Z="—"X+T

42

427 = 13X + 42T
427 — 13X = 42T
So the system of equations for the bulls is
6X —5Y = 6T
20Y — 9Z = 20T
427 — 13X = 42T.

Cows:
The number of white ones was one third plus
one quarter of the total black cattle.

I 1
xX=|-+—-|F +
[3 4]( y)
7
x=—+
12( y)
12x =7Y + 7y
2x — 7y =7Y

The number of the black, one quarter plus one
fifth the total of the spotted cattle.

11
=|l—4+—-|(Z+z
y [4 5]( )
9
=~ (Z+z
y 20( )
20y = 9Z + 9z
20y — 9z = 97

The number of the spotted, one fifth plus one
sixth the total of the brown cattle.

1 1
z=|=—+ =T+t
3+ 4| o
11
z=—(T +1t
30" )
30z = 11T + 11z
30z — 11t = 11T

The number of the brown, one sixth plus one
seventh the total of the white cattle.

1 1
l—[g+7](X+x)
13

42t = 13X + 13x
42t — 13x = 13X

So the system of equations for the cows is

111
12x — 7y =7Y
20y — 9z =97
30z — 11t = 11T

—13x + 42t = 13X

(b) For T = 4,149,387, the 3 x 3 system to be
solved is
6X —5Y = 24,896,322
20Y — 9Z = 82,987,740
—13X + 427 = 174,274,254

Write the augmented matrix of the system.

6 =5 0] 24,896,322
0 20 -9 82,987,740
—13 0 42|174,274,254

This exercise should be solved by graphing
calculator or computer methods. The
solution is X = 10,366,482 white bulls,

Y = 7,460,514 black bulls, and
Z = 7,358,060 spotted bulls.

For X = 10,366,482, Y = 7,460,514, and
Z = 7,358,060, the 4 x4 system to be
solved is
12x — 7y = 52,223,598
20y — 9z = 66,222,540
30z — 11t = 45,643,257
—13x + 42t = 134,764,266

Write the augmented matrix of the system.

12 =7 0 0 | 52,223,598
0 20 -9 0 | 66,222,540
0 0 30 —11| 45,643,257
—13 0 0 42 |134,764,266

This exercise should be solved by graphing
calculator or computer methods. The solution
is x = 7,206,360 white cows,

y = 4,893,246 black cows, z = 3,515,820
spotted cows, and ¢ = 5,439,213 brown

COWS.
64. (a) The other two equations are
Xy + x3 = 700
X3 + x4 = 600.
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(b) The augmented matrix is (e) If you know the number of cars entering or
leaving three of the intersections, then the
1.0 0 1]1000 number entering or leaving the fourth is
1 10 0/1100 automatically determined because the number
011 0l 700! leaving must equal the number entering.
001 1] 600 65. (a) The system to be solved is
100 111000 0 = 200,000 — 0.57 — 0.3
IR+ Ry = Ry0 1 0 —1]| 100 0 = 350,000 — 0.5» — 0.7h.
011 o0l 700 First, write the system in proper form.
0.5r + 0.7 = 350,000
1 00 1 {1000 _— q ) q
010 —11100 Write .t e augmented matrix and use row
operations.
00 1 11 600 0.5 0.3]200,000
0.5 0.7|350,000
1 0 0 111000
010 —11!100 10R; — R; |5 32,000,000
001 1600 10R, — R, |5 713,500,000
—IR;+ Ry — Ry4|0 0 0 O 0 5 32,000,000
— 0 4| 1,500,000
Let x4 be arbitrary. Solve the first three IRy + Ry = Ry
equations for xj, x2, and x3. —%Rz +R; — Ry |5 0] 875,000
x = 1000 — x4 0 41,500,000
x, =100 + x
2 4 R = Ry [10]175,000
X3 = 600 — X4 1
7Ry = Ry 0 1]375,000
The solution is
_ B The solution is (175,000, 375,000). When the
(1000 = x4, 100 + x4, 600 — x4, x4). rate of increase for each is zero, there are
(¢) For x4, we see that x; > 0 and x; < 600 175,000 soldiers in the Red Army and 375,000

. . soldiers in the Blue Army.
since 600 —x, must be nonnegative. Y

Therefore. 0 < x, < 600. 66. Let x = number of foul shots,
R y = number of field goals, and
(d) xi:  If x4 = 0, then x; = 1000. z = number of three pointers.
If x, = 600, then Since Bryant made a total of 46 baskets,
x = 1000 — 600 = 400. x+y+z =406
Therefore, 400 < x; < 1000. Since the number of field goals is equal to three
’ - times the number of three pointers, y = 3z, or

x:  If x4 = 0, then x, = 100. y—3z=0.

If x4, = 600, then
x, =100 + 600 = 700.

And since the total number of points was 81,

x+ 2y + 3z = 8l.

Therefore, 100 < x, < 700. The system to be solved is

x3:  If x4, = 0, then x3 = 600. X+ y+z=146 ()
If x;, = 600, then y=32=10 ()
x3 = 600 — 600 = 0. x+2y+3z=81 (3).

Therefore, 0 < x3 < 600.
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Eliminate x in equation (3).

x+y+ z=46 ()
y—=3z= 0 (2

Eliminate y in equation (4).

xX+y+ z=46 ()
y—3z=0 (2
(DR, +R3 — R3 5z =35 (9

Make each leading coefficient equal 1.

x+y+z=46 (I
y—3z= 0 (2
1R; — Ry z= 7 (6)

Substitute 7 for z in equation (2) to get y = 21.
Finally, substitute 7 for z and 21 for y in equation
(1) to get x = 18. Bryant made 18 foul shots,
21 field goals, and 7 three pointers.

67. Let x = the number of singles,
y = the number of doubles,

z = the number of triples, and
w = the number of home runs hit by Ichiro
Suzuki.
The system to be solved is

X+y+z+w=262

z=w-—3
y = 3w
x = 45z

Write the equations in proper form, obtain the
augmented matrix, and use row operations to solve.

11 1 1]262
00 1 —-1|-3
01 0 =3 0
10 —45 01 0
1 11| 262
0 0 -1 -3
0 0 -3 0

—IRy +Ry = Ry [0 -1 —46 —11-262

R2<—>R3

S O O =
()
—_
|
Ju—
I
W

-1 —46 —11-262

113

—IR; + Ry =Ry |1 0 4| 262
01 0 -3 0
00 —1| =3
Ry +Ry =Ry 0 0 —46 —4|-262
—IR;3+Ry =Ry |1 0 0 5| 265
010 -3 0
001 -1 -3
46R3 + Ry — Ry |0 0 0 —50 [ —400

Ry+10R; — Ry 10 0 0 0| 2250
—3R4 + 50R2 ad Rz
—IR, + 50R; — R;

(=N -}
(=]
Wi
(=]
(=]
N
Wi
(=]

=Ry =Ry [1 00 0225
wRa =Ry 0 1 0 0| 24
wRs—Rs [0 0 1 0] 5
~&Rs =Ry [0 0 0 1] 8

Ichiro Suzuki hit 225 singles, 24 doubles, 5 triples,
and 8 home runs during the 2004 season.

68. (a) 5.4 = a@®)’ + b(@®) + ¢

54 =064a+8 + ¢
6.3 = a(13)> + b(13) + ¢
6.3 =169a + 136 + ¢
5.6 = a(18)> + b(18) + ¢
56 =324a + 18 + ¢
The linear system to be solved is
64a +8b +c =54

169a + 13b + ¢ = 6.3

324a + 18b + ¢ = 5.6.
Use a graphing calculator or computer

methods to solve this system. The solution is
a =-0.032, b=0.852, and ¢ = 0.632.

Thus, the equation is
y = —0.032x% + 0.852x + 0.632.
(b)

HuadRea
g=axEthxE+
32

The answer obtained using Gauss-Jordan
elimination is the same as the answer obtained
using the quadratic regression feature on a
graphing calculator.
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69. Let x = the number of balls,
y = the number of dolls, and

z = the number of cars.
(a) The system to be solved is
x+ z = 100
2x + 3y + 4z = 295
12x + 16y + 18z = 1542.

Write the augmented matrix of the system.

I 1 1] 100
2 3 4| 29
12 16 18 |1542

1 1 1]100
—2R;+R, >R, [0 1 2] 95
—12R, + Ry = Ry [0 4 6 [342
“IR, +R;, =R, [1 0 —1] 5
01 2| 9
—4R, +R3; > R; |0 0 —2|-38
1 0 —1]5
0 1 29
~LIRy =Ry [0 0 1[I
Ry+R, — R, [1 0 0]24
“2R;+R, >R, [0 1 0]57
0 0 119

The solution is (24, 57, 19). There were 24 balls,
57 dolls, and 19 cars.

(b) The augmented matrix becomes
1 1 1] 100

2 3 4] 295].
11 15 19 1542

1 1 1]100
—2R;+R, =R, [0 1 2| 95
1R, +R; —> Ry [0 4 8 |442
~IR, +R; =R, [1 0 —1]5
01 29
—4R, +R3 — Ry [0 0 0|62

Since row 3 yields a false statement, 0 = 62,
there is no solution.
(¢) The augmented matrix becomes

1 1 11| 100

2 3 4| 295].

11 15 19 | 1480

70.

1 1 1]100
—2R; +Ry, =R, [0 1 2| 95
~1IR; + R; — R;5|0 4 8 [380
—IR, + R, =Ry [1 0 —1]5
0 1 29
—4R, +R; —R; (0 0 0] 0

Since the last row is all zeros, there are infinitely
many solutions Let z be the parameter. The

matrix gives
x—z= 5

v+ 2z = 95.
Solving these equations for x and y, the
solution is (5 + z, 95 — 2z, z). The numbers

in the solution must be nonnegative integers.
Therefore,
95-2z>0

-2z >-95
z < 475.

Thus, z € {0,1,2,3,...,47}. There are 48

possible solutions.

(d) For the smallest number of cars, z = 0, the

solution is (5, 95, 0). This means 5 balls,
95 dolls, and no cars.

(e) For the largest number of cars, z = 47, the

solution is (52, 1, 47). This means 52 balls,
1 doll, and 47 cars.

Let x = the number of calories in each gram of fat
y = the number of calories in each gram of
carbohydrates
z = the number of calories in each gram of
protein

We want to solve the following system.
10x + 36y + 2z = 240
14x + 37y + 3z = 280
20x + 23y + 11z = 295

Write the augmented matrix and transform the
matrix.

10 36 2240
14 37 3280
20 23 11295
%R1—>R1 1 36 02] 24
14 37 3280
200 23 11295

1 36 02| 24
—14R,;+R,—>R, | 0 —134 02| —56
—20R; + R;—R3 |0 —49 7|-185
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1 3.6 0.2 24
1
—37R2—Ry| 0 1 —0.014925 4.179104
0 —49 7 —185
—3.6R,+R;—R[1 0 025373 | 8.95522
0 1 —0.014925| 4.179104
49R,+R3;—R3 [0 0  6.268675 | 19.7761
0  0.25373 | 8.95522
1 —0.014925 | 4.179104
_ L 0 0 1 3.15475
6268675 13~ R3

—025373R; + Ry = Ry |1 0 0 |8.15476
0.014925R; + R, — R, | 0 1 0 |4.22619
0 0 1 ]3.15475
The solution is (8.15,4.23,3.15). There are 8.15
calories in a gram of fat, 4.23 calories in a gram of
carbohydrates, and 3.15 calories in a gram of
protein.
71. (a) X11 + X12 + X1 = 1
Xp X+ =1
X1t X+ xy =1
Xip X X =1

Write the augmented matrix of the system.

111 01
11 0 11
10 1 1]1
01 1 1)1
11 1 0]l
0 0 —1 10

~IR;+R, =R, [0 =1 0 10

~IRy+R; —R; (0 1 1 1|1

Since —1 = 1 modulo 2, replace —1 with 1.

1 1101
001 10
010 10
01 1 11

Interchange rows 2 and 3.

S O O =
—_ O =
[ =
[ )
—_— O O

115
—1R, +R;, — R, [1 01 —1]1
010 1|0
001 1}0
7R2 + R4 — R4 001 011
Again, replace —1 with 1.
1 01 1|1
010 1|0
0 0 1 1|0
00 1 011
—IR; +R;y =Ry |1 00 o0f1
010 1|0
00 1 1|0
“IR3 +R4 =Ry [0 0 0 111
Replace —1 with 1.
1 00 0f1
010 1|0
0 0 1 1|0
0 0 0 111
10 0 0 1
—IRg +Ry =Ry |0 1 0 0[-1
—IRy +R3 = R3 10 0 1 0|1
00 0 11 1

Finally, replace —1 with 1.

1 00 0]l
010 0]1
00 I 0]1
00 0 111

The solution (1, 1, 1, 1) corresponds to
X1 = 1, X1 = 1, X1 = 1, and Xy = 1.
Since 1 indicates that a button is pushed, the
strategy required to turn all the lights out is to
push every button one time.

(®) x; + x5 +x =0
X1+ X+ =1
X+ X+ xpn =1
Xp + X1+ Xp =0

Write the augmented matrix of the system.

L S —y
e
—_ = O =
—_— e = O
S = = O
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1 1 1 00
0O 0 -1 1|1
“IRj +Ry =Ry o -1 0 1|1
—IRy +R3 —=R3fo 1 1 1l0
Replace —1 with 1.
1 1.1 0|0
00 1 1)1
010 11
011 110
Interchange rows 2 and 3.
1 1 10]|0
010 1)1
00 1 1)1
01 1 110
—IR + Ry =Ry 11 0 1 —1]-1
010 1 1
0 0 1 1 1
—IR; + Ry =Ry [0 0 1 0l-1
Replace —1 with 1.
1 0 1 1|1
01 0 1|1
00 1 1|1
00 1 011
—IR3+Ry =Ry |1 00 o0
010 1|1
0 0 1 11
—IR3 +R4y =Ry [0 0 0 —110
Replace —1 with 1.
1 00 00
010 1)1
00 1 1)1
0 00 110
1 0 0 0]0
—IRg+Ry =Ry 10 1 0 0|1
—IRy +R3 —=R3 10 0 1 01
00 0 110

The solution (0, 1, 1, 0) corresponds to

X1 = 0, X1 = 1, Xy = 1, and Xyp = 0.
Since 1 indicates that a button is pushed and 0
indicates that it is not, the strategy required to
turn all the lights out is to push the button in
the first row, second column, and push the
button in the second row first column.

72. (a) Let x = amount of paddy in one top grade
bundle

y = amount of paddy in one medium grade
bundle
z = amount of paddy in one low grade bundle
The system to be solved is
3x+2y+2z=39
2x+3y+z=34
xX+2y+3z=26

(b) The augmented matrix of the system is
32 1(39
2 3 1|34
1 2 3|26

Ry & Ry[1 2 3|26
2 3 134
32 139

1 2 3| 26]
(—2)R1 + R2—>R2 0 -1 -5]|-18
(-3)R; + Ry —>R; [0 -4 -8]-39

(1 2 3] 26
(-DR, -»R, |0 1 5|18
0 -4 -8|-39

1 0 -7]-10
01 5118
4R, + Ry—>R; [0 0 12 ] 33

(—2) Rz + R1—>R1

1 0 -7|-10

01 518

1 11

— |R; - R 00 1| —
(5 Jrs = & }

7R3 + Ri—>Ry 1 0 0]9.25
(—5)R3 + R2 —>R2 0 1 0]4.25
0 0 1275
The bundle of top grade paddy yields 9.25
dou, one bundle of medium grade paddy yields

4.25 dou, and one bundle of low grade paddy
yields 2.75 dou.

73. (a) Let x = the cost of a sheep
y = the cost of a dog

z = the coast of a hen
w = the cost of a rabbit
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The system to be solved is
Sx+4y+3z+2w=1496

4x+2y+6z+3w=1175
xX+y+7z+5w=958
x+3y+5z+w=2861

(b) Using a graphing calculator or computer
methods, we find the following solution: A
sheep costs 177 coins, a dog costs 121 coins, a
hen costs 23 coins, and a rabbit costs 29 coins.

2.3 Addition and Subtraction of Matrices
Your Turn 1

(a) It is not possible to add a 2 x4 matrix and a
2 X 3 matrix.

(b)

1 23 -2 —4 8 -1 -2 11

il Sl A

Your Turn 2

3 4 5 1 -2 4 B 2 6 1
1 2 3 -2 -4 8| |36 -5
2.3 Exercises

1.\13. 15
5 7] 13 7

This statement is false, since not all corresponding
elements are equal.

1
2. |2|=[1 2 3
3

This statement is false. For two matrices to be
equal, they must be the same size, and each pair of
corresponding elements must be equal. These two
matrices are different sizes.

X —21 .
3. = if x=-2 and y = 8&.
y
This statement is true. The matrices are the same
size and corresponding elements are equal.
4. 3 528 isa 4 x 2 matrix.
1 -1 4 0

This statement is false. Since the matrix has 2 rows
and 4 columns, it is a 2 x 4 matrix.

10.

11.

12.

13.
14.

15.

117
1 9 —4
3 7 2| isasquare matrix.
-1 1 0

This statement is true. The matrix has 3 rows and
3 columns.

2 4 —1
375:[24—1]
00 o 137 s

This statement is false since the matrices are
different sizes.

{_4 8lisa2x2 square matrix.

2 3

[2—37
1 0 4

This matrix has 2 rows and 3 columns, so it is a
2 X 3 matrix.

—6 8 0 0
4 1 9 2|isa 3 x4 matrix.
3 -5 7 1

{8—2463

The matrix has 1 row and 5 columns, so it is a
1 X 5 matrix. It is a row matrix since it has only
1 row.

-7
5

9]

This matrix has 1 row and 1 column, so it is a

1 x 1 square matrix. It is also a row matrix since it

has only 1 row, and a column matrix because it has
only 1 column.

Undefined

isa 2 x 1 column matrix.

Since 4 is a 5 x 2 matrix, and since 4 and K can
be added, we know that K is also a 5 x 2 matrix.
Also, since 4 + K = A, all entries of K must be 0.

34 |3 «x
81| |y:z
Corresponding elements must be equal for the
matrices to be equal. Therefore, x = 4, y = —§,
and z = 1.
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-5 -5

16 \ ] . \
y 8
Two matrices can be equal only if they are the

same size and corresponding elements are equal.
These matrices will be equal if y = 8.

s—4 t+2
-5 7

17.

6 2
-5 r

Corresponding elements must be equal
s—4=06 t+2=2 r="717.
s =10 t=20
Thus, s =10, ¢t = 0, andr = 7.

9 7
r 0

18.

m—3 n+5
8 0 ‘
The matrices are the same size, so they will be
equal if corresponding elements are equal.
9=m-3 7T=n+35 r =38
12 =m 2=mn

Thus, m =12, n = 2, and » = 8.

19 a+2 3b 4c+ -7 2b 6 |15 256
’ d 1f 8 —3d -6 —2| |-8 16
Add the two matrices on the left side to obtain

a+2 3 4c n -7 2b 6

d 7f 8 —-3d -6 -2
_(a+2)+(f7) 3b + 2b 4c + 6
d + (—3d) 7f +(=6) 8+ (—2)

a—>5 5b 4c 4+ 6
—2d T7f -6 6
Corresponding elements of this matrix and the

matrix on the right side of the original equation
must be equal.

a—5=15 5b = 25 4c+6 =6
a =20 b=>5 c=0
—2d = -8 77 —6 =1
d =4 =1
Thus, a =20, b =5, ¢ =0, d =4, and
=1L

20 a+2 3z+1 5m 3a 2z Sm
) 4k 0 3 2k 5 6
_[10 —14 80
110 5 9

da+2 5z+1 10m
6k 5 9

10 —14 80
10 59

4a+2=10 S5z4+1=-14

a=2 z = —3

10m = 80 0k =10

m=28 k:é
3

Thus,a:2,2273,m:8,andk:§.

21 2 4 5 -7 8 0 —10 1
16 =312 0 -28 -9 11
| 2+38 440 54100 =7+1
164+ (=2) =348 12+4(=9) 0411
(10 4 -5 —6
14 053 11
1 5 23 1+2 5+3
22. |2 -3|+| 8 5|=| 2+8 —-3+5
37 |-19] [34+4(¢D) 7+9
3 8
=10 2
2 16
3. |12 Py
T4 71
-5 2
These matrices cannot be added since the first
matrix has size 2 x 3, while the second has size
3 x 2. Only matrices that are the same size can be
added.

{8 0 3] \1 -5 2]
24, —
119 =5 |3 9 -8

[8—1 0— (-5 —-3-2 ]

1-3 19-9 —5—(-8)
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25.

27.

28.

29.

30.

31.

The matrices have the same size, so the subtraction
can be done. Let 4 and B represent the given
matrices.

A-B =

2-1 8-3
=|7-2 4-(-3
1-8 2-0

12-6
—1—(=3)
0-(-2)

0-9
5-4

9 0 2 -1 0

This operation is not possible because the matrices
are different sizes. Only matrices of the same size
can be added.

4 3] [3 2
+ —

78/ |1 4

2+4-3 343-2] [3 4
2471 448—4| |48

MR

RN

2 3
—2 4

I1-14+41 2-0+4+4 1 6

2 -1 4 8] [12 7
- +

0 13| |-5 7 53

[2-4412 —1-8+47

0= (=5+5 13-7+3

\58] lo 1]{—5—ﬂ

+ +

-3 1 -2 -2 6 1
5404+ (=5 841+ (-8

B4+ (=D +6 1+(=2)+1

10 -2
10 9

01
10

—4x + 2y
6x — 3y

—3x+y
2x — Sy

—8x + 6y 2x }

3y —5x 6x+ 4y

(—4x +2y) + (=8x + 6y) (—=3x + y) + 2x
(6x — 3y) + 3y — 5x) (2x — 5y) + (6x + 4y)

—12x 4+ 8y
X 8x —y

—-x+y

10 — 17

|

33.

34.

35.

119
4k — 8y S5k + 6y
6z — 3x 2z 4+ 5x
2k + Sa 4k + 6a
—4m + 2n 4m — 2n
4k — 8y — (5k + 6y) —k — 14y
6z — 3x — (2z + 5x) 4z — 8x
2k + 5a — (4k + 6a) —2k — a
—4m + 2n — (4m — 2n) —8m + 4n
00 X y
0O-X = —
0 0 z w
0—x 0—y —Xx —y
a 0—z 0—w B -z —w
Verify that X + T =T + X.
X 4T = x+r y+s
z+t w+tu
T+x—|"+tx 5FY
t+z u—+w

Because of the commutative property for addition
of real numbers, x + » = r + x. This also applies
to the other corresponding elements, so we
concludethat 7 + X = X 4+ T.

Showthat X + (T + P) = (X +T) + P.

On the left side, the sum 7 + P is obtained first,
and then
X+ (T + P).

This gives the matrix
x+(@+m y+(s+n)
z+(@t+p) wH+@u+q)

For the right side, first the sum X + 7 is
obtained, and then

(X +T)+ P.

This gives the matrix

x+rV+m (y+s)+n
z+tH)+p wW+u+g

Comparing corresponding elements, we see that
they are equal by the associative property of
addition of real numbers. Thus,

X+(T+P)=(X+T)+P
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36.

37.

38.

39.

40.

(b)
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Verify that (X — X) = O.

X—x y—y 0 0
X_X: =
zZ—z WwW—Ww 0 0
Show that P + O = P.
P+O:mn+00:m+0 n+0
P q 00 p+0 g+0
m n
= :P
P q

Thus, P+ O = P.

All of these properties are valid for matrices that
are not square, as long as all necessary sums exist.
The sizes of all matrices in each equation must be
the same.

Cars Trucks
(a) New [15 15
Used |36 25

17 12 15 15 32 27
() + -
24 18 36 25 60 43

15 157 [17 12] [-2 3
© [36 25}_{24 18}=[12 7}

I IO 10

Bread 88 105 60
(a) Milk 48 72 40
PB 16 21 0
Cold cuts |112 147 50

88 + 0.25(88) 105 + 1(105) 60 + 0.1(60)
48 + 0.25(48) 72 +1(72) 40 + 0.1(40)
16 +0.2516) 21+ 12D 0+ 0.1(0)

112 +0.25(112) 147 + L(147) 50 + 0.1(50)

110 140 66
60 96 44
20 28 0

140 196 55

(¢) Add the final matrices from parts (a) and (b).

88 105 60 110 140 66 198 245 126
48 72 40 60 96 44 108 168 &4
16 21 0 ’ 20 28 0| | 36 49 0
112 147 50 140 196 55 252 343 105

41.

42.

[21.0 19.1 | (142 14.8 ]
15 09 06 3.0
7.6 121 74 1.7
(@) C =183 1056 | (b) M =|23.7 403
323 273 260 52
39.8 398 28.0 20.0
| 130.1 92.8 | 193.9 154.5 |
[ 352 339
21 39
150 13.8
(©) C+M =] 420 1459
583 325
67.8 59.8
| 224.0 247.3 |
[ -6.8 43 ]
-0.9 2.1
-02 -104
dC-M=| 54 -653
63 —22.1
~-11.8 -19.8
| =362 61.7 |
[178.9 230.8 300.0 332.1]
162 100.0 122.0 440.4
(@4 =|1113 1359 |[(b)B = | 2262 280.5
649 146.5 65.1 138.5
| 29.4 585 | 474 114.6 |
[121.4 101.3 ]
105.8 340.4
(c) B— A4 =|1149 1446
02 8.0
| 18.0  56.1 |

All trade amounts increased from 2000 to
2013 except for U.S. imports from Japan.

43. (a) There are four food groups and three meals.

To represent the data by a 3 x 4 matrix, we
must use the rows to correspond to the meals,
breakfast, lunch, and dinner, and the columns
to correspond to the four food groups. Thus,
we obtain the matrix

21 21

32214

4 3 21
(b) There are four food groups. These will

correspond to the four rows. There are three
components in each food group: fat,
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carbohydrates, and protein. These will
correspond to the three columns. The matrix is

5 07
0 10 1
0 15 2|
10 12 8
(¢) The matrix is
8
4|.
5
Length\5.6 64 69 76 6.1]
44. (a) )
Weight (144 138 149 152 146
®) Length\lO.Z 114 114 12.7 10.8
Weight | 196 196 225 250 230

(c) Subtract the matrix in part (a) from the one in
part (b).

102 114 11.4 12.7 10.8 56 64 69 7.6 6.1
196 196 225 250 230 144 138 149 152 146
B \4.6 50 45 5.1 47

Changein length
52 58 76 98 84

Change in weight

(d) Add the new matrix to the one from part (b).
102 114 114 12.7 10.8 1.8 1.5 23 1.8 2.0
196 196 225 250 230 25 22 29 33 20

12.0 129 13.7 145 12.8
221 218 254 283 250

Final length

Final weight

Obtained Pain Relief

45. Yes No
Painfree 22 3
Placebo \ 8 17

(a) Of the 25 patients who took the placebo, 8 got
relief.

(b) Of the 25 patients who took Painfree, 3 got no

relief.
(c)
22 3 214+196 23 2] |85 15
8 17 6 19 10 15 3220 (27 73

(d) Yes, it appears that Painfree is effective. Of
the 100 patients who took the medication,
85% got relief.

46. (a) The matrix for motorcycle helmet usage in
2012 is

|

121

Compliant Noncompliant

Northeast| 60 6

4 - Midwest | 49 9
South| 61 16

West| 82 4

The matrix for motorcycle helmet usage in
2013 is
52 10

42 5
65 11
92 3

(b) The matrix showing the change in helmet
usage from 2012 to 2013 is

52 10 60 6 -8 4

42 5 49 9 -7 —4
B - A - — =

65 11 61 16 4 -5

92 3 82 4 10 -1

(¢) The percentage of compliant helmets incressed
in the South and West but decreased elsewhere.
The percentage of noncompliant helmets
decreased everywhere except the Northeast.

47. (a) The matrix for the life expectancy of African

Americans is
M F
1970 | 60.0 68.3
1980 63.8 72.5
1990 64.5 73.6
2000 | 682 75.1
2010 | 71.8 78.0

(b) The matrix for the life expectancy of White
Americans is
M F

1970 168.0 75.6
1980 |70.7 78.1
1990 |72.7 794
2000 |74.7 799
2010 |76.5 813

(¢) The matrix showing the difference between
the life expectancy between the two groups is

60.0 683 68.0 75.6 -80 73
63.8 725 70.7  78.1 —-69 5.6
645 73.6|—|727 794|=|-82 58
68.2 75.1 74.7 799 —65 —438
71.8  78.0 76.5 81.3 —-47 =33
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48. (a) The matrix for the educational attainment of

males is

1970
1980
1990
2000
2010

4 Years of 4 Years of
High School  College or

or More More
55.0 14.1
69.2 20.9
77.7 24.4
84.2 27.8
86.0 30.3

(b) The matrix for the educational attainment of

females is

1970
1980
1990
2000
2010

4 Years of 4 Years of
High School  College or

or More More
554 8.2
68.1 13.6
71.5 18.4
84.0 23.6
87.6 29.6

(¢) The matrix showing how much more (or less)
education males have attained than females is

55.0 14.1 554 82 -04 59
69.2 209 68.1 13.6 .1 73
717 2441 — 775 184|=| 02 6.0
842 278 84.0 23.6 02 42
86.6 30.3 87.6 29.6 -1.0 0.7

49. (a) The matrix for the educational attainment of
African Americans is

4 Yearsof 4 Years of
High School College or

or More More
1980 |51.2 7.9
1985 |59.8 11.1
1990 |66.2 11.3
1995 |73.8 13.2
2000 |78.5 16.5
2005 |81.3 17.6
2010 |84.2 19.8

(b) The matrix for the educational attainment of
Hispanic Americans is

4 Years of 4 Years of
High School College or
or More More

1980
1985
1990
1995
2000
2005
2010

453
47.9
50.8
53.4
57.0
58.5
62.9

7.9
8.5
9.2
9.3
10.6
12.0
13.9

(c¢) The matrix showing the difference in the
educational attainment between African and
Hispanic Americans is

51.2
59.8
66.2
73.8
78.5
81.3
84.2

7.9 453
11.1 479
11.3 50.8
13.2| —|53.4
16.5 57.0
17.6 58.5
19.8 62.9
J Ca Cl
11 1
1 00
11 1
11 1

7.9
8.5
9.2

93| =

10.6
12.0
13.9

59
11.9
15.4
20.4
21.5
22.8
21.3

0.0
2.6
2.1
3.9
59
5.6
59

(b) Rows 1 and 2 will stay the same. Since the
cats now like Musk, the zeros in rows 3 and
4 change to ones.

M J Ca Cl

Ml 111
J10 1
Call 1
1

00
11
Cl|1 11

2.4 Multiplication of Matrices

Your Turn 1

ol

1 2
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Your Turn 2

AB =

35
2 4

Sl

AB does not exist because a 2 X 3 matrix cannot be

3 —4
5 -3

multiplied by a 2 x 2 matrix.

BA

24

3(—1) — 4(—2)

3 43 5 -1

-5 =32 4 -2
33) —42) 305 —44)

=53) —3(2) =55 —34) —5—-1)—3(-2)
1 -1 5

-21 =37 11

Exercises

In Exercises 1-6, let

-2 4 -6 2
A= and B = .
0 3 4 0
-2 4 -4 8
24 =2 -
\ 0 3] 0 6‘
-6 2 18 —6
—3B = -3 =
[ 4 0 \—12 0]
2 4 12 —24
—64 = —6 =
0 3 0 —18
-6 2 —30 10
5B=75 =
\ 4 0] l 20 0‘
-2 4 -6 2
—44 + 5B = —4 5
IR
_[8 —16] [-30 10
o —12 20 0
-2 -6
20 —12
-6 2 2 4
7B —34 =7 -3
4 o] l 0 3]
|42 14] [-6 12
128 0 0 9
(=36 2
| 28 -9

Matrix A4 size Matrix B size

2x2

2x2

10.

11.

12.

123

The number of columns of 4 is the same as the
number of rows of B, so the product 4B exists.
The size of the matrix ABis 2 x 2.

Matrix B size Matrix 4 size
2x2 2x2
Since the number of columns of B is the same as

the number of rows of A, the product B4 also
exists and has size 2 x 2.

Ais 3 x 3, and Bis 3 x 3.

The number of columns of 4 is the same as the
number of rows of B, so the product AB exists; its
size is 3 x 3. The number of columns of B is the
same as the number of rows of 4, so the product
BA also exists; its size is 3 x 3.

Matrix 4 size Matrix B size

3x4 4 x4
Since matrix 4 has 4 columns and matrix B has
4 rows, the product 4B exists and has size 3 x 4.
Matrix B size Matrix 4 size

4 x4 I x4
Since B has 4 columns and 4 has 3 rows, the
product BA does not exist.
Matrix 4 size Matrix B size

4x3 3x6
Since the number of columns of A4, 3, is the same

as the number of rows of B, 3, the product 4B
exists. Its size is 4 x 6.

Matrix B size Matrix A size

3x6 4x3
The product B4 does not exist since the number of
columns of B, 6, is not the same as the number of
rows of 4, 4.
Matrix 4 size Matrix B size

4x2 3x4
The number of columns of A4 is not the same as the

number of rows of B, so the product 4B does not
exist.

Matrix B size Matrix A size
3x4 4x2
The number of columns of B is the same as the

number of rows of 4, so the product B4 exists and
has size 3 x 2.

Ais 3x 2 andBis 1 x 3.

The product AB does not exist, since the number of
columns of A4 is not the same as the number of
rows of B.

The product B4 exists; its size is 1 x 2.
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13.

14.

15.

16.

17.

18.
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To find the product matrix 4B, the number of
columns of A must be the same as the number of
rows of B.

The product matrix 4B has the same number of
rows as A and the same number of columns as B.

Call the first matrix 4 and the second matrix B.
The product matrix AB will have size 2 x 1.

Step 1: Multiply the elements of the first row of 4
by the corresponding elements of the column of B
and add.

23) + (=D(=2) = 8
5 8

2 —1“_3

Therefore, 8 is the first row entry of the product
matrix AB.

Step 2: Multiply the elements of the second row of
A by the corresponding elements of the column of
B and add.

2 —1
5 8
The second row entry of the product is —1.

“ ;‘ 53) + 8(-2) = —1

Step 3: Write the product using the two entries
found above.

=211
S N R
2

254 (=) 1047-2
(—=3)-5+0-10 + (—4)-2

-

\140‘
2 —1 2

—_— 3 W
S NN

5.142-2 5-4+2(=1)5-042-2
=[7-146-2 7-446(-1) 7-0+6-2

1-140-2 1-44+0(=1) 1-0+0-2
9 18 4

=19 22 12
1 4 0

SR IEE

3 6]l 5 -2 0

2-(-D+(=D-5 204 (=D-(=2) 2-4+(=1)-0

3.1 46-5 3:-046-(-2) 3.446-0
7*7 2 8
27 12 12
6 0 —4][1] [6-1+0-2+(—40] 6
20. |1 2 sl|2l=|1142.2+5.0|=]5
10 -1 30| [10-14+=12+3-0 |8
0 2
21, |2 2 _1]—1 4
30 1,

2004+ 2D+ (D0 2:2+2-4+(—1)2
_\ 3:0+0-D+10) 3.-2+0-4+1-2
l—z 10]
0 8

3
—3 1 0‘ .
-2

22.{
6 0 8

(=3) 3+1- (=) +0-(-2)
6-34+0-(—1)+8-(-2)

-

2 {1 2“1 5]

3 4/l 70
\1(—1)+2-7 1.5+2.0‘
3(-D+4-7 3-5+4-0

\13 5‘
25 15
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24_\28“10 2 1 ; 4 -]
—7 sllo 1 27. ||-3 —6{1 _2H]:—15 12H
21480 2-0+8-1 4 o2 —Ujl! s —g|!
:\(—7)-1+5.0 (—7)~0+5.1‘ ;
:\ 2 8] = 1-33
7 5 4
1
’s. \2 _3 7]2 :[—2(1)+(—3)2+7-3] ] .
s 6l 1 14+5-246-3 28 |3 _6[[1 —2] H
5 4 oll2 —1J!
_[29] 2 1 7
, — -3 —6 H: -33
4 0 4
26. |-9|[1 0 —1]
12 2. {2 —2]“4 3%[ 7 0”
2-1 2.0 2-(=D 1 =11t 2] |-1 5
=191 (90 =9 D {2 =211 3
2.1 12.0 12-(=D _\1 —1H0 7]
20 -2 _\22 —8]
—1=9 0 9 11 -4
2 0 —12

il R S et B

5]

31. 4=

-3 0

2= {(2)(2) + (=53 (=5 + (—5)(0)} _ [19 —10}
(=3)2) + (0)2) (3)(=5) + (0)(0) =6 15

0.5 0.2
32. 4=
0.7 -0.1

2 _[ 0905+ 0207 (05)02) + ©2)-0.) ] _[039 008
(0.7)(0.5) + (=0.1)(0.7) (0.7)(0.2) + (=0.1)(=0.1) | | 0.28 0.15

33. Use a graphing calculator or computer.

[2 -3 6 [37 -66 69
A=-9 4 5| 4> =]-59 83 -109
|1 -8 7 | 81 91 95
34. Use a graphing calculator or computer.
(1 0 -3 (-8 3 -9
A=|-1 2 0| A=|-3 4 3
3 -1 2 |10 -4 -5

Copyright © 2016 Pearson Education, Inc.

Finite Mathematics and Calculus with Applications 10th edition Lial Solutions Manual


https://ravanbooks.com/books/9780133981070-solutions

126 Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

w3

3l 36 17 19
®) BA:lz 1]2 4 :\5 —5‘
36/l 13 lo 30

(¢) No, 4B and BA are not equal here.
(d) No, 4B does not always equal BA.

36. Verify that (PX)T = P(XT).

m n
P 9

mx + nz my + nw
px +qz py+qw

Xy
z w

ros|_ ros

(PX)T =

t u t u

(mx + nz)r + (my + nw)t (mx + nz)s + (my + nw)u]
(px + q2)r + (py + qw)t (px + qz)s + (py + gwu

mxr + nzr + myt + nwt  mxs + nzs + myu + nwu

pxr + qzr + pyt + qwt  pxs + qzs + pyu + qwu

x yl|r s xXr+ yt xs + yu

z w

_|m n
P 9

P(XT) =™ "
P q

t u zr + wt zs + wu

m(xr + yt) + n(zr + wt) m(xs + yu) + n(zs + wu)
p(xr + yt) + q(zr + wt)  p(xs + yu) + g(zs + wu)

mxr + myt + nzr + nwt mxs + myu + nzs + nwu

pxr + pyt + qzr + gwt  pxs + pyu + qzs + qwu

mxr + nzr + myt + nwt mxs + nzs + myu + nwu

pxr + qzr + pyt + gwt  pxs + qzs + pyu + qwu

Thus, (PX)T = P(XT).
37. Verify that P(X + T) = PX + PT.
Find P(X + T) and PX + PT separately and compare their values to see if they are the same.

m n m nil|lx+r y-+s
P q P q)\|lz+t wHu

mx+r)y+niz+1t) m(y+s)+ nw+u)
p(x+r)+qz+1) py+s)+qw+u)

Xy
z w

P(X +T) = +|" 5

t u

mx +mr + nz +nt my + ms + nw + nu
pxX 4+ pr+qz+qt py+ ps+qw+ qu

PX + PT — m n m n mx + nz my + nw
p 9 P 9 px +qz py+qw
(mx + nz) + (mr + nt) (my + nw) + (ms + nu)
(px +q2) + (pr+q1)  (py + qw) + (ps + qu)
mx + mr + nz +nt my + ms + nw + nu
px + pr+qz+qt py+ ps+qw+qu

x y +
z w

ros|_ mr + nt ms + nu

pr+qt  ps+qu

t u

mx + nz +mr +nt my + nw+ ms + nu
px +qz+ pr+qt py+qw+ ps+ qu

Observe that the two results are identical. Thus, P(X + T) = PX + PT.

38. Prove that k(X + T) = kX + kT for any real
number k.
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kX +7T)

A R s]
z w t u

— x+r y+s
z4+t w+u

k(x4 1) k(y+s)
k(z+1t) kw+u)

_ |k +kr ky + ks
kz + kt kw + ku

_ ke ﬂ+h'h
kz  kw kt ku

— kX YLk s
z w t u

39. Verify that (k + h)P = kP
numbers k and /.

Distributive property
for real numbers

= kX + kT

+ hP for any real

m n
(k+h)P:(k+h)[
P q
|k +mm (k+ h)n
k+hp (k+ hyg
_ km + hm  kn + hn
kp + hp  kq + hq
_ km kn hm hn
kp kq| |hp hq
—g|m on| L mon
P q P q
= kP + hP
Thus, (kK + h)P = kP + hP for any real numbers
k and h.
1 Oflm n m n
40. (a) IP = = =P
0 Ljlp ¢ P 9q
Thus, IP = P.
m nill 0 m n
Pl = ]: =P
p ¢q|0 1 P 9
Thus, PI = P.
1 0
0 1z w z w
Thus, IX = X.
b IT=T

42.

127

The matrix / is called an identity matrix
because it acts like the multiplicative identity
for real numbers, which is 1.

If x is a real number,
l-x=x-1=x

IfXisa 2 x 2 matrix,
X = XI = X.
(¢) I is called an identity matrix, because if a

matrix is multiplied by / (assuming that these
matrices are 2 X 2), the resulting matrix is the

matrix you originally started with. Hence,
1 maintains the identity of any 2 x 2 matrix

under multiplication.
X
27 3 1 2x 4+ 3% + x5
Xy | = ,
14 5|7 X — 4xy + 5x3
X3
2)61 —+ 3)62 + X3 5
and = ||
xl — 4.X'2 + SX3 8

This is equivalent to

2x1—|—3x2—|—x3=5
X1—4X2+5X3:8

since corresponding elements of equal matrices
must be equal. Reversing this, observe that the
given system of linear equations can be written as
the matrix equation

X
2 31 \5]
Xy | = .
1 —4 5 8

X3
—4
A_\ ] xl’B:\ ]
-3 5 Xy 12

If AX = B, then

1o2f|x|_ |4
-3 5||x 12|

Using the definition of matrix multiplication,

lxl + 2X2
—3x1 + SXZ

—4
12

By the definition of equality of matrices,
corresponding elements must be equal, so

X +2x =-4 (I)
—3x + 5% =12. (2)

This is a linear system of two equations in two
variables, x1 and x;.

Copyright © 2016 Pearson Education, Inc.

Finite Mathematics and Calculus with Applications 10th edition Lial Solutions Manual


https://ravanbooks.com/books/9780133981070-solutions

128

43.

44.

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

Solve this system by the elimination (addition)
method. Multiply equation (1) by 3 and add the
result to equation (2).
3X1 —+ 6X2 = —12
—3X1 + 5X2 = 12
11X2 =

Xy =
Substitute 0 for x, in equation (1) to find x;.
x +20) = —4
x =—4
The solution of the system is (-4, 0).

Substitute —4 for x; and 0 for x, in the matrix
equation to check this result.

1= +20)] -4
=34 +50)] | 12]

1 2
-3 5

—4
0

(a) Use a graphing calculator or a computer to
find the product matrix. The answer is

6 106 158 222 28
120 139 64 75 115
146 —2 184 144 —129|
106 94 24 116 110

(b) CA does not exist.

AC =

(¢) AC and CA are clearly not equal, since CA does
not even exist.

This exercise should be solved by graphing
calculator or computer methods. The answers are
as follows:

4 75 —60 —33 11
20 169 —164 18 105
(@ CD =113 —82 239 218 —55|
119 83 7 82 106
162 20 175 143 74

110 96 30 226 37
—94 127 134 —87 33
(b) DC =|_52 126 193 153 22|
117 56 —55 147 57
54 69 58 37 31

(¢) No, CD = DC.

45.

46.

47.

Use a graphing calculator or computer to find the
matrix products and sums. The answers are as
follows.
-1 5 9 13 -1
7 17 2 —10 6
(@ C+D=|18 9 —12 12 22
9 4 18 10 -3
6 10 28 5

-2 -9 90 77
—42 —63 127 62
() (C+D)B=|413 76 180 —56
—29 —44 198 85
137 20 162 103

-5 -1 1 45
—156 —119 76 122
(© CB=| 315 86 118 —91
-17 =17 116 51
118 19 125 77

54 -8 89 32
114 56 51 —60
d DB=| 98 —10 62 35
—12 —27 8 34
19 1 37 26

-2 -9 90 77
—42 —63 127 62
(€ CB+ DB =|413 76 180 —56
—29 —44 198 85
137 20 162 103

() Yes, (C + D)B and CB + DB are equal, as
can be seen by observing that the answers to
parts (b) and (e) are identical.

Exercise 45 illustrates the distributive property.
2 3

10

3
w N A
A= W
hn O W W

S N

1
3
3
2

>
™

Dept.1 |57 70
_ Dept.2 141 54
Dept.3 |27 40
Dept. 4 [39 40
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(b) The total cost to buy from supplier A is 80(l) n 40(L) n 120(l) 80(1) n 40(l) n 120(
57 + 41 + 27 + 39 = $164, and the total cost to _ 2 4 4 5 5
buy from supplier B is 70 + 54 + 60(%) + 30(%) + 150(%) 60(%) + 30(%) + 150(
40 + 40 = $204. The company should make the
purchase from supplier A, since $164 is a lower _ 80 96
total cost than $204. 75 108
The rows give the average price per pair of
48. (@ CC MM AD footwear sold by each store, and the columns
S [0.5 0.4 0.3] give the state.
Ccl02 03 03 (d) The average price of footwear at a Fred’s
S C outlet in Arizona is $108.
SD |4 3
® yvelo s 0 30
M1 7 50. P =10 20,Q:\102 02],
20 20 50 1 20 2
4 3
© |2 s {0.5 0.4 0.3] 20
1 7 02 03 03 180
R =
60
CC MM AD 25
SD |26 25 21
= MC |2 23 2.1 20
M 19 25 24 10 2 0 2180
(@ OR =
. 50 1 20 2| 60
(d) Look at the entry in row 3, column 2 of the 55

last matrix. The cost is $2.50.

26 25 2.1/[100] [1810 _\10(20)+2(180)+0(60)+2(25)]
(e |2 23 2.1|[200]| = {1710 50(20) + 1(180) + 20(60) + 2(25)

1.9 25 2.4]/500 1890 B \ 610
. . 2430
The total sugar and chocolate cost is $1810 in
San Diego, $1710 in Mexico City, and $1890 The rows represent the cost of materials for
in Managua, so the order can be produced for each type of house.
the lowest cost in Mexico City. 610
49. (a) Sh Sa B (b) From part (a), QR = \ ]
_Sal's [80 40 120] 2430
Fred's |60 30 150 0 30 1o 72,900
(b) CA AR P(OR) = |10 20 \24 ] = |54,700
sh |+ % 20 20 60,800
— 1 1
1 3 0 30
4 5 10 2 0 2((/180
(PO)R = ||10 20
11 50 1 20 2j|| 60
1l 1 20 20
80 40 120]2 S 25
_ 11
(¢) PF = i
60 30 150) 3
435
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1500 30 600 60
= {1100 40 400 60
1200 60 400 80

180

72,900
= {54,700
60,800

Therefore, P(OR) = (PQO)R.

11117 12 15 15 19 12 17 13
51. - + + =
3(124 18 36 25 33 20 31 21

52. (a) To increase by 25%, multiply by 1.25 or

el
T

To increase by %, multiply by 1% or %, To

T.

increase by 10% multiply by 1.10 or % The

matrix is
s
4
1
4\,
11
10
88 105 60| 5] [316
48 72 40| | |200
(b) 4] =
16 21 o3 48
1
112 147 50| 1g| |[391
53. (a)
5 0 7
21 2 1 20 52 27
010 1
XY =3 2 2 1 —125 62 35
015 2
43 21 30 72 43
10 12 8

The rows give the amounts of fat,
carbohydrates, and protein, respectively, in
each of the daily meals.

500 7 75
0 10 1 45
(b) YZ = 4| =
0 15 2| 70
10 12 8 168

The rows give the number of calories in one
exchange of each of the food groups.

(¢) Use the matrices found for XY and YZ from
parts (a) and (b).
20 52 27}|8 503
(X)Z =|25 62 35||4| =623
30 72 435 743

75
2 1 21 45 503
XY2)y=|3 2 2 1 20l = 623
4 3 21 743
168
The rows give the number of calories in each
meal.
[T60 6 52 10 56 8
11149 9 42 5 455 7
54. — + =
21|61 16 65 11 63 135
182 4 92 3 87 35
[60.0 68.3 68.0 75.6 66.7 744
63.8 72.5 70.7 78.1 69.6 77.2

5S. % 64.5 73.6 +% 72.7 794 |=|713 784
68.2 75.1 74.7 79.9 73.6 79.1
| 71.8 78.0 76.5 81.3 75.7 80.8

56. (a) Let n represent the present year. Then
Jn =900, s, = 500, a, = 2600.

For the year, n + 1, we have

jn_|_1 0 0 0.33]/J,
S, 41|~ 018 O 0 ||s

a, | 0 071 094 a,

0 0 0.33]| 900
=018 O 0 || 500
0 0.71 0.94|2600
858
= 162|.
2799

For the year n + 1, there is a total of 858 +
162 + 2799 = 3819 female owls.

For the next year, n + 2, we have

Jn+2 0 0 033||Jnt1
Spt2 | =10.18 0 0 {841
a,. o 0 071 094f|a,,
0 0 033 858 924
=10.18 0 0 162 ~ | 154|.
0 0.71 0.94||2799 2746

For the year n + 2, there is a total of
approximately 924 + 154 + 2746 = 3824
female owls.

For the next year, n + 3, we have
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(b)

()

jn+3 0 0 0.33 jn+2
S,43| =018 0 0 5,42
a,. s 0 071 094)q, ,

0 0 033 924
=018 0 0 154| ~
0 0.71 0.94]|2746

For the year n + 3, there is a total of

906
166 |.

2691

approximately 906 + 166 + 2691 = 3763

female owls.
For the next year, n + 4, we have

jn+4 0 0 0.33 jn+3
Sn+4 =10.18 0 0 Sn+3
a4 0 071 0944 .,

0 0 0.33] 906
=10.18 0 0 166
0 0.71 0942691

For the year n + 4, there is a total of

~
~

888

163|.

2647

approximately 888 + 163 + 2647 = 3698

female owls.
For the year n + 5, we have

jn+5 0 0 0.33 jn+4
Sp4s|=10.18 0 0 ||s;14
ay s 0 071 094 a4

874
160]|.
2604

Q

For the year n + 5, there is a total of

0 0 0.33]] 888
=018 O 0 163
0 0.71 0.94|2647

approximately 874 + 160 + 2604 = 3638

female owls.

Each year, the population is about 98 percent

of the population of the previous year. In the
long run, the northern spotted owl will become

extinct.

Change 0.18 in the original matrix equation

to 0.40.

For the next year, n + 1, we have

Jnt1 0 0 033}/,

Spr1|=1040 0 0 ||s

i1

n

0 071 0.94||a,

131

0 0 0.33]| 900
=1040 0 0 || 500
0 0.71 0.94]|2600
858
= 360|.
2799

For the year n + 1, there would be a total of
858 + 360 + 2799 = 4017 female owls.

For the next year, n + 2, we have

Jn+2 0 0 033 Jut1
Span | =1040 0 0 |81
ayin 0 071 094]|a,,,

0 0 0.33]| 858 924

=040 O 0 360 | ~ | 343]|.

0 0.71 0942799 2887

For the year n + 2, there would be a total of
approximately 924 + 343 + 2887 = 4154
female owls. For the next year, n + 3, we have

Jn+3 0 0 033 /12
Sp13]=1040 0 0 |sy40
api3 0 071 094a,, ,

0 0 033 924 953

=040 0 0 343| = | 370|.

0 0.71 0.94]2887 2957

For the year n + 3, there would be a total of
approximately 953 + 370 + 2957 = 4280
female owls.

For the next year, n + 4, we have

Spaq | = 0.40 0 0 Spa3

0 0 0.33]] 953
=1040 0 0 370
0 0.71 0942957
976
3811
3042

Q

For the year n + 4, there would be a total of
approximately 976 + 381 + 3042 = 4399
female owls.
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For the next year, n + 5, we have 2.5 Matrix Inverses
Jnts 0 0 033 jyr4a Your Turn 1
Spts | =040 0 0 s, 4 Use row operations to transform the augmented matrix
a, s 0 071094)a, 4 so that the identity matrix is the first three columns.
0 0 033} 976 2 3 1|1 00
=040 0 O 381 A=|1 -2 —1|0 1 0
0 0.71 0.94||3042 33 270 0 1
1004 R < Ry[1 =2 —1|0 1 0
~ | 390]|. 2 3 1|1 00
3130 33 2[00 1
For the year n + 5, there would be a total of
approximately 1004 + 390 + 3130 = 4524 =2 -0 10
female owls. —2R{+Ry, = R0 7 3|1 =2 0

Assuming that better habitat management could —3R;+R; = R3| 0 9 5]0 -3 1

increase the survival rate of juvenile female
spotted owls from 18 percent to 40 percent, the

overall population would increase each year I =2 -110 10
and would, therefore, not become extinct. %Rz — R, [0 1 % % _ % 0
57. (a) The matrices are 0o 9 5|0 -3 1
0.0346 0.0118 , Lo Ll 2 3
0.0174 0.0073 Ry R =Ry 777
A4 =100189 0.0059 0 1 % % —% 0
0.0135 0.0083 SR, 4Ry R0 0 L2 3
0.0099 0.0103
361 2038 286 227 460 Lo Ll 2 3
473 2494 362 252 484 ; 71 ;
B =| 627 2978 443 278 499 o1 =} = —= 0
803 3435 524 314 511 %R3HR3 0 0 1 _% _% %
1013 3824 591 344 522
(b) The total number of births and deaths each %R3 +R;—Ry 1 00 % % %
year is found by multiplying matrix B by 3 5 1 3
361 2038 286 227 460 || 0.0346 0.0118 00 1 —% —% %
473 2494 362 252 484 || 0.0174 0.0073
BA = | 627 2978 443 278 499 || 0.0189 0.0059 13 1
803 3435 524 314 511 || 0.0135 0.0083 8 8 8
1013 3824 591 344 522 || 0.0099 0.0103 Thus, 4! = % —% —%
. 9 3 7
Births  Deaths -3 % T

1970 60.98  27.45
1980 74.80  33.00
= 1990 90.58  39.20
2000| 106.75  45.51
2010| 122.57  51.59
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Your Turn 2

Solve the linear system
5x +4y =23
4x —3y =6 .

be the coefficient matrix,

5 4
Let A=
4 -3

X

,and X = .
y

[23
B:

First find 4.

5

4 3
—SRy+R =Ry 1 05
4

The solution to the system is (3, 2).

Your Turn 3

(a) The word “behold” gives two 3 x 1 matrices:

2 15
5 and 12
8 4
1 3 4
Use the coding matrix 4 =2 1 3| to
4 2 1

find the product of 4 with each column matrix.

134142 49 1341415 67
2 13(5|=1{33]ad |2 13|12|=]54
4211 8 26 421 4 88

The coded message is 49, 33, 26, 67, 54, 88.

(b) Use the inverse of the coding matrix to decode
the message 96, 87, 74, 141, 117, 114.

—02 02 02] [96 141
A '=] 04 —06 02| |87], and [117
0 04 —02]| |74 114

—02 02 02]9 13

04 —06 02[|87|=1 1

0 04 —02]74 20

-02 02 02141 18
04 —-06 02)117|=]| 9
0 04 -—-0.2]/114 24

The message is the word “matrix.”

2.5 Warmup Exercises

WI1.
2 13
3 2|8
2 1 1|3
_ERI + R2—>R2 0 _1 1
2 212
lRl —R _1 13
2 2|2
2 _
~ 2R, SR, 10 1 1
7
1 _
—ERz + Rl—)Rl 1 0] 2
10 1]-1
The solution is (2,-1).
W2.
1 0 2|4
2 -1 =219
1 2 3 |-5
1 0 2|4
(-2)R; + R, =R, 0 -1 -6]|17
(-DR; + Ry —>R; 0 2 1 ]-1
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0 2 |4

{o -1 -6 |17

2R, + R; >R, 0 0 —-11]33
1
0
0

0 2] -4
(=DR, =R, 1 6|-17
(TII)R3—>R3 0 1]-3
(=2)R3 + Rj =R, 1 0 0]2
(-6)R, - R, 01 01

00 1]-3

The solution is (2,1,-3).

W3,
02 05047 [ 024 +(05)6) |
{—0.4 1.1}{6} - {(—0.4)(4) + (1.1)(6)} - {
W4,
1 -1 01-1 MED + =DQ2) + (0)3)
0 3 5 2=|0O)D+O3)Q2) + A |=
2 4 213 =2)(=D + H2) + 2)3)

2.5 Exercises

2 1] 3 -1] [6-5 -2+2
5 3[-5 2| [15—-15 -5+6
10
= :I
0 1
3 1|2 1] [ 6-5 3-3
-5 2/|5 3| |-10+10 —5+6
10
= :I
0 1

Since the products obtained by multiplying the
matrices in either order are both the 2 x 2 identity
matrix, the given matrices are inverses of each
other.

1 —4][-7 4
2 —7||-2 1
[ -7+8 4-4
C|-14+14 8-7
10
= :[

3.8
5.0

| |
O W

16

|

—7 4][1 -4

2 1|2 -7

[-7+8 2828

=242 8-7
1 0

= :I

Since the products obtained by multiplying the
matrices in either order are both the 2 x 2 identity
matrix, the given matrices are inverses of each
other.

2 6
2 4
No, the matrices are not inverses of each other
since their product matrix is not /.

-1 2{|-5 =2

3 =5{|-3 -1

Since this product is not the 2 x 2 identity matrix,
the given matrices are not inverses of each other.

-1 2
2 —4

10 —20
=
6 —12

=1

=10
0 -1

20 1] 1 1 -1
1120 1 0
01 0/-1 =2 2
240-1 240-2 —2+4+0+2
=|14+0-2 1+1-4 —1+4+0+4
0+0+0 0+140 0+0+0
1 00
=|-1 =2 3|=1
0 10

No, the matrices are not inverses of each other
since their product matrix is not /.

0 1 O0|f1 0 1 1 00
0 0 =21 0 0|=|0 2 O|=1
I -1 0||0 -1 0 0 0 1

Since this product is not the 3 x 3 identity matrix,
the given matrices are not inverses of each other.
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8.

10.

11.

1 3 3| 7 -3 -3 1 00

1 4 3||-1 I 0/=|0 1 0|=1
1 3 4/|—-1 0 1 0 0 1

7 =3 =3||l1 3 3 1 00
—1 I 01 4 3|=|0 1 0/=1
-1 0 Ij1r 3 4 0 0 1

Yes, these matrices are inverses of each other.

1 0o0ll1 0 0
1 -2 3|lo o0 1
0 1 0|1 1 2

333

1+0+0 0+0+0 0+0+0
=|-14+40+1 0+0+1 0-2+2
0+0+0 04+0+0 04140

Wl'_‘OH
w- o o
.
|
_
|
[}

W

0+0+0 04040

=10+0+0 O0+0+1 04+0+0

1 1 2 2
37310 0-3+3

1+0+4+0

0+1+4+0

I
S O =
S = O

0
0|=1
1

Since the products obtained by multiplying the
matrices in either order are both the 3 x 3 identity
matrix, the given matrices are inverses of each
other.

No, a matrix with a row of all zeros does not have
an inverse; the row of all zeros makes it impossible
to get all the 1’s in the main diagonal of the identity
matrix.

Since the inverse of 4 is Ail, (Afl)f1 would be
the inverse of the inverse of 4, which is 4.

1 -1
2 0f

Form the augmented matrix [ A|7].

Let 4 =

12.

135

1] =

I —1{1 0
2 0(0 1

Perform row operations on [A4|/] to get a matrix

of the form [/|B].

1 —1]1 0
2 o‘o 1]
1 1] 10
—2R;+ R, - R, |0 2‘—2 1]
2R+ Ry, = Ry [2 0] 01
0 2]-2 1]
SRy =Ry [T 0] 0 2

| 1:[1|B]
SRy =Ry [0 11 3

The matrix B in the last transformation is the
desired multiplicative inverse.

A = 0
—1

)= =

This answer may be checked by showing that
A4 =T and 474 = L.

Find the inverse of 4 =

1

, if it exists.
3
Write the augmented matrix [ A|7].

[417] = 2 3]0 1

1 1‘1 0]

Perform row operations on [A4|/] to get a matrix

of the form [/|B].

11 1 0
2R, +R, =R, |0 1‘—2 1‘
IR, 4R, — R, [1 0] 3 —1
{0 1 ‘ 2 1‘
The last augmented matrix is of the form [/|B],
so the desired inverse is

. 3 -1
=2 1l
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3 -1
13. Let A= .
-5 2
3 —-1(1 0
[417] =
-5 2|0 1
3 —1|1 0

R1+R2*>R13063
0 1|5 3

1
TR = Ry [1 0‘2 1

0 1|5 3]:[”3]

The desired inverse is

PEENEN
15 3f

14. Find the inverse of 4 = |

, if it exists.
3
Write the augmented matrix [ 4|7].

[l7] =

-3 8|1 0
I 3]0 1

Perform row operations on [4|/] to get a matrix

of the form [1|B].

—3 —8]1 0
R;+3R, =R, | 0 1‘13]
8R,+R, — R, [-3 0]9 24

l 0 —1‘1 3]

1
_?]:{1 — Rl 1 0|—-3 -8
0 1 1 3

The last augmented matrix is of the form [/|B],
-3 —8]

so the desired inverse is 4! = ) N

Note that matrix A4 is its own inverse: A4 = I.

1 -3
15. Let 4 = .
{—2 6
1 -3]1 0
[4l1] =
-2 6|0 1
1 =3|1 0
2R1+R2—>R2 0 0 2 l

Because the last row has all zeros to the left of the
vertical bar, there is no way to complete the
desired transformation. 4 has no inverse.

, if it exists.

16. Find the inverse of 4 = \

5 10]1 0
[4l1] =
-3 —6]0 1
5101 0
3R +5R, =R, [0 0]3 5

At this point, the matrix should be changed so that
the first row, second column element will be 0.
Since this cannot be done using row operations,
the inverse of the given matrix does not exist.

100
17. Let A=[0 -1 0|
0 1
1 00100
[AlI]=]0 =1 0[]0 1 0
1 0 1/0 0 1
0 0] 100
-10[ 0 10

—~IR{+R; > R; [0 0 1|-1 0

1 0 0 1 0 0
0 0 1|-1 0 1
1 00
A'=l0 -10
—1
1 3 0
18. Find the inverse of 4 = |0 —1|, if it exists.
1 0 2
1 3 0 0 0
[AlI]=1]0 2 —1]{0 1 0
1 0 210 0 1
1 3 0] 100
0 2 —-1|] 0 10
—1R{+R3 —=R5 |0 -3 2|-1 0 1

3R, +2R; =R, [2 0 3] 2 =3 0
02 -1 0 10
3R,+2R; - R; [0 0 1[|-2 3 2
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—3R;+R; —R; [2 0 0| 8 —12 —6 2 1 0| 100
R;+Ry, R, [0 2 0[—2 4 2 0 3 1/ 010
00 1|-2 3 2 —2R;+R3; - Ry [0 =3 —3[-2 0

IR =R [1 0 0] 4 -6 -3 —1R,+3R; - R; [6 0 —1| 3 -1 0
IR, =Ry (0 1 0f-1 2 1 03 110 10
00 1]|=2 3 ) Ry+R3 —=R; |0 0 2|2 11
e N T Ry+2R, R, |0 1 0|—2 3 1
5 3 2 00 —1]-2 1
1 2 1 1
1 1 1 1
19. Let A=|4 5 0| sRy =Ry 101 0|5 5 &
0 1 -3 SRy —R3 [0 0 1| 1 -3 -2
-1 -1 —1|1 0 O 211
[AlI]=] 4 5 0[0 10 3 74
- -r_j_r 1 1
0 1 =-3|0 0 1 A = 3 > 3
1 1
-1 -1 —=1|1 0 O 1 -5 —3
4R, +R, R, | 0 1 —4)4 10
1 =3[0 0 1 12 3
21. Let A=|-3 -2 —1|.
R2+R1*>R1 -1 0 -5 5 10 -1 0 1
01 —4| 4 10
~1R,+R; = R; | 0 0 1]|—4 —1 1 2 3/100
SRy+ R, — Ry [~1 0 0]—15 —4 5 [A11]=]-3 =2 —110 L0
3R R o 1 0 1/0 0 1
4R;+R, =R, [ 0 1 0|-12 -3 4
00 1| 4 —1 1 12 3|1 00
IR, SR [10 0] 15 4 -5 3R;+R, >R, |0 4 8(3 1 0
o 10l 12 3 a Ri+R; >Ry [0 2 4[1 0 1
00 1] -4 -1 1 Ry+ (—2R) — R, [-2 0 2|1 1 0
15 4 -5 0 4 8(31 O
A '=1_12 -3 24 Ry+(-2R3) = R3; | 0 0 0|1 1 =2
-4 -1 1 Because the last row has all zeros to the left of the
vertical bar, there is no way to complete the
2 1 0 desired transformation. 4 has no inverse.
20. Findtheinverseof 4 = {0 3 1|, if it exists.
4 -1 -3 2 0 4
22. Findtheinverseof 4 = |1 0 —1}|, if it exists.
2 1 0|1 0 O
00 -2
[AlI]=]0 3 1|0 10
4 -1 =30 0 1 20 4(1 00
[AlI]=|1 0 —1]0 1 0
30 =20 0 1
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20 4|1 0 O
00 6|1 =2 0
0 0 16]|3 0 -2

Rl + (—Z)Rz — R2
3Ry + (=2)R5; — Ry
Since the second column is all zeros, it will not be
possible to get a 1 in the second row, second

column position. Therefore, the inverse of the
given matrix does not exist.

1 3
Find the inverseof 4 = |2 7
3 8

-2
-3, if it exists.
-5

23.

13 2|1
[AlI]=12 7 =30
3 8 5[0

S = O
—_ O O

1 3 -2
“2R;+R, =R, [0 1 1
“3R;+R; =Ry [0 -1 1

10
-2 1
-3 0

—_ O O

—3R,+ R, > R, [1 0

R,+R; >R; |0 0 2

—1R3+2R2 — R2 0 2
00

SRy =R (10 0|2
1
7
1

A—l

—1|, if it exists.
-4 5

00
1 0
0

R1+2R3 — R3 0

2 =2

-1 2
—6

14
2 2

4 6

—6

(]
|< v g

12

—_

1

—_
(=]
—_
(=)

S O = O

~IR,+ R, =R, [4 0 -6
0 1 2
TR, + Ry — R3 [0 0 20
3R;+10R; — R, [40 0 0
—1R34+10R, — R, [ 0 10 0
0 0 20
R =R [100
1
1
%R:; — R3 0 O 1| -
1 11 3
20 20 20
-2 3 1
4 - 5 5 5
3 7 1
10 10 10
I -2 30
0 1 -1 1
25. Let 4 = .
-2 2 =2 4
0 2 -3 1
1 =2 3 0]1
0 1 =1 110
1] =
-2 2 -2 410
0O 2 -3 1|0
1 -2 30
0 1 -1 1
0 -2 4 4
2R1 + R3 — R3 0 2 =3 1
0 1 —1 1
—2R,4+ Ry — Ry [0 0 —1 —1
R;+2R, =R, | 0 2 0 8
00 2 6
R3 + 2R4 — R4 0 0 0 4
R4 + (*Z)RI — Rl 4000 2
—3R4+2R; — Ry [0 0 4 0|-2
0004 2
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Section 2.5
1 1 1 1 1
Ry =Ry (01001 4 -3 -2
Ry =R (00 1 0—2 > -5 -2
Ry—Rg 000 1| 3 & 5 =
ro1r 1 1
2 2 4 2
1
-1 4 —= =22
L 2
1l s 1 3
2 2 4 2
o1 1 1
2 2 4 2
1 0 2
. . -1 1 =1 .. .
Find the inverse of 4 = 5y ol if it exists.
1 2 1 1
1 1.0 2|1 000
2 -1 1 —-1/0 1 0 O
[411] =
3 32 =2{0 0 10
1 21 00 0 0 1

Carry out these row operations to get the next
matrix: *2R1 + Rz — Rz, *3R1 —+ R3 — R3,
*lRl + R4 — R4.

1 1 0 2 1 000
0 -3 1 -5|-2 100
0 02 -8/-3 010
0 1 1 -2|-10 0 1

Carry out the row operations R, + 3R; — Ry,
R, + 3Ry — Ry

3 01 1 1 100
0 -3 1 =5{-2 1200
0 02 8|-3010
0 04 —-11|]-5 10 3

—2R3 —|— R4 — R4

-6 0 0 —10|-5 -2 10
0 6 0 2 1 -2 10
002 —-8|-3 0 10
000 5 1 1 -2 3

2R4+ Rl — Rl’ —2R4+ 5R2 — R2,
8R4+5R3 — R3

139

-7 8 —11 24

0

0 30 0 0| 3 —12 9 -6
0
50 1 1 -2 3

1
1 1
1 000 5 0 5 —1
1 2 3 1
0100 7 %5 1 —3
7 4 11 12
0010|-% %5 17 =
1 1 2 3
0001} 5 5 -5 %
1 1
5 0 5 —1
rz 3 1
A—l: 10 5 10 5
74 112
10 5 0 5
r 2 3
5 5 5 5
2x + 5y =15
x+4y =9

First, write the system in matrix form.

25x_15

1 4llyl |9
2 5 X 15
Let 4 = , X = , and B = .
1 4 y 9

The system in matrix form is 4AX = B. We wish

tofind X = A'4X = 47'B. Use row operations
to find 47",

2 5‘1 0]

[A“]:{l 410 1

0 3]-1 2

2 50 10
—1R; + 2R, — R,

—5R, +3R; — R \6 0‘ 8 10‘

0 3|-1 2
1 4 5
sRi—= R0 5 =5
1 1 2
?Rz — R2 O 1 —? T
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28.

29.
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4 5
e _1 4 =5
2 31—1 2
3 3
Next find the product 4~ 'B.
4 5
Y 4lg_| 3 3 15
1 20l 9
33
1] 4 SS5|Is
3 -1 2)|9
1 15 B 5
33 |1

Thus, the solution is (5, 1).

—-x+2y =15
—2x— y =120
This system may be written as the matrix equation

-1 2
-2 -1

15
20

X

¥

In Exercise 12, it was calculated that

1

1 2t -5 -
-2 -1 | 2
5

= w|®

and we now know that X = A 'B is the solution
to AX = B.

Thus,
1

X

y

-

and (—11, 2) is the solution of the system.

5
2
5

2x+ y= 5
5x + 3y =13

2
Let 4 =
5

The solution is (2, 1).

30 —x—2y= 8
3x+4y =24

This system may be written as the matrix equation

-1 -2 8

\ 3 4 24

x
y
In Exercise 14, it was calculated that
1 27! B 2 1
3 4

- 3 1

B

2
and since X = AilB, we get

2
2 1
3

l 40]
1 = :
T 7 —24

Therefore, the solution is (40, —24).

8
24

X

y

31. 3x—2y=3
T7x -5y =0
First, write the system in matrix form.

3 =2

7 =5

X

y

:3]

3
,and B = .
i

—2] [x
, X =
_5 y

The system is in matrix form 4X = B. We wish to
find X = A~' 4X = A" 'B. Use row operations

3
LetA:\
7

to find 4"
3 =211 0
[AlT] =
7 =510 1
3 -2 1 0
7R, +3R, =R, [0 —1]-7 3
—2R2+R1—>R1 3 0 15 —6
0o —-1|-7 3
1
R =Ry [1 0]5 -2
~1R, - R, |0 1|7 -3
52
7 -3

Next find the product A7 'B.

> 2l

Thus, the solution is (15, 21).

X =4"'B=
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32. Ix—6y= 1

—5x+9y = -1
This system may be written as the matrix equation
3 —6|jx| |1
=5 9|ly| |-1f
Calculate the inverse of
3 -6
A= .
-5 9
-3 =2
A_l == 5 5
-5 -1
¥ -3 =2 \ 1‘ -1
SO = =
B [
. . 2
The solution is (—1, —?).
33. —x— 8= 12
3x + 24y = 36
-1 -8 X 12
Let 4 = , , B = .
3 24 y -36

Using row operations on | 4|/] leads to the matrix

1 8|-1 0
0 0|3 1f

but the zeros in the second row indicate that matrix
A does not have an inverse. We cannot complete
the solution by this method.

Since the second equation is a multiple of the first,
the equations are dependent. Solve the first
equation of the system for x.

—x —8y =12
—x =8y +12
x=-8y —12

The solution is (—8y — 12, y), where y is any real
number.

34. 2x+7y =14
4x + 14y = 28

First, write the system in matrix form.

2 Ti|xl |14
4 14||y| |28
2 7 ) 1
Let 4 = 4 14l Use row operations to find 4™ .

3s.

36.

141
2 711 0
[Al7] =
4 14 |10 1
2 7|11 0
—2R1 +R2—>R2 0 0|2 1

The zeros in the second row indicate that matrix A
does not have an inverse. Since the second
equation is a multiple of the first, the equations are
dependent. Solve the first equation for x.

2x+7y =14
2x =14 - Ty
=BTy

2

2

The solution is ( 147y , y), where y is any real

number.
—x— y—z= 1

4x + S5y = -2
y—3z= 3

has coefficient matrix

-1 -1 -1
A=| 4 5 0]
0 1 -3

In Exercise 19, it was found that

-1 -1 —1]
A'=14 5 o0
0 1 3
15 4 -5
=|-12 -3 4
-4 -1 1
Since X = 47 'B,
X 15 4 -5 1] [-8
yl=|-12 =3 4||-2|=]| 6l
z -4 -1 1| 3 1

The solution is (=38, 6, 1).

2x + y =1
3y+ z=28
4x —y -3z =28

has coefficient matrix
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2 1 0 38. dx +y—4z =17
A=1{0 3 1]. 2x+y— z=12
4 —1 -3 —2x —4y + 5z =17

has coefficient matrix

5 1 I 4 1 —4
2 1 ol! 3 77 12 A=|2 1 -1\
-1 _ _|-1r 1 1 -2 -
A4 =10 3 1 = 3 3 G 2 4 5
4 -1 -3 1 _% _% In Exercise 24, it was calculated that
13
Since X = 47 'B, 4 1 -4 20020020
at= 2 1 o= 2L
2 1 1 5 5 5
x 3 "7 1] [-2 -2 -4 3 |3 1 1
1 1 1 8 5 10 10 10
o Il R o A 113
: 14 2|8 ~Llls 12 4
2 2 - 20 .
L -6 14 2
Thus, the solution is (-2, 5, —=7).
Since X = AilB,
37. +3y—-2z= 4
2x+7y 32 . x 111 317
x —3z =
3+8y 5:= 4 y:%_g R
X -5z = —
yE 2 6 14 2|17
has coefficient matrix
: 200 10
b3 =2 :2—0—60:—3.
A=\2 7 =3| 100 5
3 8 -5
Thus, the solution is (10, —3, 5).
) . 39. 2x -2y =5
In Exercise 23, it was calculated that
4y + 8z =7
11 1 5 _
|3 _oT! -5 5 5 x +2z =1
L R _ % % B % has coefficient matrix
3 8 —5 _i L L 2 =20
2 2 2 A=|0 4 8|
—11 -1 5 1 0 2
_ ] 1 1 -1
) I However, using row operations on [4|/] shows
=5 1 1 that A does not have an inverse, so another method
i Y = 45 must be used.
fmee & = ' Try the Gauss-Jordan method. The augmented
~11 =1 51 4 matrix is
:é 11 -1 8 2 =2 095
z 5 1 1]|-4 0 4 87
7 36 1 0 2|1
:l 16| = 8
2
—16 -8

Thus, the solution is (—36, 8, —8).
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40.

41.

After several row operations, we obtain the matrix
1 0 2

01 2
0 0 013

17
4
A
4

The bottom row of this matrix shows that the
system has no solution, since 0 = 13 is a false
statement.

X + 2z = —1
y— z= 5
X+ 2y = 7
The system can be written as the matrix equation
1 0 2| x -1
01 -1jjy|=]| 5
1 2 0} z 7

First calculate 4~ using row operations.

10 2[100
[AlI]=1]0 1 —1|0 1 0
12 0]0 0 1
10 2/ 100
01 —1] 0 10
—R;+R3—R3| 0 2 —2|—-1 0 1
1o 2/ 1 0
01 -1 0 1
—2R,+R3—R3/ 0 0 0]-1 -2 1

The zeros in the third row indicate that matrix 4
does not have an inverse. Since the equations are
not multiples of each other, the system has no
solution.
x—2y+3z = 4
y— z+4+ w=-8
—2x +2y —2z+4w = 12
2y =3z4+ w= -4

has coefficient matrix

1 -2 30
0 I -1 1
4= .
-2 2 =2 4
0 2 -3 1

In Exercise 25, it was found that

42.

143

o 11
2 2 4 2
1
-1 4 —= =2
A = 2 .
s 13
2 2 4 2
L N S
2 2 4 2
Since X = 47 'B,
2 _1r 1
X 2 2 4 2 4 7
1
y| |74 -3 28 |34
zl |1 s 1 3l12) |-19
2 2 4 2
L T S T I | 7
2 2 4 2
The solution is (=7, —34, —19, 7).
X+ y+ 2w =3

2x— y+ z— w =3
Ix+3y+2z—-2w=>5
x+2y+ z =3
This system may be written as the matrix equation

1 10 2|x 3

2 -1 1 —1||y 3

3032 2|z 5|

1 2 1 0w 3

The inverse of this coefficient matrix was calculated
in Exercise 26. Use that result to obtain

1 1
= 0 = -1
x 2 2 3 1
1 2 3 1
yi |70 5 10 ~5(3]_10
z| |_7 4 1 15 |2f
10 5 710 5
w 1 | 2 3|13 1
5 5 75 5
The solution is (1, 0, 2, 1).
. a b
In Exercises 43—48, let 4 = ]
c d
1 Ofla b a b
0 1ilc d c d
Thus, I4 = A.
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s ar=|* 00 a b)|aatme adme
. e allo 1 A4~ = ad—bc ad—bc
c d —C a
a-1+b-0 a-0+b-1‘ ad—bc  ad—bc
=1 ) ) ) ad—bc  —ab+ab
c-1+d-0 c-0+4d-1  |ad=pc ad—bc | 1 07[
a b | ed—cd —bc+ad | |0 1|
= =4 ad—bc ad—bc
c d
a bl[0o 0 0 0 49, AB = O
45. A . 0 - - - 0 -1 -1
c dj|j0 0 0 0 A (AB)=4" -0
-1
Thus, 4-0 = O. (4 4B =0
I1-B=0
a b|1 0
46. B=0
c d|0 1
Thus, if 4B = O and A" exists, then B = O.
a b 1
—cR;+aRy - R,|0 ad —bc|—c a 50. Assume that matrix 4 has two inverses B and C.
Then
b ad —ab AB=BA =1 ()
—— R, + Ry — Ry |a 0
ad—bc 2 1 1 ad—bc ad—bc
0 ad—bc‘ —c a and AC =CA=1 (2)
_ Multiply equation (1) by C.
%Rl — Ry |10 adcibc adf)bc Py oy
C(AB) = C(BA) = CI
1 R, R0 1= _a
ad—bc 2 2 ad—bc ad—bc . . e e ..
Since matrix multiplication is associative,
d —-b
2d—be ad—be C(4B) = (CA)B.
Thus, A = ad—bc ad—bc , if ad — be = 0.
ad_——cbc ﬁ Since [ is an identity matrix,
CI = C.
47. In Exercise 46, it was found that
Combining these results, we have
e L C(4B) = C
~ad —bc|l—  al (4B) =
(CAB = C.
A= d —=biffa b From equation (2), C4 = I, giving
ad — bc|—c alllc d
IB=C
__ L || 4 Dje b B=C
ad —bc||—c al||lc d o ) o
Thus, if it exists, the inverse of a matrix is unique.
B 1 ad — bc 0
ad — be 0 ad — bc 51. This exercise should be solved by graphing
1 0 calculator or computer methods. The solution,
= o 1‘ =1 which may vary slightly, is
. —0.0477 —0.0230 0.0292  0.0895 —0.0402
Thus, 44 = I 0.0921 0.0150  0.0321 0.0209 —0.0276
C_1 =1—0.0678 0.0315 —0.0404 0.0326 0.0373]|.
48. Show that A4 = 1. 0.0171 —0.0248 0.0069 —0.0003 0.0246
—0.0208 0.0740 0.0096 —0.1018 0.0646

From Exercise 46,

A*l

_d __=b_
ad—bc ad—bc
_C :

ad—bc

_a
ad—bc

(Entries are rounded to 4 places.)
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52. Use a graphing calculator or a computer to perform 58. Use a graphing calculator or a computer to obtain
this calculation. With entries rounded to 6 places,
the answer is 0.489558
1.00104
0010146 —0.011883  0.002772  0.020724 —0.012273
0.006353  0.014233 —0.001861 —0.029146  0.019225 X = 2.11853
(CD)_1 = | —0.000638  0.006782 —0.004823 —0.022658  0.019344 |. —1.20793
—0.005261  0.003781  0.006192  0.004837 —0.006910 0961346
—0.012252 —0.001177 —0.006126  0.006744  0.002792
72

53. This exercise should be solved by graphing

calculator or computer methods. The solution, 59. (a) The matrixis B = |48/.

which may vary slightly, is 60
0.0394 00880  0.0033  0.0530 —0.1499 (b) The matrix equation is
~0.1492  0.0289 00187  0.1033  0.1668 2 4 2] [x 7
Dl | 01330 _00543 0035 0.1768  0.1055]. 2 1 2| x| =48]
0.1407 00175 —0.0453 —0.1344  0.0655 2 1 3] |x 60

0.0102 —0.0653 0.0993 0.0085 —0.0388 . .
(¢) To solve the system, begin by using row

(Entries are rounded to 4 places.) operations to find A~ !

54. Use a graphing calculator or a computer to determine

2 4 2|1 0 0
that, no, ¢ 'p7! and (CD)f1 are not equal. {AV] —12 12101 0
2 1 3]0 0 1
55. This exercise should be solved by graphing calculator
or computer methods. The solution may vary 24 211 0 0
slightly. The answer is, yes, plc! = (CD)fl. Ri+(-DR, - R, |0 3 0|1 -1 O
Ri+(-DR3; - R5|0 3 —1|1 0 -1
56. Use a graphing calculator to obtain AR, 43R R 16 0 61—-1 4 0
- 2 1 1 -
_2_27 % 2_17 030 1 —-10
JE D R Ry+(—DR3; —R3 (0 0 1| 0 —I
B 99 99 99 |’
5379 14 —6R3+R; =Ry |6 0 O0|—-1 10 —6
297 297 297 030 1-1 0
. . . 00 1| 0 —1
Use a graphing calculator again to solve the matrix
equation X = A~ 'B. 1 15 _
a <R =R |10 0f—5 5 —I
1.18519 1 1 1
<R, =R, |01 0f = —= 0
X =|-0.95960 3 0o 3 31 |
—1.30976

57. This exercise should be solved by graphing
calculator or computer methods. The solution, —
which may vary slightly, is

1.51482 0].

0.053479 -1 1
—0.637242|

0.462629 Since X = A~ 'B,
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1
X1 6
1
X2 = ?
X3 0

There are 8 daily orders for type I, 8 for

type I, and 12 for type III.

60. Letx = the number of transistors,
y = the number of resistors, and

z = the number of computer chips.

Solve the following system:

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

3x + 3y + 2z = amount of copper available;

X + 2y + z = amount of zinc available;

2x + y + 2z = amount of glass available.

First, find the inverse of the coefficient matrix

3 3 2
1 2 1|
2 1 2
33 211
1 2 1(0
2 1 2|0
3 3 2
Rl + (—3)R2 — Rz 0 —3 —1
2Rl + (—3)R3 — R3 0 3 —2
R, + Ry — R |3 0 112
0 -3 —-1|1
R2 + R3 — R3 0 0 —-3|3
0 -313
sRI—R |1 00 1
1
ERz — Ry, |0 1 0 0
Ry —R; [0 0 1]-1
4 1
'-35 -3
-1 _ 2 _l
A =0 5 3
-1 1 1

(a) 810 units of copper, 410 units of zinc, and

490 units of glass

N _m = O = O

L4
x 3 73([810]  [100
vl=] 0 3 —1ll410| =110
z -1 1 111490 90

100 transistors, 110 resistors, and 90 computer
chips can be made.

(b) 765 units of copper, 385 units of zinc, and

470 units of glass
N
x 3 311765 95
vl=] 0 3 —1|385] =100
z -1 1 111470 90

95 transistors, 100 resistors, and 90 computer
chips can be made.

(¢) 1010 units of copper, 500 units of zinc, and
610 units of glass

L4
x 3 T3([1010] [140
=] 0 3 —|| 500] =130
z -1 1 1l 610 100

140 transistors, 130 resistors, and 100 computer
chips can be made.

61. Letx = the amount invested in AAA bonds,
y = the amount invested in A bonds, and
z = amount invested in B bonds.
(a) The total investment is x + y 4+ z = 25,000.
The annual return is 0.06x 4 0.065y + 0.08z =
1650. Since twice as much is invested in AAA
bonds as in B bonds, x = 2z.
The system to be solved is
x + v+ z = 25,000
0.06x + 0.065y + 0.08z = 1650

X - 2z = 0
1 1 1 25,000
Let 4 =|0.06 0.065 0.08|,B = | 1650 |,
1 0 -2 0
X
and X =|y/|.

z

Use a graphing calculator to obtain

26 400 3
AV = 40 —600 —4|.
~13 200 1
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Use a graphing calculator again to solve the
matrix equation X = A~ 'B.

—26 400  3{]25,000
y|=| 40 —600 —4|| 1650
z —13 200 1 0

10,000

= 10,000

5000

$10,000 should be invested at 6% in AAA
bonds, $10,000 at 6.5% in A bonds, and $5000
at 8% in B bonds.

(b) The matrix of constants is changed to

30,000
B = 1985
0

—26 400  3][30,000
y[=| 40 —600 —4|| 1985
z| |-13 200 1) o0
14,000
— 19,000
7000

$14,000 should be invested at 6% in AAA
bonds, $9000 at 6.5% in A bonds, and $7000
at 8% in B bonds.

(¢) The matrix of constants is changed to

40,000
B = 2660
0
—26 400  3][40,000
y| =] 40 —600 —4|| 2660
zl |=13 200 1f| o0
24,000
= | 4000
12,000

$24,000 should be invested at 6% in AAA
bonds, $4000 at 6.5% in A bonds, and $12,000
at 8% in B bonds.

62. Letx = the number of pounds of pretzels,
y = the number of pounds of dried fruit, and
z = the number of pounds of nuts.

The total amount of trail mix is x + y + z. The
cost of the trail mix is 4x + 5y 4 9z. Since twice

147

the weight of pretzels as dried fruit is to be used,
x = 2y.

(a) For a total of 140 pounds at $6 per pound, a
total value of 140 x $6 = $840, the system to
be solved is

x+ y+ z=140
4x + 5y + 9z = 840

x— 2y = 0
1 1 1 140
Let A=|4 5 9|, B=840]|,
1 -2 0 0
X
and X =|y|.

z

Use row operations to obtain the inverse of the
coefficient matrix.

=

9 2
7 7 7 | 18 -2 4
-1 _ 9 1 51
_13 3 1 -13 3 1
14 14 14
Since X = 47 'B,
x 1 18 —2  4][140
=—| 9 —1 —5/480
1T 14
z —-13 3 1|l 0
840 60
— L la0] = |30/,
14
700 50

Use 60 pounds of pretzels, 30 pounds of dried
fruits, and 50 pounds of nuts.

(b) For a total of 100 pounds at $7.60 per pound,
a total value of 100 x $7.60 = $760, the
system to be solved is

x+ y+ z =100
4x + 5y 4+ 9z = 760

x—2y = 0
100
The matrix of constants is changed to B = | 760 |.
0

Since X = AilB,
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148
[ 18 -2 400
— 2 9 —1 —5|760
N7 1a
: 13 3 1|l o
280 [20
~ a0l = |0l
14
980| |70

Use 20 pounds of pretzels, 10 pounds of
dried fruits, and 70 pounds of nuts.

(¢) For a total of 125 1b at $6.20 per pound, a total
value of 125 x $6.20 = $775, .the system to
be solved is

x+ y+ z=125
4x + 5y +9z = 775

x—2y = 0
125
The matrix of constants is changed to B = |775].
0

Since X = A'B.

x 18 —2  4][125
Ll 9 1 s|l7rs
14
z ~13 3 1llo
700]  [50
— L 350] = |25].
14
700| |50

Use 50 pounds of pretzels, 25 pounds of dried
fruits, and 50 pounds of nuts.

63. Letx = the number of Super Vim tablets,
y = the number of Multitab tablets, and
z = the number of Mighty Mix tablets.

The total number of vitamins is
X+ y—+z
The total amount of niacin is
15x 4+ 20y + 25z
The total amount of Vitamin E is
12x + 15y + 35z.
(a) The system to be solved is
x+ y+ z= 225
15x 4+ 20y + 25z = 4750
12x 4+ 15y + 35z = 5225.

1 1 1 x 225
Let A =|1520 25|, X =|y|,B =|4750|.
20 15 35 z 5225

Thus, AX = B and

1

I 1) |x 225

15 20 25| |y|=[4750|.
12 15 35||z| |5225

Use row operations to obtain the inverse of the
coefficient matrix.

4 L
17 17
225 50
23 2 —
= T ||4750 = | T5).
5225 100
3 1
85 17

There are 50 Super Vim tablets, 75 Multitab
tablets, and 100 Mighty Mix tablets.

(b) The matrix of constants is changed to

65
x 17

45
T
z 3

17

185
B = |3625|.
3750
4 1
17 17| 185]  [75
B _2 113625 = |50
85 17
5 1113750 60

85 17

There are 75 Super Vim tablets, 50 Multitab
tablets, and 60 Mighty Mix tablets.

(¢) The matrix of constants is changed to

65
X 17
45
Y 17
z 3

17

230
B =|4450|.
4210
4L
17 17| 230 80
2 _21l4450| = [100
85 17
51 |]4210 50

85 17

There are 80 Super Vim tablets, 100 Multitab
tablets, and 50 Mighty Mix tablets.
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64. (a)

(b)

First, divide the letters and spaces of the
sentence into groups of 3, writing each group
as a column vector.

A (space) (space) i
|, i , o roo,
/ s a (space)
i l e n w
n |, |o], |(space)|, d |, |a
(space) v a (space) r

Next, convert each letter into a number,
assigning 1 to A, 2 to B, and so on, with the
number 27 used to represent each space
between words.

1 27 27 9 9

121, | 9|, | 6, [18], [14],

12 19 1 27 27

12 5 14 23
15, (27|, |4, |1
22 1 27 18

Now find the product of the coding matrix
134

presented in Example 7, 4 = {2 1 3|, and
421

each column vector above. This produces a

new set of vectors, which represents the coded

message.

85| (130 49 171 (159

50|, (120, | 63|, (117|, |113]|,

40| |145] |121 99 91

145| (90| |134 98

105|, (40, |113], |101

100| |75 91 112

The message will be transmitted as 85, 50, 40,
130, 120, 145, 49, 63, 121, 171, 117, 99, 159,
113, 91, 145, 105, 100, 90, 40, 75, 134, 113,
91,98, 101, 112.

First, divide the coded message into groups of
three numbers and form each group into a
column vector.

138 |101| [162| |210
81|, | 67|, |124|, |150
102 |109| |173| |165
Next, find the product of the decoding matrix

presented in Example 7, the inverse of matrix
A in part (a) above,

65. (a)

149

02 02 02
A =] 04 —06 02|, and each of the
0 04 —02

column vectors above. This produces a new
set of vectors, which represents the decoded
message.

9 |15 |27] |21
271, 1221, |25], |27
12 51 |15] |27

Lastly, convert each number into a letter,
assigning A to 1, B to 2, and so on, with the
number 27 used to represent each space
between words.

Decoded message: I love you
First, divide the letters and spaces of the

message into groups of three, writing each
group as a column vector.

T b 0 n| | (space)| |(space)
o ) e ) r B o B t 5 b
(space) | |(space)| |(space)| |¢ 0 e

Next, convert each letter into a number,
assigning 1 to A, 2 to B, and so on, with the
number 27 used to represent each space
between words.

20 20 |15] |14 (27| |27
15\, | 5], |18], |[15], |20/,
271 |27| 27| |20] |15

Now, find the product of the coding matrix B
and each column vector. This produces a new
set of vectors, which represents the coded
message.

262 186 264 208 224 92
—161}, |—103|, |—-168|, | —134|, |—152]|, |=50
—12 —22 -9 =5 5 -3

(b)

(c)

This message will be transmitted as 262,
—161, —12, 186, —103, —22, 264, —168,
-9, 208, —134, -5, 224, —152, 5, 92,
-50, —3.
Use row operations or a graphing calculator to
find the inverse of the coding matrix B.
.75 25 3
B ' =]-025 05 0
—-025 —-05 -1
First, divide the coded message into groups of

three numbers and form each group into a
column vector.
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116 294 148 96 264 Lt B
—60|, |—197], |=92|, |—64|, |—182 005560y B B2
~15) | -2| | -9) | -4 | -2 R R
1 1 1
Next, find the product of the decoding matric ,% 0 10
B! and each of the column vectors. This 0 1 40
produces a new set of vectors, which
represents the decoded message. =|-1 0 60
0 0 1
8 16 2 20 1
1 25 9 8 25 (¢) Denoting the original positions of the band
’ ’ ’ ’ members as xj, x2, and so on, the original
16| 27| |18 4 27 shape was
Last, convert each number into a letter, 25
assigning A to 1, B to 2, and so on, with the
number 27 used to represent a space between 20 foX2 X3 X XS
words. The decoded message is HAPPY 15 Xg
BIRTHDAY.
10 X7
66. (a) 50 50 45|11 0 O 5 Xg
[BlI]=1]0 15 20[0 1 0 0 X
1 1 1/0 0 1 30 35 40 45 50 55 60 65

We are given that band member x, originally

Interchange rows 1 and 3. et
positioned at (50, 0), moved to (40, 10); band

1 1 1]0 0 member xg, originally at (50, 15), moved to
0 15 2010 1 o (55, 10); band member x,, originally at (45, 20),
d to (60, 15).
50 50 45|10 0 moved to (60, 19). .
To find the new position of x;, originally at
11 100 1 40
015 2000 1 0 (40, 20), multiply A by the vector |20|.
—50R;+R3 - R; |0 0 —5[1 0 —50 !
R;+ R Ry |[-15 0 0|1 1 —65
4R3+R1_>R1 0 15 04 1 -200 0 0 1 40140 %0
3t R =R S D 4]20] = |-1 0 60]/20] = |20
- - 1 0 0 1]1 1
LR, =R, [1 0 0 LB
TN TR 15 15 3 The new position of band member x; is
60, 20).
1R, =Ry, 0 10 & L % (60, 20) . .
15 15 15 3 To find the new position of x3, originally at
~sR3 > R3 [0 0 1| —¢ 0 10 50
(50, 20), multiply 4 by the vector |20]|.
R, + (—15R; - R; [-15 0 5[0 1 —15 1
0 15 20(0 1 0
0 0 5|1 0 —s0 50 0 1 40|50 60
Al200=|—1 0 60{|20| = |10
e 1 0 0 11 1
15 15 3
~1 4 1 40 . .
B = TR TS The new position of band member x; is
(60, 10).
—— 0 10 .\ .
5 To find the new position of x4, originally at
40 55 60 >3
®) 4=10 10 15| B~ (55, 20), multiply A by the vector |20].

1 1 1 1
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55 0 1 40}||55 60
A120|=|—-1 0 60(|20|=| 5
1 00 1) 1 1

The new position of band member x4 is

(60, 5).

To find the new position of xs, originally at
60

(60, 20), multiply 4 by the vector |20 .
1

60 0 1 40}|60 60
A(20|=|-1 0 60|(20|=| 0O
1 00 1)1 1

The new position of band member xs is

(60, 0).

To find the new position of x,, originally at
50

(50, 10), multiply 4 by the vector |10 |.
1

50 0 1 40150 50
Al10|={-1 0 60(|10| = |10
1 0 0 1) 1 1

The new position of band member x; is (50, 10).
To find the new position of x;, originally at
50

(50, 5), multiply 4 by the vector | 5 |.
1

50 0 1 40(|50 45
Al 5|=|-1 0 60| 5|=110
1 0 0 1|1 1

The new position of band member xs is
(45, 10). The new position of the band is

25

20 X

15 Xy

10 X9 Xg X7 Xg X3
X4
X5

30 35 40 45 50 55 60 65

Thus, the new shape is a sideways T whose
vertical and horizontal intersection is at mark
(60, 10).

151

2.6 Input-Output Models

Your Turn 1

X=-4""D

1.395 0.496 0.589 | 322
X =10837 1364 0.620 || 447
0.558 0.465 1.302 || 133

749.239
= 961.682
560.697

The productions of 749 units of agriculture, 962 units
of manufacturing, and 561 units of transportation
are required to satisfy the demands of 322, 447, and
133 units, respectively.

Your Turn 2

11 1 1
2 4 6 2 4 6
1 1 3 1
A=10 7 % I — 4= 0 7 "%
112 LI
2 2 3 2 2 3
L .
72X T3*2 TEM 0
3 1
(1 — A)X = 0)(1 T‘x2 *E)C3 =10
1 1 1 0
2% T3X%2 39
We get the following system.
1 1 1 0
2N TR T T
3 1
ZX2—€X3 =0
1 1 1
—Exl EXZ +§x3 =0

Clearing fractions gives the following system.
6X1 — 3)62 — 2)63 =0
9X2 - 2X3 =0
—3x —3x +2x3 =0

9xy — 2x3 = 0 6x, — 3(%;@) —2x3 =0
9%y, = 2x
2 23 6x1—%x3—2x3=0
X2 = 9%
6x1 — %x3 =0
8
6x1 = ?x3
4
=95
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.. (4 2 ) . .
The solution is T3 5 X3 X3 s where x; is any real 2.6 Exercises

number. For x3 = 9, the solution is (4, 2, 9). So, the

production of the three commodities should be in the L.
ratio 4:2:9.

o8 02] |2
o2 07 |3

To find the production matrix, first calculate

2.6 Warmup Exercises =4
10 0.8 0.2 02 -0.2
WI1. ] — 4= — =
|: ) ‘ 1 ():| 0 1 0.2 0.7 —-0.2 0.3
- 1 jo0 1 Using row operations, find the inverse of 7 — A.
R GR {_31 12 ‘(1) (1)} 0 — Al = 02 —02]1 0
e B |02 030 1
1 1|0 1
R+ Ry >Ry |0 1]1 3 I0R; = Ry | 2 -2|10 O
I0R, = R, |-2 3| 0 10
(- DR; =Ry 1 -1|/0 -1
o 111 3 2 -2 ‘ 10 0]
R,2*R, >R, [1 0[1 2 Ri+Ry = Ry [0 1010
0 1|1 3 2R, +Ry — Ry |2 030 20
1 2 0 10 10
The inverse is . 1
0 1/10 10
W2,
1 15 10
-4 =
1 2 4|1 0 0 10 10
3 0{0 10
Since X = (I — A)le, the product matrix is
0 1 5|0 01
1 =2 411 0 0 _{15 10H2]_60
R, + R, >R, 0 1 4/1 10 10 10] [3] |50
0 1 5|0 0 1
0.2 0.04 3
2R, + R, >R, 10 12[3 2 0 2 4 ] :\
01 411 1 o 0.6 0.05 10
(-DRy +Ry—R3 |0 0 -1 -1 1 To find the production matrix X, first calculate
1 -4
(- 12 Ry + R{>R; |1 0 0|15 14 -12 [ 4= {1 0] B {0.2 0.04‘
(- #R; + R, >R, 1 0|l5 5 -4 0 1 0.6 0.05
0 1]-1 -1 1 | 0.8 —0.04
-12 —-0.6 095
Theinverseis | 5 5 -4 Next, use row operations to find the inverse of
-1 -1 1 I — A
1 1.29  0.054
-4 =
0.815 1.087

Since X = (I — 4)"'D,

129 0.054] [ 3] [ 44
10815 1.087| (10| |13.3]
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0.1 0.03 5
s D =
0.07 0.6 10

First, calculate 7 — A.

0.9 —-0.03

I—4=
\—0.07 0.4

Use row operations to find the inverse of I — A4,
which is

U — 4] \1.118 0.084]

0.196 2.515
Since X = (I — A)le, the production matrix is

0.196 2.515| |10

1.118 0.084|| 5
26.12

B l 6.43

0.02 0.03
0.06 0.08

4. A=

100
3D =

200
To find the production matrix, first calculate
I— A

e

0 1| |0.06 0.08
[ 098 —0.03
~1-0.06 092

Using row operations, find the inverse of / — 4.
F=AlT=1 006 o092]0 1
100R; — R;[ 98 —3‘100 0]

100R, — Ry|—6 92| 0 100

98 —3 |100 0
3R, + 49R, — R, | 0 4499 ‘ 300 4900]
3R, + 4499R; — R;[440,902 0 |450,800 14,700

0.98 —0.03‘1 0

0 4499 300 4900

1
440,902 R1 — Ry|1 0]1.022449 0.033341
1 R, - R,|0 1[0.066681 1.089131

4499

-t =

1.022449 0.033341
0.066681 1.089131

Since X = (I — A)le, the production matrix is

~11.022449  0.033341}| | 100

~10.066681 1.089131] (200
108.91

= (rounded).
224.49

153
08 0 0.1 1
5. 4=101 05 02(,D =16
0 02 07 3

To find the production matrix, first calculate / — A.

1 00 08 0 0.1
I—-4=/01 0|—1(0.1 05 02
0 0 1 0 02 07

02 0 0.1
=|-0.1 05 -02
0 02 03

Using row operations, find the inverse of 7 — A.

02 0 —01|1 00
[I—4|I]=|-01 05 —02[0 1 0
0 02 03[0 0 1

10R, — Ry[ 2 0 —1]10 0 0
10R, — Ry |[—=1 5 =20 10 0
10R; — R3| 0 02 3|0 0 10

2 0 —1[10 0 ©

R;+ 2R, — R,[0 10 —5[10 20 0
0 02 3,0 0 10

2 0 -1/10 0 O]
| 0 10 -5/10 20 ©
R+t Ry = Rs10 0 202 4 10

2 0 -1/10 0 ©
. 0 10 -5/10 20 0
5R3—>R30 0 1|1 2 5
R; +R; > R/ [2 0 0[11 2 5
5R; + R, = R,[ 0 10 0|15 30 25

0 0 I[1 2 5

1
ERIARI 1 0 0

(=]
—_
(=]

1
—R, > R
10 2 2

o
=)
Lt
(VI SRRV SRV

—_—
—_—

(I-a" =

— 1w
[V SRRV SRRV
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Since X = (I — A)_lD, the production matrix is

19

28

(VI SRRV SRRV

0.1 05 O 10
6. A=|0 03 04|,D=| 4
0.1 02 0.1 2

09 —-05
I —-—4= 0 0.7
—-0.1 -0.2

1.158  0.947
(I — A" ={0.084 1.705

0.147 0.484

1.158 0.947

X =(-A4)""'D=0084 1.705
0.147 0.484

16.21
=1 9.18
6.06

7. A B C
A 03 0.1 0.8
B |05 06 01 =4
C |02 03 0.1

0.7 —-0.1 -0.38
I-4=|-05 04 -0.1
-02 -03 09

0

—-0.4

0.9

0.421
0.758

1.33

0.421] [10
0.758

133 || 2

Set (I — A)X = O to obtain the following.

0.7 —0.1 —08][x
—05 04 —0.1|x
—02 —03 09| x

0.7X1 — O.1X2 — 0.8X3
—0.5x; + 0.4xy — 0.1x3
—O.le — 0.3X2 + 0.9X3

S O O O o O

Rewrite this matrix equation as a system of

equations.

0.7X1 — O.IXZ — O.8X3 =0

*O.SXI + O.4)C2 - 0.1)63 =0

—0.2)(1 — 0.3X2 + 0.9X3 = 0

Rewrite the equations without decimals.

7)C1 - X2 — 8X3 =0 (])

—S.X] + 4X2 — .X3 = O (2)

=2x1 = 3% + 93 =0 (3)
Use row operations to solve this system of
equations. Begin by eliminating x; in equations (2)

and (3)

7X1 — Xy — 8X3 =0 (])
23xy) —47x3 =0 (4)
723)62 + 47)C3 =0 (5)

5R; + 7R, — R,
2R1 + 7R3 — R3

Eliminate x; in equations (1) and (5).

23R, + R, — R, 16l —231x3 = 0 (6)
2x, — 47x3 =0 (4)
R2+R3—>R3 020(7)

The true statement in equation (7) indicates that
the equations are dependent. Solve equation (6) for
x1 and equation (4) for x, each in terms of xs.

=233
161 23
Xy = £X3
23

The solution of the system is

2x 4—7x x
23772377
If x3 = 23, then x; = 33 and x, = 47, so the

production of the three commodities should be in
the ratio 33:47:23.

A B C
A (03 02 03
B |0.1 05 04|=4
C (06 03 03

Calculate / — A4, and then set (/ — A)X = O to
find X.
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1 00 03 02 03
I—4=|0 1 0/—|0.1 05 04
0 0 1 06 03 0.3
07 —-02 -03
=|-01 05 —-04
-06 —-03 0.7
07 —02 —03|lx
I—-—AX =|-01 05 —04]||x,
—0.6 —03 0.7 x3
0
=10
0

10.

O.7X1 — 0.2)62 — 0.3XS =0
—O.IXI —+ 0.5)62 — 0.4X3 = 0
0.6X1 — 0.3)62 + 0.7X3 = O

Solving this system with x3; as the parameter will
give the solution

gx ﬂx X
33737 337 3 )

If x3 =33, thenx; = 23andx, = 31, so the

production of A, B, and C should be in the ratio
23:31:33.

Use a graphing calculator or a computer to find the

production matrix X = (I — A)_lD. The
answer is
7697
4205
6345
4106

Values have been rounded.

This exercise should be solved using a graphing
calculator or a computer, to find X = (1- A)_1 D.
The answer, rounded to the nearest whole number,
is

7022

4845

5116

4647

11.

12.

13.

14.

155

In Example 4, it was found that

1.3882 0.1248]

- A"~
0.5147 1.1699

Since X = (I — A)_ID, the production matrix is

0.5147 1.16991|1250 1938.473

1.3882 0.1248” 925

B \1440.085

Thus, about 1440. metric tons of wheat and 1938
metric tons of oil should be produced.

N
Il
S W=

500
, D=
{1000]

W | —

X=U-4"'D
—1

1
3 \500‘
14| [1000
5
155
_ 14 14| 500
3 15((1000
14 14
[ 8929
~1178.6

Produce about 893 metric tons of wheat and about
1179 metric tons of oil.

In Example 3, it was found that
13953 0.4961
(I — 4 ' ~]08372 13643
0.5581 0.4651

0.5891
0.6202 .
1.3023

Since X = (I — A)_ID, the production matrix is

1.3953 0.4961 0.5891||607 1505.66
X =10.8372 1.3643 0.6202||607| = |1712.77|.
0.5581 0.4651 1.3023||607 1411.58

Thus, about 1506 units of agriculture, 1713 units of
manufacturing, and 1412 units of transportation
should be produced.

00 L
2 1000
Azé 0 0/, D=1000
) 1000
0 —
4
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1.043478  0.130435 0.521739
(1—4)"" = 0347826 1.043478 0.173913
0.086957 0.260870 1.043418

1695.6
X =(1—4)"'D=]15652
1391.3

Produce about 1696 units of agriculture, about

1565 units of manufacturing, and about 1391 units
of transportation.

15. From the given data, we get the input-output

matrix
1 1
0 - —
2 4
A=1L o 1|
4 4
1 1
- =0
2 4
L 1
2 4
J—a=|-L 1 -1
4 4
I T
2 4

Use row operations to find the inverse of I — A4,
which is
1.538 0.923 0.615
(I— A"~ 0615 1436 0.513].
0.923 0.821 1.436

Since X = (I — A)le, the production matrix is

1.538 0.923 0.615||1000 3077
X =10.615 1.436 0.513(|1000| ~ (2564 |.
0.923 0.821 1.436||1000 3179

Thus, the production should be about 3077 units of
agriculture, 2564 units of manufacturing, and 3179
units of transportation.

o L1
2 4 500
16. 4=|+ o L{.p=1500
4 4
500
11,
2 4

2 4
[—a=|-L1 1 -1
4
_ oy
2 4

1.538  0.9231 0.6154
(I— A" =06154 1436 0.5128
0.9231 0.8205 1.436

1538.3

X = - A)"'D=11282.1

1589.8

Produce about 1538 units of agriculture, about
1282 units of manufacturing, and about 1590 units
of transportation.

17. From the given data, we get the input-output

matrix
1
A= ‘1‘ 6
- 0
2
31
J_4—| 4 6
L
2
Use row operations to find the inverse of I — A,
which is
31
1 _|2 4
-4 = 30
4 8
(a) The production matrix is
31 | 7
X=U-A'D=|%2"* ]: 41
39111 15
4 8 8

Thus, % bushels of yams and % ~ 2 pigs
should be produced.

(b) The production matrix is

3 1

X = (-4 2 7| [100] _[1675
3 91170 153.75/
4 8

Thus, 167.5 bushels of yams and 153.75 =~ 154
pigs should be produced.

18. For this economy,
02 04 02
A=104 02 0.1].
0 01 02
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19.

20.

21.

22.

Use a graphing calculator or a computer to find
- A)le where
1000
D = {1000.
1000

The solution, which may vary slightly, is

3179.35

3043.48|.

1630.43
Produce about 3179 units of oil, 3043 units
of corn, and 1630 units of coffee.
Use a graphing calculator or a computer to find
the production matrix X = (I — A)le. The

answer is
848

516|.
2970

Values have been rounded.
Produce 848 units of agriculture, 516 units of
manufacturing, and 2970 units of households.
Use a graphing calculator or a computer to
find (I — A)_lD. The solution, which may vary
slightly, is

18.2

73.2|.

66.7

Values have been rounded.

Produce $18.2 billion of agriculture, $73.2 billion of
manufacturing, and $66.7 billion of households.

Use a graphing calculator or a computer to find the
production matrix X = (I — A)le. The answer is

195,492
25,933 .
13,580
Values have been rounded. Change from
thousands of pounds to millions of pounds.
Produce about 195 million Israeli pounds of agri-
culture, 26 million Israeli pounds of manufacturing,
and 13.6 million Israeli pounds of energy.
(a) Use a graphing calculator or a computer to
find ( - A)le. The solution, which may
vary slightly, is

23.

24,

157

183,464
304,005]|.
42,037

Values have been rounded.

In 100,000 RMB, produce about 183,000 for
agriculture, 304,000 for industry/construction,
and 42,000 for transportation/commerce.

(b) The entries in matrix (I — A)f1 are called

multipliers, and
economic values.

they give the desired

1.24 034 0.04

(I—A)"~030 1.85 0.14
0.03 0.08 1.02

(Each entry has been rounded to two decimal
places.) Since we are interested in the result
when there is a 1 RMB increase in demand for
agricultural exports, we are interested in the
first column of this matrix. Interpreting the
multipliers shown, we find that an increase of 1
RMB in demand for agricultural exports will
result in a 1.24 RMB increase in production of
agricultural commodities, a 0.30 RMB increase
in production of industrial/ construction
commodities, and a 0.03 RMB increase in
production of transportation/ commercial
commodities.

Use a graphing calculator or a computer to find
the production matrix X = (/ — A)le. The
answer is

532
481
805 |
1185

Values have been rounded.

Produce about 532 units of natural resources, 481
manufacturing units, 805 trade and service units,
and 1185 personal consumption units. Units are
millions of dollars.

(a) Use a graphing calculator or a computer to

find (/ — B)71C . The solution, which may vary
slightly, is

60

27

42
1002
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25.

(b)

(@)
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Values have been rounded.

A $50 million increase in manufacturing
demand will result in a $3 million production
increase in natural resources, a $60 million
production increase in manufacturing, a
$27 million production increase in trade and
services, a $42 million production increase in
personal consumption, and 1002 new jobs.

The matrix (I — B)fl is
1.1 01 O 0 0
02 12 02 01 0
07 05 19 07 0
1.3 08 13 16 0
409 20.0 392 16.0 1

The bottom row of this matrix indicates the
total employment requirement, per million
dollars, of a sector. For example, the total
employment requirement, per million dollars,
of natural resource output is 40.9 employees.

Use a graphing calculator or a computer to
find the matrix (/ — A)fl. The answer is

1.67 0.56 0.56

0.19 1.17 0.06|.
3.15 327 438

Values have been rounded.

These multipliers imply that if the demand for
one community’s output increases by $1 then
the output in the other community will increase
by the amount in the row and column of this
matrix. For example, if the demand for
Hermitage’s output increases by $1, then output
from Sharon will increase $0.56, from Farrell
by $0.06, and from Hermitage by $4.38.

(b)

26. Find the value of 7 — 4, thenset (I — A)X = O.

11
1 0 2 ol x
(I — AX = |4 2 1
0 1] 3 1li||x
4 2
3 _1 3 1
i 2y FRi i
T3 x| 1
—= =2 —=x +-x
4 PR
0
0
Thus,
3 1
—x —=x =0
R )
2y =+x
X = 2x
1= 3%

27.

If x, = 3, then x; = 2. Therefore, produce

2 units of yams for every 3 units of pigs.

Calculate / — 4, and then set (/ — A)X = O to

find X.
301
1 0 1 3 X
(I — A)X = |4 3 1
0 1] (L 2/[x
4 3
1 1
. 4 31 1%
1 1ixn
4 3
1 1
PR 0]
Tl 1 0
——Xx + =X
2 T3
Thus,
1 1
—x; —=x, =0
2 T30
1y =1x
20 = 30
)C_4X
1= 3%

If x, = 3,x; = 4. Therefore, produce 4 units of
steel for every 3 units of coal.

28. Find the value of I — A, then set

I—AX = 0.
11,
1 00 3.2 x
1 1 1
I — DX = 1 —|= = =
( ) 0 0l =13 7 71 |*
0 01 11 3(|[*
3 4 4
2 _1 0
30 2 X
s,
T3 4 4|
LN S N
3 4 4
37172 0
1 3
= —gxl +Z.X'2—ZX3 = 0
1 1 1 0
—;xl — sz + Zx:z,
The system to be solved is
2 1
Exl — E.XZ = 0
1 3 1
—Exl =+ sz — Zx3 = 0

3
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Write the augmented matrix of the system. 13
55
2 1 0]0 1 00 S, X
3 2 ([—A)X = 01 0|— g g g X
_é % _% 0 0 0 1 2 i l X3
5 5 5
1 1 1o
3 4 4 23 9
\ X 5 5 X
3 _3 -2 4 _4
12Ry — Ry|-4 9 =3|0 21 44X
12R; — R3|—4 =3 3|0 S5 8
3 sThsT2 0
1 —= 00 2 4 4
4 = —gxl + E.X'Z — EX3 O
4R+ R, = R, |0 6 —3|0 5 ; ) 0
4R+ R3 - R3 [0 -6 3]0 3N T 3% T3
3 The system to be solved is
1 —= 010
4 4 3
1 gxl — ng =0
; 2y + A
0 -6 3|0 st s st
2 1 4
5 —gxl — gxz + gx:; = 0
3
ZRZ +Ry =Ry |10 ) 0 Write the augmented matrix of the system.
1
0 1 =310 L
6R2 + R3 — R3 O O O 0 2 4 4
5 5 5|0
Use x3 as the parameter. Therefore, x; = %x3 and 7% 7% % 0
Xy = ix3, and the solution is (3x3, lx3, X3 |. SRR 1 =32 olo
2 8§77 2 7™M 1 7
If x; =8, then x; = 3 and x, = 4. 5R, — Ry|—2 4 —4]0
Produce 3 units of agriculture to every 4 units of 5R3 = R3|-2 -1 4]0
manufacturing and 8 units of transportation.
. 1 -2 0lo0
29. For this economy, 4
Ry +Ry —Ry[0 2 —40
2Ry +Ry = R3[0 —2 4]0

QN LN wn|—
nl—= = un|w
wl— ulr o

Find the value of I — 4, thenset (I — A)X = O.
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1 -2 olo

4
IRy o Ry0 1 =30
0 -2 4]0

2

3 6

2Ry + R~ Ry[1 0 =50
01 -31o
2Ry + Ry = R3[0 0 00

6
Use x5 as the parameter. Therefore, x; = 3% and
8 . . 6 8
Xy = X3 and the solution is 5% 3434 . If

x3 = 5, then xy = 6 and x, = &.

Produce 6 units of mining for every 8 units of
manufacturing and 5 units of communication.

Chapter 2 Review Exercises

1.
2.
3.

10.
11.
12.

13.

14.
15.

16.

True
True

False; a system with three equations and four
unknowns has an infinite number of solutions.

False; only row operations can be used.
True

False; matrix 4 is a 2 X 2 matrix and matrix B is a
3 x 2 matrix. Only matrices having the same
dimension can be added.

False; only matrices having the same dimension
can be added.

True

False; in general, matrix multiplication is not
commutative.

False; only square matrices can have inverses.
True; for example, 0- 4 = A4-0=0

False; any n x n zero matrix does not have an

—4

inverse, and the matrix is an example of

another square matrix that doesn’t have an inverse.
False; if AB = C and A4 has an inverse, then
B=4AcC

True

False; AB = CB implies A = C only if B is the
identity matrix or B has an inverse.

True

17.

19.

20.

21.

For a system of m linear equations in # unknowns
and m = n, there could be one, none, or an

infinite number of solutions. If m < n, there are
an infinite number of solutions. If m > n, there

could be one, none, or an infinite number of
solutions.

2x =3y =14 ()
3x+2y =5 (2
Eliminate x in equation (2).
2x =3y = 14 ()
-3R;+ 2R, = R, 13y =-52 (3)
Make each leading coefficient equal 1.
1 3
SR =Ry x=Jy= 7110
=Ry = Ry y=-4 0

Substitute —4 for y in equation (4) to get x = 1.
The solution is (1, 74).

+2=3

=4

Bl= =
(TN

First, multiply both equations by 4 to clear
fractions.

2x+ y =12
x— 2y =16

Now proceed by the echelon method.

2x+y = 12
1 1
ER] — Rl X + Ey = 6
Back-substitution gives
1
x + 3(_4) =06
x = 8.

The solution is (8, —4).

2x =3y + z=-5 ()
Sx+5y+3z=14 (2
Eliminate x in equation (2).
2x — 3y +z=-5
5R; + (-2)R, — R, —25y —z = =53

Let z be the parameter. Solve for y and for x in
terms of z.
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Chapter 2 Review
—25y —z =53
—25y =-53+¢
53—z
Y - 725
53—z
2x—3[T]+Z:—5
159 3z
2x — 25 + 75 +z=-5
28 34
X+ 357= 35
2 — 34 28
¥ =55 557
_ 34-28z
()
. 34-28z 53—z
The solutions are 30 s T 2

22.

23.

where z is any real number.

2x =3y +4z=5 (1
3x+4y+5z2=6 (2

Eliminate x in equation (2).
2x =3y +4z =5

3R, + (—2)R, > R, 25y +2z=3

Let z be the parameter. Solve for y and for x in

terms of z.

y+2z=3
y=3-12z

2x =33 —-22)+4z=5
2x+9 —6z+4+4z =15

2x — 2z = -4
2x =2z —4
x=z-—2

The solutions are (z —2, 3 —2z, z), where z is

any real number.

2x + 4y = —6
“3x -5y =12

Write the augmented matrix and use row operations.

24,

25.

161

2 4/-6
-3 5|12
2 4] -6
3R1 + 2R2 — R2 0 2 6
—2R, +R; — R, [2 0]-18
0 2 6
%Rl —R; [1 0]-9
1 1

The solution is (=9, 3).

x—4y = 10
5x + 3y =119

Write the system in augmented matrix form and
use row operations to solve.

I -4 10
5 31119
1 —4|10
—5R; + Ry, — R, [0 23|69
4R, + 23R; — Ry 23 0(506
0 23| 69
1
»Ri—~ R 0‘22
1

The solution is (22, 3).

x— y+3z=13
4x + y+2z =17
Ix+2y+2z=1
Write the augmented matrix and use row

operations.
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162 Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

1 -1 3|13
4 1 2|17
32 211

1 -1 31 13

—4R; + R, — R, 5 —10[-35

0
—3R; + Ry — R3[0 5 —7|-38
R, +5R; — R, [5 0 5 30
0 5 —10[-35
—~IR, +Ry; — R3[0 0 3] =3
5R; + (-3R;) — R;[—15 0 0|-105
10R; +3R, - R, | 0 15 0[—135

0 0 3 -3

~ LR, S R1 0 07
15
Ry =Ry [0 1 0|9

TR3 =Ry [0 0 1[I

The solution is (7, —9, —1).

260 x+2y+3z=9 ()
x=2y=4 (2
3x+2z=12 (3)
Eliminate x in equations (2) and (3).
xX+2y+32z= 9 @)
—4y —-3z= -5 4
—6y —T7z =—-15 (%)

—1R;+ R, — R,
—3R;+R3 — Rj3
Eliminate y in equation (5).
x+2y+3z= 9 ()
—4y -3z =-5 (4
3Ry + (—2)R3 — R4 5z = 15 (6)
Make each leading coefficient equal 1.

xX+2y+3z=9 (I

1 3 5
~-R, - R +2z== (
R 2 y+3 2 )
SR3 — Ry z=3 ()
Back-substitution gives
3 5
+=03)=—
y 4( ) 2
5 9
= —_— = = —1
YT YT,

and

27.

28.

x+2(-1)+33)=9
x = 2.

The solution is (2, —1, 3).
3x —6y +9z = 12

—x + 2y —3z=—-4
x+ y+2z= 7

Write the augmented matrix and use row
operations.

3 -6 9|12
1 2 -3|-4
11 27
3 -6 912

R] + 3R2 — R2 0 0 0 0

The zero in row 2, column 2 is an obstacle. To
proceed, interchange the second and third rows.

3 -6 912
0 9 -39
0 0 00

3R, + 2R, — R, |7 O 2134

0 9 -39
0 0 0O
1
1 1
00 01]0

The row of zeros indicates dependent equations.

Solve the first two equations respectively for x and
v in terms of z to obtain

x:6—zzandy:1+lz
3 3

The solution of the system is

6—12,1—}—12,2 s
3 3

where z is any real number.

x—2z= 5
3x+2y= 8
—x + 2z =10

Write the system in augmented matrix form and
apply row operations.
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1 0 =2(5
32 0]8
-1 0 2/10
1 0 =2 5

Ri+R3 —=R; |0 0 0f15
The last row says that 0 = 15, which is false, so
the system is inconsistent and there is no solution.

In Exercises 29-32, corresponding elements must be
equal.

29. |2 3| |a b
5 ¢q c 9
Size: 2x2;a =2,b=3,c=5,q =29, square
matrix
30, |2 x a -1
y 6/=14 6
5 z p 7

The size of these matrices is 3 x 2. For matrices
to be equal, corresponding elements must be equal,
soa=2,x=—-1,y=4 p=5and z=7.

31. [2m 4 3z —12]
=[12 k+1 -9 r-3

Size: 1 x4;m = 6,k =3,z = -3, r = -9, row
matrix

2. {a+5 3b 6 -7 b+2 2k-3
4¢ 2+4+d -3 |=|3 2d-1 4
—1 4p q—1 m 12 8

These are 3 x 3 square matrices. Since corre-
sponding elements must be equal,

a+5=-7, 50 a=—12;
3b=5b+ 2, s0 b=1;
6 = 2k —3, so k=2
4c = 3, so c:i'

4
24d=2d—1,so d =3

-3 =4/, so f:—z,
m= —1

4p =12, so p = 3 and

qg—1=28, so qg=29

163

4 10 50
33. A+C=|-2 -3/+|-1 3
6 9 4 7

9 10
=|-3 0
10 16

20 1 4
34. 2G —4F =2 4
FERER

-4 o] [-4 16
1210 12 28

0 —16
:\—10 —18]
50 410
35. 3C+24=3-1 3|+2-2 -3
47 6 9
15 0] [ 8 20
—|-3 9|+ |—4 —6
12 21 |12 18
2320
-7 3
24 39

36. Since B is a 3 x3 matrix, and C is a 3 x 2
matrix, the calculation of B — C is not possible.

410 50
37. 24-5C =2[-2 —3|—-5|-1 3
6 9 47
8 20] [25 0
=|-4 —6|—|-5 15
12 18] |20 35

17 20

=l 1 -2

-8 —17

38. A has size 3 x 2 and G has 2 x 2, so AG will

have size 3 x 2.

4 10 2 50

-2 0
AG =|-2 -3 i =| 1 —15
6 9 -3 45
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164 Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

39. 4is 3x2 and Cis 3 x 2, so finding the product

AC is not possible.
A C
3x2 3x2

(The inner two numbers must match.)

40. D hassize 3 x 1 and E has size 1 X 3, so DE will
have size 3 x 3.

6 6 18 —24
DE =|1|[1 3 —4]=|1 3 -4
0 0 0 0
6
41. ED=[1 3 —4]|1
0

= [1.6 + 3.1 + (—4)0] = [9]

42. B hassize 3 x 3 and D has size 3 x 1, so BD will
have size 3 x 1.

2 3 =2|[6] [15
BD =2 4 0||1|=]|16
0 1 20 1
50
43. EC =[1 3 —4]|-1 3
4 7

=[1-5+3-D+(-4)-4 1-0
+3-34+(+4 7]

=[-14 —19]
—1 4
44. F =
37
-1 4|1 0
[FI1] =
3 710 1
-1 4|1 0
3R;+R, =R, | 0 193 1
4R, + (—19R,) — R, [19 0]-7 4
0 19| 3 1
L1:{]—>I{] 1 0 —i i
19 19 19
1 3 1
1—9R2—>R20 1 E E

45. Find the inverseof B = |2 4

46.

47.

_7 4
ol 191
3 L
19 19

2 3 -2

01, if it exists.
01 2
Write the augmented matrix to obtain
2 3 =21 00
[BlI]=12 4 0]0 1 0
01 2]0 0 1

23 2] 100
~IRy+Ry, >R, [0 1 2[-11
01 2[00

—_ O

3R, +R; —»R; [2 0 —8| 4 =3 0
01 2[-1 10
—IR, +R; —»R3 [0 0 O] 1 —1 1

No inverse exists, since the third row is all zeros to
the left of the vertical bar.

A and Care 3 x 2 matrices, so theirsum 4 + C is
a 3x2 matrix. Only square matrices have

inverses. Therefore, (4 + C)71 does not exist.

Find the inverse of 4 =

30 .. .

, if it exists.
7
Write the augmented matrix [A|I ]

(411 =

I 3|1 0
2 7|0 1

Perform row operations on [A|I } to get a matrix

of the form [I|B].

—2R1+R2—>R2
—3R, + R — Ry \1 0‘ 7 —3]

The last augmented matrix is of the form [1 |B},

so the desired inverse is
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—4 2
48. Let A= \ ]

an=|7 ;

2R2 + (—3R1) — Rl
0 3

12 0‘—3 2]

1

N
W= o~

%R2—>R2 0 1] 0

/L

W= o~

49. Find the inverse of 4 =

36| ... .
, if it exists.
-4 8
Write the augmented matrix [A |1 ]

[417] = 4 8|0 1

3 6‘1 0]

Perform row operations on [A|I ] to get a matrix

of the form [I|B}.

3 —6

1 0
4R1+3R2*>R2 0 0

4 3

Since the entries left of the vertical bar in the
second row are zeros, no inverse exists.

6 4
32

6 4|1 0
[A|I]:\3 2‘0 1]

6 4‘1 0]

50. Let A=

0 0|1 =2

The zeros in the second row indicate that the
original matrix has no inverse.

2 -1 0
Find the inverse of 4 = | 1 0 1|, ifit exists.

1 -2 0

51.

The augmented matrix is
2 -1 0

[AlI]=]1 0 1

1 =2 0

S = O
—_ O O

1
0
0

Ri+ (-2)R; = R,

—1R2 + Rl — Rl

R3+ 3R1 — Rl
Ry + (—3)R, — R,

52. Let A=

[l1] =

S = NN O =N

*ZRZ + R] — R2

—2R3 + R2 — R3

—1R; + 2R, — R,
*1R3 + 2R2 — R2

Copyright © 2016 Pearson Education, Inc.
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I
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|
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166 Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

SRR (10 0[L L1
4 4 2 2
IRy =Ry [0 T 01 _1 1
4 4 2 2
IRy >Ry {00 1|1 1 1
8 8 4 4
1 1 1
4 2 2
—1 1 1 1
4°=17 2 7|
1 1 _1
8 4 4
1 3 6
53. Findtheinverseof 4 = |4 0 9|, if it exists
5 15 30
1 3 6|10 0
[AlI]=14 0 9]0 10
515 30|0 0
1 3 6|1 100
—4R, +R, =R, [0 —12 —15|—4 1 0
~5R;+R; - R; |0 0 0[-5 0 1

The last row is all zeros to the left of the bar, so no
inverse exists.

2 -3 4
54. Find the inverse of 4 =| 1 5 7|, if it
-4 6 -8
exists.
2 =3 4|1 00
[AlI}]=| 1 5 7/0 10
-4 6 —-8|0 0 1

2 =3 4] 100
—IR; +2R, = R, [0 13 10|—1 2 0
2Ry +R3 —»R; [0 0 0| 2 0 1

The zeros in the third row to the left of the vertical
bar indicate that the original matrix has no inverse.

5 1 -8
,B =
24

55. A=
-1 =2
The matrix equation to be solved is AX = B, or

5 1| x B —8
—1 =2||y| |24f
Calculate the inverse of the coefficient matrix 4 to

obtain

56.

57.

1 1
—1 it —
5 10 |18
-1 =2/ | 1 sy
4 8
NowX:A_lB, SO
1 1
x| |3 g8 1
yl |1 5|24 |-13]
4 8
1 2 5
A= ,B =
2 4 10

Row operations may be used to see that matrix 4
has no inverse. The matrix equation 4X = B
may be written as the system of equations
x+2y= 5@

2x + 4y = 10. (2)
Use the elimination method to solve this system.
Begin by eliminating x in equation (2).

x+2y=5 ()

—2R1 + R2 — Rz 0 = O (3)

The true statement in equation (3) indicates that
the equations are dependent. Solve equation (1) for
X in terms of y.

x=-2y+5

The solution is (—2y + 5, y), where y is any real
number.

1 0 2 8
A=|-1 1 0|, B=| 4
304 —6

By the usual method, we find that the inverse of
the coefficient matrix is

2 0 1
AT =12 1 1
3 1
2 2
Since X = A_IB,
2 0 1| 8 22
X=[-2 1 1| 4|=|-18
39 _1||-6 15
2 2
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58.

59.

60.

2 40
A=|1
0 0 3

Use row operations to find the inverse of 4, which

1S

™
Il
oS ®|= &=

Since X = A_IB,

o o= &=
S R

W | —

x+2y=4
2x =3y =1

The coefficient matrix is

1

A =
K
Calculate the inverse of 4.

A =

Use X = A47'B to solve.

The solution is (2, 1).

5x + 10y = 80
3x — 2y =120

10

5
Let 4 =
3 -2

’X =

Use row operations to find the inverse of 4, which

1S

2o 9w

X

y

72

—2 0|, B=|-24

48

o = =

W | =

72
—24
48

-]

16

80
120

15].

61.

62.

Afl _ |20

Since X = Ale,

X

y

The solution is (34, —9).

x+y+z= 1
2x + y = -2
3y+z= 2

The coefficient matrix is

11
A=1|2 1
03

\120

"

1
0].
1

Find that the inverse of 4 is

™
|
|

wlan LN n|—
LW L= »nl

Now X = AilB, SO

N ow
|
|

Llw n|—= u|

nlon LN L —
D= L n|—

The solution is (—l, 0,2

x—4y + 2z = -1
—2x+y—3z=-9
3x+ 5y —2z=17

1 -4 2
Let A =|-2 1
3 5 =2

~

D= | n|—

= &=

|

X

z

34
-9

7

167

=3, X =|y|, B=|-9|

Use row operations to find the inverse of 4, which

18
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168 Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

12 0
3 39 39 13 2 10
gyl r & _1 :i_lg _8 1l
3 39 39 39
L1 7 —13 —-17 -7
T3 39 39

Since X = AilB,

x 13 2 10][-1
yl=—-13 -8 —1[|-9
z

39
=13 =17 =7|| 7
. 39 1
=— 78| =|2|.
39
117 3

The solution is (1, 2, 3).

0.01 0.05 200
63. 4= , D=
\0.04 0.03‘ \300]

X=U-4""D

1 0 0.01 0.05
1 — 4= —
0 1 0.04 0.03
| 099 -0.05
~|-0.04 097
Use row operations to find the inverse of / — A4,
which is
1 1.0122  0.0522
-4 = .
0.0417 1.0331

Since X = (I — A)_ID, the production matrix is

10122 0.0522][200
~10.0417 1.0331|300
[2181
-~ 1318.3(
02 0.1 03 500
64. A=101 0 02[,D =200
0 0 04 100
X =(I-4)"'D
08 —0.1 —03
I—A4=]-01 1 —02
0 0 06

65.

1266 0.1266 0.6751
(1—4)" ~ 01266 1.0127 0.40084
0 0 1.6667

Since X = (I — 4)"'D,

1.266  0.1266 0.6751 |{500
X =10.1266 1.0127 0.40084|(200| =
0 0 1.6667 ||100
x+2y+ z= 7 ()
2x— y— z= 2 (2)

3x—3y+2z=-5 (3

725.7
305.9].
166.7

(a) To solve the system by the echelon method,
begin by eliminating x in equations (2)

and (3).

x+2y+z =17
—2R; +Ry— Ry =5y —-3z=-12
—3R;+R3 = R; -9y —z=-26

Eliminate y in equation (5).
xX+2y+z=17
-5y -3z =-12
—9R, + 5R3 — Ry 22z = =22

Make each leading coefficient equal 1.

x+2y+ z=17
3 12
——R, — R +-z=—
2 2 Y 3 3

1
5 Rs = R; z =-1

()
(C)
)

()
)
(6)

()
)
(8)

Substitute —1 for z in equation (7) to get
y = 3. Substitute —1 for z and 3 for y in

equation (1) to get x = 2.
The solution is (2,3,—1).

(b) The same system is to be solved using the
Gauss-Jordan method. Write the augmented

matrix and use row operations.

1 2 1y 7
2 -1 —-1| 2
3 -3 2|5

12 1] 7
—2R;+R, = R, [0 =5 —3|-1I2
“3R,+R; = Ry [0 —9 —1|-26
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2R2 + 5R1 — Rl

—9R2 + 5R3 — R3

R; + 22R; — R,
3R; + 22R, — R,

The corresponding system is y =

5 0 -1 11
0 -5 -3|-12
0 0 22|-22
110 0 0] 220
0 —110 0 |-330
0 0 22| —-22
1 0 0 2
0 1 0| 3
00 1|-—1
x =2
=3
z=—1.

The solution is (2,3,—1)

(¢) The system can be written as a matrix equation
AX = B by writing

1 2
2 -1
3 -3

1| x 7
=1y =] 2|
20|z -5

(d) The inverse of the coefficient matrix 4 can be
found by using row operations.

1] =

2R, + R, — R,
—3R; + R3 — R3
2R, + 5R; — Ry

—9R, + 5R; — Ry
R; 4+ 22R; — R,
3R5 4 22R, — R,

1
le + Ry
1

~LR
110" 2

— R,

1
—R;y; — R

1 2 1/100

2 -1 -11010

3 -3 2|001

1 2 1] 100

0 -5 -3|-210

0 -9 —-1|-301

5 0-1f 1 20

0 -5 -3|-2 10

0 0 22 3-95

110 0 0] 25 35 5
0 —-110 0|-35 -5 15
0 0 22 3 -9 5

0

0

ool 1 L

0

0 7 1 3

1 3 9 5

The inverse of matrix A4 is

169
s> 7L
22 22 22 023 032 0.05
A =L L 3 1~l032 005 —0.14].
22 22 22
3 9 5 0.14 —-041 023
2 2 n
(e) Since X = A7'B,
S 7 L
x 2 2 2 7
7 1 3
Y=lmom Tl AT )
z 3 9 5 -5 —1
2 2 2
Once again, the solution is (2, 3, —1).
66. Usec a table to organize the information.
Extra Time
Standard | Large Available
Hours 1 1
Cutting 4 3 4
Hours 1 1 6
Shaping 2 3

67.

Let x = the number of standard paper clips (in
thousands),

and y = the number of extra large paper clips
(in thousands).

The given information leads to the system

1 1

1 1

Solve this system by any method to get x = 8§,
y = 6. The manufacturer can make 8 thousand

(8000) standard and 6 thousand (6000) extra large
paper clips.

Let x; = the number of blankets,
x> = the number of rugs, and
x3 = the number of skirts.

The given information leads to the system

24x; 4 30x, + 12x; = 306 (])
4 4+ Sx; 4 3p= 59 (2
15x + 18x) + 9x; =201. (3)
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Simplify equations (1) and (3).
SRy o Ry Ax 45y 42 =51 (4)
4x; + 5xp 4+ 3x3 = 59 2

TRy = Ry S5x 4+ 614313 =67 (9)

Solve this system by the Gauss-Jordan method.
Write the augmented matrix and use row operations.

45 2|51
45 3[59
56 3|67
45 2| sl
~IR;+R, =R, [0 0 1| 8
—4R; +5R; — R; |0 1 —2|—13

Interchange the second and third rows.

4 5 2| 51
0 1 —2|-13
00 1| 8
—5R, + R, — R;[4 0 12] 116
0 1 —2|-13
00 1| 8

—12R; + R, — Ry[4 0 020
2R; +R, - R,[0 1 0] 3
00 1| 8

%R1—>R110

0 1
00

—_ O O

5
3
8

The solution of the system is x =5,y = 3,
z = 8. So, 5 blankets, 3 rugs, and 8 skirts can be
made.

68. Letx = Tulsa's number of gallons,
y = New Orleans’ number of gallons, and
z = Ardmore’s number of gallons.
The system that may be written is
0.5x + 0.4y + 0.3z = 219,000 Chicago
0.2x + 04y + 0.4z = 192,000  Dallas
0.3x + 0.2y + 0.3z = 144,000.  Atlanta

The augmented matrix is

0.5 0.4 0.3(219,000
0.2 0.4 0.4]192,000|
0.3 0.2 0.3]144,000

0.5 04 03] 219,000
2R; + (=5Ry — Ry | 0 —1.2 —1.4{—522,000
3R, +(—5)R3 — Ry | 0 02 —0.6| —63,000

—2R3;+R; > Ry [05 0 15| 345000
0 —12 —1.4[-522,000
R, +6R3 >Ry | 0 0 —5 |—900,000
03R;+R; - R, [05 0 0 75,000

—14R5 + 50R, — R, | 0 —60  0|—13,500,000

0 0 -5 —900,000

Ry = Ry 11 0 0]150,000
—%R2 ~~R, |0 1 0225000

7§R3HR3 0 0 1]180,000

Thus, 150,000 gal were produced at Tulsa,
225,000 gal at New Orleans, and 180,000 gal
at Ardmore.

69. (a) Let x =the number of football jerseys
y = the number of basketball jerseys

z = the number of baseball jerseys

The system to be solved is

Cutting 1.5x+0.5y+2z =380
Sewing 1.2x+0.6y+0.9z =330

(b) Adding 4 times the first equation to —5 times
the second yields
—-y-0.5z=130
so

y=130-0.5z.

Substitute this value for y in the original cutting
equation and solve for x in terms of z.

1.5x+0.5(130-0.5z) +z =380
x=210-0.5z

The general solution is
(210-0.5z, 130-0.5z, z).

(¢) For all quantities to be nonnegative we need

130-0.5z2 20 or 0 <z <260

So the possible values forzare 0, 1, 2, ...,
260.
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(d) The greatest number of baseball jerseys is 260, NE MW S W
which yields the solution - -
(210-0.5(260), 130—0.5(260), 260) 3051256 120 | Jan
24 57 261 95 |Feb

or (80, 0, 260)
30 57 228 92 |Mar

The production will be 80 football jerseys, no
basketball jerseys, and 260 baseball jerseys. (b) _
30 51 256 120 31 56 180 102

24 57 261 95 [—[38 67 209 134 =
30 57 228 92| [33 61 237 109
-1 -5 76 18

~14 -10 52 -39

|3 4 9 -17

70. (a) Let x =the number of reserved seats
y = the number of box seats

z = the number of infield seats L
The system to be solved is

8x+10y+12z=47,000
+y+2z=5000
x=2y

(c¢) The general trend is down, with only the South
showing strongly improved sales averaged over

Substitute 2y for x in the first two equations.
Y q the three months.

26y +12z=47,000

y+2z=5000 High 3170
Add —12 times the second equation to the first 72. (a) Medium |2360
equation. Coated |1800
-10y =-13,000

$=1300
_ B ®) |y
x = 2(1300) = 2600
z

z=15000-1300-2600=1100

The stadium has 2600 reserved seats, 1300 box 105 8] x 3170
seats, and 1100 infield seats. (¢) |12 0 4| |y|=12360
(b) The system to be solved is 0 10 5]z 1800
8x+10y+12z=22,264 X 10 5 8—1 3170
x+y+z=3608 @|yl=|12 0o 4| |2360

x=3z

z 0 10 5| |1800
Substitute 3z for x in the first two equations.
10y +36z=22,264
y+4z=3608

—-0.154  0.212  0.0769||3170 150
=|-0231 0.192  0.2154|{2360| = |110
0462 —0.385 —0.231 |{1800 140

Add -9 times the second equation to the first

equation. 73. (a) The input-output matrix is

v =22,264—-(9)(3608) =—-10,208 o L
2
Since the solution yields a negative number of 4= 2 :
box seats, the outcome is impossible. 3 0
NE MW S W L
I = 400
31 56 180 102]Jan b [ —4= » D=
71. (a _2 800
() 1
38 67 209 134 |Feb 3
33 61 237 109 |Mar Use row operations to find the inverse of
I — A, which is
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74. (a)

(b)

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

| W

- =

Rlw AW

Since X = (I — 4)"'D,

-t dJ)-

800| |1600

—_— W
Dlw Aw

The production required is 1200 units of
cheese and 1600 units of goats.

Use a graphing calculator or a computer to
find (1 — A)fl. The solution, which may vary
slightly, is

1.30

0.204
0.155
0.018
0.537
0.573

0.045
1.030
0.038
0.021
0.525
0.346

0.567
0.183
1.120
0.028
0.483
0.497

0.012
0.004
0.020
1.080
0.279
0.536

0.068
0.022
0.114
0.016
1.740
0.087

0.020
0.006
0.034
0.033
0.419
1.940

Values have been rounded.

The value in row 2, column 1 of this matrix,
0.204, indicates that every $1 of increased
demand for livestock will result in an increase
of production demand of $0.204 in crops.

Use a graphing calculator or computer to find
- A)le. The solution, which may vary
slightly, is
3855
1476
2726
1338/
8439
10,256

Values have been rounded.

In millions of dollars, produce $3855 in
livestock, $1476 in crops, $2726 in food
products, $1338 in mining and manufacturing,
$8439 in households, and $10,256 in other
business sectors.

75. The given information can be written as the
following 4 x 3 matrix.

76. (a)

8 8
10 9
7 10 7
8 9 7

The X-ray passes through cells B and C, so the
attenuation value for beam 3 is b + c.

(b) Beam1l:a + b = 0.8

©

Beam2: a + ¢ = 0.55
Beam3: b 4+ ¢ = 0.65

11 0] [a] [08
10 1| |p|=]055
01 1| |e| |0.65

al [1 1 o'0s8

bl=11 0 1| |055
01 1| [065
1 1
2 2 2110.8
= % % %0.55
1 1 1110.65
2 2 2
0.35
= 0.45

0.2

The solution is (0.35,0.45,0.2), so A is tumorous,
B is bone, and C is healthy.

For patient X,
1 1
a 2 2 2110.54 0.21
1 1 1
b| = 3 73 3 0.40| = [0.33].
c 1 1 1110.52 0.19
2 2 2

A and C are healthy; B is tumorous.

For patient Y,
11
a 2 2 2110.65 0.35
b= 2 -1 Lllogo| =103
2 2 2
¢ 1 1 1110.75 0.45
2 2 2

A and B are tumorous; C is bone.

For patient Z,
1 1 _1
a 2 2 2110.51 0.28
pl=| L -1 Liloao| =023
2 2 2
C 1 1 1 0.44 0.21
2 2 2

A could be healthy or tumorous; B and C are
healthy.
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77. (a)

(b)

—lRl + R3 — R3

a+b=060 (I
c+d=075 ()
a+c=065 (3
b+d =070 (4

The augmented matrix of the system is

0 0.60
0.75
0.65|
0.70
0.60
0.75
0.05
0.70

o = o =
- o o =
oS = = O
=

S OO =
|
()
O = = O
[ e R

Interchange rows 2 and 4.

0.60
0.70
0.05
0.75
—1|-0.10
0.70
1| 0.75
1| 0.75

S O O -
|
—_ =
—_— O O
_— O = O

IR, + R; — R,

S O =

S O = O
—_ = O O
[

0

Since R; and R4 are identical, there will be
infinitely many solutions. We do not have
enough information to determine the values
ofa, b, ¢, and d.

i. If d = 0.33, the system of equations in
part (a) becomes
a+b=060 (I)
c+ 033 =075 (2)
a+c=065 (3)
b+ 033 =0.70. (4
Equation (2) gives ¢ = 0.42, and equation (4)
gives b = 0.37. Substituting ¢ = 0.42 into

equation (3) gives a = 0.23. Therefore,
a=023b=037c=042, andd = 0.33.
Thus, A is healthy, B and D are tumorous, and
Cis bone.

ii. If d = 0.43, the system of equations in
part (a) becomes
a+b=0060 ()
c+043 =075 (2
a+c=0.65 (3
b+ 043 =0.70. (4)

78.

©

)

173

Equation (2) gives ¢ = 0.32, and equation (4)
gives b = 0.27. Substituting ¢ = 0.32 into
equation (3) gives a = 0.33. Therefore,
a =033 b=027 ¢c=0.32 and

d = 0.43.

Thus, A and C are tumorous, B could be
healthy or tumorous, and D is bone.

The original system now has two additional
equations.

a+b=060 (I)
c+d=075 ()
a+c=065 (3)
b+d =070 (4
b+c=085 (5
a+d =050 (6)

The augmented matrix of this system is

1 1 0 0]0.60
0 0 1 1075
1 01 0065
01 0 1[070]
01 1 0085
1 00 1]050

Using the Gauss-Jordan method we obtain

1 00 0]020
01 0 0040
0 0 1 0045
0 0 0 1[030[
00 0O0|O
00 0O0|O

Therefore, a = 0.20, b = 0.40, ¢ = 0.45,

andd = 0.30. Thus, A is healthy, B and C
are bone, and D is tumorous.

As we saw in part (c), the six equations
reduced to four independent equations. We
need only four beams, correctly chosen, to
obtain a solution. The four beams must pass
through all four cells and must lead to
independent equations. One such choice
would be beams 1, 2, 3, and 6. Another choice
would be beams 1, 2, 4, and 5.

The matrix representing the rates per 1000 athlete-
exposures for specific injuries that caused a player
wearing either shield to miss one or more events is
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3.54 1.41
1.53 1.57
0.34 0.29]
753 6.21

Since an equal number of players wear each type
of shield and the total number of athlete-exposures
for the league in a season is 8000, each type of
shield is worn by 4000 players. Since the rates are
given per 1000 athletic-exposures, the matrix
representing the number of 1000 athlete-exposures
for each type of shield is

4

al

The product of these matrices is

20
12
3 |
55
Values have been rounded.

There would be about 20 head and face injuries, 12
concussions, 3 neck injuries, and 55 other injuries.

79. g(W1 + W) =100 (1)
Moy =0 (2)
Equation (2) gives W, = W,. Substitute W; for
W, in equation (1).
§%+m=m
g(ZWl) =100
B3 = 100
o 1001005
B 3
Therefore, W} = W, ~ 58 Ib.
1 2
80. EWI + ng =150 (J)
B, 2

g -, =0 @
s =" )]

Adding equations (1) and (2) gives

81.

1
1, ¥
2 2

Multiply by 2.

W, = 150.

(1 + 3w, = 300

w = 300 ~ 110
1+43
From equation (2),
By 2y
2 2
3
W2 = %VVl
. 300
Substitute —— from above for W.
1+3
3 300 30043

~ 134

NN NG

Therefore, W] ~ 110 1b and W, ~ 134 1b.

W, =

C =at* + by + ¢
Use the values for C from the table.
(a) Letting =0 in 1960, we get three equations

for the coefficients a, b, and c.
c=317
400a +20b+c =339
2500a +50b+c =390

Using the value for ¢ in the first equation in the
other equations we have the system

400a+20bh =22
2500a +50b =173
Adding -5 times the first equation to twice the
second equation gives
3000a =146 —110 = 36.

So a= 36 =0.012
3000

_22-(400)(0.012)
20
Thus, C = 0.012¢> +0.86¢ +317

b =0.86

(b) The concentration will have doubled when
C =634,

Solve
0.012¢* +0.86¢+317 = 634
0.012¢*> +0.86t—317=0

The roots are given by the quadratic formula:
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~0.86+1/(0.86)> —(4)(0.012)(-317)

=130.602
(2)(0.012)

~0.86—4/(0.86)" = (4)(0.012)(-317) _ 202.269
(2)(0.012)

The positive root represents about 131 years
after 1960, or 2091.

1 0 1
82. (a) lx—i— 2y= )
x 0 1
—|— =
X 2y 2
x p—
x+ 2y 2

Since corresponding elements must be equal,
x =1 and x 4+ 2y = 2. Substituting x = 1

in the second equation gives y = % Note
that x =1 and y = % are the values that

balance the equation.

(b) XC02+ yH2+ zCO = HzO

1 0 1 0
Olx + 2|y +|0|z =2
2 0 1 1
x 0 z 0
O+ |2y|+|0] =2
2x 0 z 1
X+ z 0

2y =12

2x + z 1

Since corresponding elements must be equal,
x+z=0,2y =2, and2x + z = 1.
Solving 2y = 2 gives y = 1. Solving the

system
x+z=20
2x+z=1

gives x = 1 andz = —1. Thus, the values

that balance the equation are x = 1,
y=LlLandz = —1.

83. Let x = the number of boys

and y = the number of girls.

0.2x + 03y = 500 (/)
0.6x + 0.9y = 1500 (2)

The augmented matrix is

175

0.6 0.9 |1500
1 1.5]2500
5R; — R; 0.6 09 ‘ 1500]
1 1.5]2500
—~0.6R;+ R, = R, [0 0 ‘o ]

0.2 0.3‘ 500]

Thus,
x + 1.5y = 2500

x = 2500 — 1.5y.
There are y girls and 2500 — 1.5y boys, where y
is any even integer between 0 and 1666 since

y > 0 and
2500 — 1.5y > 0
—1.5y > —2500
y < 1666.6.
84. Let x = the number of singles,

y = the number of doubles,
z = the number of triples, and
w = the number of home runs
hit by Ichiro Suzuki.
If the number of singles he hit was 11 more than
four times the total of doubles and home runs, then
x=4y +w)+ 11, orx —4y — 4w = 11.

If the number of doubles he hit was 1 more than
twice this total of triples and home runs, then
y=2z+w +Lor —2z4+y—-2w=1.

If the total of singles and home runs he hit was
15 more than five times the total of doubles and
triples, then x + w = 5(y + z) + 15, or

x—=5 -5+ w=15.
Write the augmented matrix and use row
operations to solve the system.

1 1 1 1225

1 -4 0 —4| 11

0 1 -2 -2 1

1 -5 =5 1| 15

1 1 1 2251 0

1 —4 1 —4]11
1 -5 =5 115
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1 1 1 225 0
0 1 -2 =2 1
—R1+R3—>R3 0 —5 —1 —5 —214

1 1 1 1| 225

0 1 -2 =2 1

“R;—>R3[ 0 5 1 5| 214

0 -6 -6 0]-210
“R,+R,—R,[ 1 0 3 3| 224
o1 -2 =2 1
—5R,+R3—R3{ 0 0 11 15| 209
6R,+R,—Ry[ 0 0 —18 —12|—204

10 3 3 224

o1 -2 =2 1

0 0 —18 —12|—-204

Ry<-R,[ 0 0 11 15| 209

1 0 3 31224

01 -2 —2| 1

1 2| 34

0 0 11 15209

2 71
2R;+R, =R, [0 1 0 —5| =
2| 34
0 0 1 7| F
—11IR3+R4—Ry4|l0 0 0 % %

1 00 1]190

2 71

0 10 5| 5

2| 34

. 0 0 1 T 5

2—3R4—>R4 0 0 0 1] 11
ZR4+Ry;—R,[ 0 1 0 0] 31
~2R4+R3—R3/ 0 0 1 0| 4
00 0 1] 11

Ichiro Suzuki hit 179 singles, 31 doubles, 4 triples,

and 11 home runs.

85. Letx = the weight of a single chocolate

wafer and

y = the weight of a single layer
of vanilla creme.

Chapter 2 SYSTEMS OF LINEAR EQUATIONS AND MATRICES

A serving of regular Oreo cookies is three cookies
so that 3(2x 4+ y) = 34.

A serving of Double Stuf is two cookies so that
2(2x + 2y) = 29.

Write the equations in proper form, obtain the
augmented matrix, and use row operations to solve.

6 3|34

4 4129

6 3|34
0 619

LE{l — Rl 1 0 ﬁ

12 12

%Rz —~ R, [0 1 %

. . 49 19
The solution is (E’?)’ or about (4.08,3.17).

A chocolate wafer weighs 4.08 g and a single layer
of vanilla creme weighs 3.17g.

Extended Application: Contagion

1 10111
00 10{00O0O0T1O0
PO=10 0 1 1 0[O O O 0 0 O
00010 10 100
1 00010
2.0 2 1
=0 1 0 100
1 01 2 1

In the product PO, ay; = 0, so there were no
contacts.

In the product PQ, column 3 has all zeros. The
third person had no contacts with the first group.

In the product PQ, the entries in columns 2 and 4
both have a sum of 4 while the entries in column 5
have a sum of 3. In O, columns 2, 4, and 5 have a
sum of 2, 2, and 3, respectively. Therefore, the
second, fourth, and fifth persons in the third group
each had a total of 6 first- and second-order
contacts.
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